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Abstract

This paper describes a method to estimate quantile treatment effects
of a binary treatment variable on censored durations. The effects of in-
terest are differences between quantiles of the counterfactual outcomes
in both treatment states. Identification is based on the conditional in-
dependence assumption. Estimators for the whole population and for
the subgroup of participants are proposed, consistency, asymptotic
normality, and consistency of the variance estimators are shown. A
simple transformation of the effects is given, which enables an easy
interpretation of the results. A test procedure for several hypotheses
on the whole quantile treatment effect process is described, that is,
a testing method for hypotheses on treatment effects for all quantile
levels simultaneously. Finally, pros and cons of the method compared
to other approaches are discussed.
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1 Introduction

This paper describes a method to estimate quantile treatment effects
of a binary treatment variable on censored durations. Using the frame-
work of econometric evaluation methods, the effects of interest are the
differences between quantiles of the counterfactual outcomes in both
treatment states. Identification is based on the conditional indepen-
dence assumption. The proposed model extends the model of Firpo
(2007) by allowing censored outcomes.

Most approaches for analyzing durations are based on the concept
of the hazard rate. Kiefer (1988) and van den Berg (2001) give eco-
nomic examples and review numerous methods for estimating the haz-
ard rates in a variety of different contexts. To derive causal effects in
the presence of self-selected individuals, the general model of Abbring
and van den Berg (2003a) examines the effect of a treatment at some
point in time on an outcome duration. Abbring and van den Berg
(2004) compare this approach to alternatives like basic (nondynamic)
binary treatment effect models and panel data models. A method for
implementation is proposed by Abbring and van den Berg (2003b),
whereas Abbring (2003, 2006) give overviews and generalizations of
the underlying basic dynamic approach. Abbring (2007) introduces
a general framework where durations are defined by the crossing of a
threshold by certain stochastic processes. In an instrumental variables
setting, Abbring and van den Berg (2005) define treatment effects
concerning hazard rates and consider identification and estimation in
various situations with respect to time of treatment and compliance
of the individuals to the instrumental variable.

The present paper uses a different approach to analyze treatment
effects on durations. Instead of modelling hazard rates, the focus di-
rectly lies on durations. The influence of the treatment variable on
the outcome duration is investigated by using the censored quantile re-
gression model of Powell (1986), which adapts the quantile regression
estimator of Koenker and Bassett (1978) to censored dependent vari-
ables. The applicability of quantile regressions for duration analyses is
adressed by Koenker and Bilias (2001) and Koenker and Geling (2001)
for the uncensored case. Empirical analyses of censored durations us-
ing quantile (or median) regressions are carried out by Horowitz and
Neumann (1987) and Fitzenberger and Wilke (2005), for example.

The treatment effects may differ for each individual. Therefore,
an evaluation approach based on the assumption of independence of
the latent outcomes and the treatment conditional on the covariates
is used. This is implemented by using the reweighting approach intro-
duced in the econometric evaluation literature by Hirano, Imbens, and



Ridder (2003). In the following, the weighting scheme is applied to
the censored quantile regression objective function of Powell (1986).
This extends the quantile treatment effect model of Firpo (2007) by al-
lowing censored outcomes. The propensity score necessary for this ap-
proach is estimated by the nonparametric series estimator of Horowitz
and Mammen (2004), which avoids the strong differentiability assump-
tion of the series estimator proposed by Hirano, Imbens, and Ridder
(2003).

In contrast to the general timing-of-events approach (see Abbring
and van den Berg (2003a), for example), the present approach does not
make use of the exact time of the realization of a treatment. It con-
siders whether a treatment occured in some time period and evaluates
its impact on some subsequent outcome duration. In this respect, the
present approach resembles to the multiple treatment effects frame-
work, which considers how many treatments an individual choose in a
certain time period and compares the outcomes to those of individuals
which chose a different number of treatments, but without taking into
account the exact position in time when treatments were taken (see
Lechner and Miquel (2001)).

In the following, estimators for quantile treatment effects for the
whole population and for the subgroup of participants are proposed.
Section describes the approach of Horowitz and Mammen (2004),
which is used to estimate the propensity score. Section describes
the quantile treatment estimators and shows consistency and asymp-
totic normality. It also contains a simple transformation which makes
a clear interpretation of the results possible. The transformation yields
an expression of the relative change of the counterfactual durations.
Variance estimators are defined and their consistency is shown in sec-
tion Quantile regression models enable in principle to estimate a
continuum of quantile treatment effects. To test hypotheses for the
whole quantile treatment effect process, a test procedure following
Chernozhukov and Hansen (2006) and Chernozhukov and Fernandez-
Val (2005) is described in section 3| Section {4| concludes. All proofs
are given in the appendix.

2 Estimation Approach and Asymp-
totic Properties

2.1 Estimation of the Propensity Score

In this section, a short description of the series estimator of Horowitz
and Mammen (2004) is given. Li and Racine (2007, sec. 15.3.3)



provide a textbook account of this approach. Its first step is similar
to the approach of Hirano, Imbens and Ridder (2003), but it avoids a
strong differentiability assumption with respect to the true propensity
score.

The treatment indicator D is is modelled as follows:

D =F(u+mi(z1)+ ...+ my(xg)) + U. (1)

Here, F is a known function (for example, the logit transformation,
ie., F(x) = 1/(1 + exp(—z))), z; is the jth element of X, which is
a k-dimensional random vector of (nonconstant) covariates, u is an
unknown constant, m;(x;) is an unknown function of z;, j =1,...,k,
and U is an error term. Set m(z) = Z?Zl m;j(xj). The unknown
function p + m(z) is approximated by a series of the elements of X.
To this end, define

Ro(X) =
(1,71 (21)s s re(zn), r1(x2)y oy me(2), -1 (), - - ()]

where k € N and 7(z;), l = 1,...,k, j = 1,...,k, are elements of
a series with kk + 1 elements in total. The function p + m(z) is
approximated by a linear combination of the elements of R, (z), i.e.,

by Ry(x)'0, where § € R*+1. The parameters 6 of the approximation
are determined by the following minimization problem:

Onx = argmin S, = argminlzn:(D- — F(R.(X;)'0))? (2)
nKk 0 nkKk 0 n — K3 K 7 .

As a result, preliminary estimates i + m(X) = Rx(X) 0, are ob-
tained.

Until now, the procedure is basically identical to that of Hirano,
Imbens, and Ridder (2003). Horowitz and Mammen (2004) propose
to add a further step for the estimation of m(z). To this end, define
the following terms for j = 0, 1:

Str(orm) = —23 (Di= F (4 () + s (X))
=1

x F' (ﬂ +my (1) + ﬁLlQ@')) (X1 — ffl)th(xl — X1,4).

Here, X = (:132, - ,xk), ﬁ’L_l(XZ') = ﬁ’LQ(l‘zﬂ‘) + ...+ Thk(:ck’i), Ty is
observation i of element [ of X. Kj(u) = K(u/h) is a kernel function
and h > 0 is a bandwidth. Further, define for j = 0,1, 2:

;z,jl(xla m) =



—22 (D F(u—l—ml(xl) + m_q(

)

X;
xF" <ﬂ+ﬁl1($1)+ﬁl 1( ) (X1 — 21)! Kp(z1 — X1.).
With these expressions, the second stage estimator of mq(z') can be
defined by:

Sho1(x1,M)S, 01 (w1,m) — Sp1q (21, m)S] 11 (21,M)

Spo1 (@1, M) STy (21, M) — Spyq (1, 7M)?
Sy (x1,m) and S,y (x1,7m) are formulated for the first nonconstant
covariate. Similar expressions can also be defined for the second stage
estimators of my(x;), { = 2,..., k. With estimates for m(-),...,mg(+)
at hand, a prediction of D (termed p(X) later on) can be obtained by
D = F(ji+ m(X)), where i = .

To derive the asymptotic properties of the estimator, Horowitz and
Mammen (2004) state the following assumptions:

Al The data {D;, X;}" ; are iid and the true model of the data is
B[DIX = 2] = F(si+m(z)).

A2 The support of X is (rescaled to be) [—1,1]%, the distribution
of X is absolutely continuous with respect to Lebesgue measure,
the density of X is finite, bounded away from zero and twice
differentiable. Define U = D — F(u 4+ m(X)). The variance of
U is bounded from below and above by cy and Cy, respectively,
and E|U) < C'(j]_gj!E[U2] < oo for all j > 2 and a constant
Cy < .

my(z1) = my(x)—

A3 The unknown functions m;(-), j =1,...,k, are bounded in ab-
solute value by a constant C,, and are twice differentiable. The
known transformation F' is bounded from above, its derivative is
bounded from below and above. F'is differentiable in a neighbor-
hood of pu, where the size of the environment depends linearly on
the number of covariates. The second derivative of F' is Lipschitz
continuous with constant Cgs.

A4 Define Q, = E[F'(u + m(X))?R.(X)R.(X)']. The absolute

value of all elements of Q. is bounded from above, the small-
est eigenvalue of @), is bounded away from zero. The largest

eigenvalue of Q' E[F'(u+m(X))?Var (U)X )R (X)R.(X)Q;*
is finite.



A5 The elements of the series r; are symmetric orthonormal func-
tions, i.e., fil ri(v)dv =0, fil rj(v)ri(v)dv = §; 1, where ;) =
{j = k}. Assume (; = SUP,cqupp(x) [Rx(2)| > ¢4 for suffi-
ciently large x and (. = O(y/k) for Kk — oo. For Cy < o0
and 0o € [~Cp, Cp* 1 it holds that sup,cqupp(x) It + m(z) —
Ry ()00 = O(k72) for k — oo. Finally, 0, € int[—Cy, Cp]* 1.

A6 New elements are included in the series with rate k = C,n*/15+7
for 0 < C, < 0o and 0 < v < 1/30. For the bandwidth & it holds
that h = Cpn=1/5 for 0 < O}, < .

A7 The kernel function is bounded, continuous, symmetric and in-
tegrates to one.

Assumption Al is standard. Assumption A2 imposes no restrictions
on covariates with support larger than [—1, 1], as for any (finite) z € R,
a value obtained by the monotone transformation T': R — [—1,1],
defined as

x —min;{z;}

T(@) = 2maxi{xi} — ming{2;} L

does not alter the estimation problem and fulfills the assumption.
Discrete covariates are more difficult to handle; if the sample is large
enough, the model can be estimated separately for all cells of combina-
tions of the values of the discrete covariates (for a review of adaptions
of nonparametric (kernel-based) methods to discrete variables, see sec-
tions 3 and 4 of Li and Racine (2007)). Assumption A3 requires the
true functions only to be two times differentiable. Note that this is
a considerably weaker assumption than that of Hirano, Imbens, and
Ridder (2003), who require a number of derivatives of the true propen-
sity score which is a multiple of the dimension of the covariates. As-
sumption A4 ensures regular properties of the covariance matrix of the
first-stage estimates. A5 concerns the approximation error of the se-
ries estimator and its convergence properties, A6 the rate of inclusion
of new elements in the series and the rate with which the bandwidth
h converges to zero. A7 contains standard assumptions on the ker-
nel function. For more discussion of the technical assumptions, see
Horowitz and Mammen (2004).

Under these assumptions, Horowitz and Mammen (2004) derive
the asymptotic properties of the estimator. They show consistency
and asymptotic normality and derive the speed of convergence of
the estimator. They also discuss bandwidth choice for the estima-
tor. Their proposed procedure for this purpose is not directly suited
for the framework of the present paper, since optimal estimation of
the propensity score does not necessarily imply optimal estimation of



the quantile treatment effects with respect to some mean square er-
ror criterion. For an analysis of this problem in the context of mean
treatment effects, see Frolich (2005), Ichimura and Linton (2005), or
Imbens, Newey, and Ridder (2005).

2.2 Quantile Treatment Effect Estimators for
Censored Durations

Let T be a duration and D a binary indicator of treatment partici-
pation. Assume that for both treatment states latent values 77 and
Ty exist. Define ¢-(T) to be the 7-quantile of T and ¢ = ¢-(7}),
j € {0,1}, as the 7-quantiles of the latent outcomes. The interest of
the present paper lies in estimating the quantile treatment effect A
of D on T, which is given by

Ar = g7 (T1) — ¢-(Tp). (3)

Note that this is not the 7-quantile of the difference T — Ty, as long as
one is not willing to assume rank invariance, i.e., that all individuals
take the same ranks in both treatment states. See for example Cher-
nozhukov and Hansen (2005) or Firpo (2007) for a discussion of rank
invariance or, synonymously, rank preservation.

Eq. is the quantile treatment effect for an average individual
of the population. Another effect of interest is the treatment effect
on the treated, which is the effect for an arbitrary individual of the
subpopulation of participants. Denote this treatment effect by

Arip=1 = ¢ \p=1(T1) — 47 \p=1(T0)- (4)

Here, ¢ p—1(T) is the 7-quantile of T for the subgroup of participants.

Firpo (2007) shows identification of the quantiles of 77 and Tj un-
der the conditional independence assumption by using the reweighting
approach of Hirano, Imbens, and Ridder (2003). Without censoring
of T, Firpos estimation approach would be directly applicable by us-
ing log T' as outcome variable. The log-transformation is necessary for
the estimation procedure to handle outcomes which cannot become
negative. If T is censored, which is usually the case in duration anal-
ysis, this approach would lead to inconsistent estimates. Therefore,
the present paper combines the reweighting approach with results of
Powell (1986) for censored quantile regressions.

Let {Ti,Ci,Di,Xi}?:l be a random sample. T} is the observed
(possibly censored) outcome, which is equal to T; if T, < C; and is
equal to C; otherwise, where C; is the censoring time. Note that
the censoring time has to be known also for uncensored observations.



This requirement is necessary for application of the approach of Pow-
ell (1986). In the case of censoring due to the end of the survey, this
information is clearly available. This situation is frequently encoun-
tered when analyzing administrative data sets of active labour market
programs, for example. D; is the treatment participation indicator,
and Xj; is a k-dimensional vector of covariates.

Extending the weighted quantile regression estimators of Firpo
(2007) by the objective function of censored quantile regressions, the
following estimators are suggested:

n

R o1 D; ~ .
A, = argrﬁ}?ﬁzﬁ(szi)m(Ti_mln{ql’T7Ci})

i=1
n

1 1—-D; ~ )
—arg 15(1)111 n Zz; %Pr(ﬂ - mlﬂ{(lo,m Ci})u

n

. o1 D; - .
A;p=1 = arg min *ZﬁPT(TvL —min{q - |p=1, Ci})

q =1 N
Lrip=1 T “—

1 w~1-D,
—arg min —Z !

P(X5)
Qorip=1 M P 1-

ﬁ(Xi)pT(E — min{qy ;|p=1, Ci}),
where p(-) is a nonparametric estimate of the propensity score E[D|X],
P is an estimator of the unconditional expectation of D, and p,(u) =
(1—1{u < 0})u, 7 € (0,1), is the usual quantile regression check func-
tion (see Koenker and Bassett (1978) or Koenker (2005)). The iden-
tification results of Firpo (2007) carry over to the present adaption,
as noninformative censoring is assumed. Estimation of the propen-
sity score is proposed to be carried out by the nonparametric series
estimator of Horowitz and Mammen (2004), which was described in
section Asymptotic properties of the estimators are given by the
following theorem.

Theorem 1: In addition to assumptions A1 - A7, assume the follow-

mg:

A8 Conditional independence of D and the latent outcomes T1 and
To.‘ D1 (T17T0)|X

A9 The propensity score p(X) = E[D|X] is bounded away from zero
and one.

A10 The latent quantiles q-(Ty) and q-\p—1(T}), j € {0,1}, take val-
ues in a compact set Q@ C R.

Then the following holds:
1. A, — A, = op(1) and AT|D:1 — Arp=1 = 0p(1).



2. \/ﬁ(AT_AT) 2’ N(Oa QT) and \/,FL(AT‘DZI _AT\Dzl) L N(O,
Q7'|D:1)'

Discussion of the variance expressions and their estimation is deferred
to section @ For identification of A p_;, assumptions A8 and A9
can be weakened to D L Tp|X and p(X) < 1 (see Imbens (2004), for
example).

Usually interest lies in the effect of D on the duration 7" as such.
To circumvent the need for an estimation procedure which handles the
nonnegativity of the outcome, however, the logarithm of T" is used for
estimation. The quantile treatment effects are therefore the differences
of the quantiles of the logarithms of the considered durations, which
makes direct interpretation difficult. A simple transformation gives
an expression which is more easily to interpret:

exp(Ar) = explar(InTi) — g, (InTh))
—  exp(In(g-(T1)) — In(g: (T0)))

)
dr (Tl) )
QT(TO)

The second equality follows by the invariance of quantiles with re-
spect to monotone (rank-preserving) transformations (see for exam-

ple Koenker and Geling (2001, sec. 2.3)). Therefore, exp(A;) is an
estimate of the relative increase or decline of the 7-quantile of the du-
ration due to the treatment. For example, exp(AT) = .9 means that
the treatment decreases the 7-quantile of the outcome duration by ten
percent. Note that this is a causal effect only under the assumption of

rank invariance. The distribution of exp(A;) follows directly by the
continuous mapping theorem and by the Delta method:

Vilexp(Ar) — exp(Ar)) 2 N(0, (9exp(Ar)/0A)%)
= N(0,exp(A)20;).

2.3 Variance Estimation

To derive asymptotic variances of the estimators, a number of terms
are defined. First, following Chen, Linton, and Van Keilegom (2003),
consider the following representations of the objective functions for
A; and A p_y:

M(grp) = E ]fml{ql,7<0}(f—1{T<qu}>



1-D

_ﬁmqu <CHr-UT < qo,T})}

MT|D:1(QT|D:17P)
D ~
= F 51{Q1,7\D:1 <CHr — YT < q17p=1})

1-D p(X)
p 1-pX)

Hdoyipe < CY(r — 1T < qo,TDm} |

Here, p denotes E[D]. The objectives depend on the finite dimensional
parameters ¢ = (q1,r, go,r)’ O ¢r\p=1 = (q1,7|D=1,90,r|p=1,P)" and the
infinite dimensional parameter p(X), which is partly abbreviated by
p in the following.

The derivatives of M (g, p) and M p—i(¢;|p=1,p) With respect to
the finite dimensional parameters are given by I'y (g, p*) and I'y ;| p—;
(g, p*), respectively, those with respect to the infinite dimensional pa-
rameter in direction p—p* by I'z - (¢, p*)[p—p*] and Ty - p—1 (¢, p")[p—
Pl

[y 71p=1(¢,p")
—E [ 5 (fo(ar,rip=1)(T — F x (q1,7)p=1))

+( _FC(Q1,7'|D=1))fT|X(Q1,T|D=1))]
| B[S5P s e omnn=)(r = Frix(@0rip=1))
- +(1 - FC(QO,T|D:1))fT|X(qO,T|D:1))]
~B[B(1 = Folayrip=1)(r = Fyyx (@171p=1))
=L 20 (1 = Foldorip-))(7 = Frx (do.r1p-1)|

=S

b}—‘

Lo (q,p")[p — p]
[ Pe(X) —p* (X))
E[ (v (X))?
(1 -D)(p(X) —p"(X))

- (1 — p*(X))Q (1 - FC(QO,T))(T - FT|X(QO,T)):|

1—‘2,7'|D:1 (Q7 p*) [p - p*]

(1= Fo(qi) (T = Fp y(a1,7))

10



1 - Dp(X) —p*(X)
po(1=pHX))?

x(1 — Fﬂx(QO,T\D:D) :

-k

(1- FC(QO,T\D:l))

Here, ¢*, p* and p are the true values of ¢, p, and E[D], respectively.
Fc and feo are the cumulative distribution function and the density of
the censoring time, FT\ x and fT|  are those of the outcome duration.
For a note on the derivation of the above expressions, see part 2.2 of
the proof of Theorem 1.

Consider the following expression:

M(q*,p") +Ta(q", p*)[p — p*].

Condition 2.6 of Theorem 2 of Chen, Linton, and Van Keilegom (2003)
assumes the existence of an matrix V for which it holds that

V(M (q*,p*) + Ta(g*,p%)[p — p]) > N(0, V).

Of course, separate expressions of V exist for both estimators A, and
A;p=1- Define

- pf gt < CHr — 1T < qi.})

o e < O = HT < i)

Dwiigﬂmh — Folgi )7 = Fryy(ai.,)

(1 - D)(p(X) —p*(X))
(I—p*(X ))2
The variance V; is then given by Var(¢,;) = E[gil] —(El&r)2 Viip=1

is equal to Var(§-p=1,) = E[§3|D:M] — (BEl&rp=1,])?, where & p_y;
is given by:

-F

+ (1 = Feo(qo, )T = Fpix(90,) |-

§rip=1; = v*l{‘h 7|D=1 < CHr - 1{T @ 7| D= )
1;*D1p ( () X) 145, 11p=1 < CY7 = HT < 45 1 1p—1})
| ;*Dp((X) f (>X)(1 = Folao 7 p=1))(7 = Fp x (45 71 p=1))

Then, following Theorem 2 of Chen, Linton, and Van Keilegom
(2003), the variances €2, and Q. p—; of A, and A;p_; are given by:

Q= (DL W) T VWL (T W)

11



QT\Dil = (F,1,7|D=1WF177'|D:1) I‘/1,7'|D:1VV‘/7'|D:1VV

—1
/
XFLT‘Dzl <F1,T\D:1WF1,T|D:1> )

where W is some symmetric positive definite matrix.
To derive estimators of the variances Q2 and € p—;, estimators
of all components are needed. Define

b = ﬁgg‘i)l{ql; < Ci}r— T < dsd)
e Wi < €} = 1, <o)
N Dl(p(Xg(;(ﬁ[ ED (1~ Fetan)(r - Fryy (@10))
1— D) (H(X;) — E[p(X; R R
Cm PP P oo~ Fiy o)
and
Erip=1 = %I{QLﬂD:l < CiY(r = YT} < 1 7p=1})
R P doipes < G} = 1 < doipea)

_B 1 _Dip(‘z?)__ﬁgg)(gi)] (1- FC(QO,T\Dzl))(T - FT|X@0,T|D=1))] :

p

Using the mean as an estimator of the unconditional expectation, the
variances Vr and V p—; can be estimated by

1< 1< ’
0 - nzsz,,-—(nz&,i)
i=1 i=1
1< 1< ’
. . .
Vip=1 = nzgr,ﬂDl_(nZgﬂﬂDl) :
i=1 i=1

For estimation of &;; and &, ; p—1, replace expectations by means,
estimate for example E[p(X)] by n™1 Y"1 | p(X;) and pby n=t > | D;.
The (unconditional) cumulative distribution function of the censoring
times may be estimated simply by EFo(q) = n~! Y H{C < gl
The conditional cumulative distribution function of 7' at some point ¢
given X may be estimated by some regression of 1{T < t} on X. To
circumvent misspecification of the functional form, a nonparametric
approach is preferable. For example, the model used for estimat-
ing the propensity score can also be used here. Note that only two

12



different regressions are necessary for each variance estimate, i.e. re-
gressions of 1{T < ¢1,} and 1{T < Go,} (or YT < qi,-jp=1} and
HT < dorip=1}) on X.

It remains to derive estimators for I'1 -(q,p) and T'y ;p—1(q,Dp)-
This can be done analogously to the estimators of V- and V; p_; for
example, an estimator of I'y -(¢, p) is given by

N

: +(1 = Folin) frx (@)
B | 585 (foldor) (r = By x (do)
+(1 = Foldor)) frx (o))

-E [p(l;(ii)(fC((jl,r)(T— T\X(QLT))
(1 j

The densities of the censoring times and of the outcome given X can be
estimated by standard kernel estimators (for estimation of conditional
densities, see sec. 5 of Li and Racine (2007)).

Given all these estimators, the estimated variances of A, and
A;|p=1 are given by:

~ ~ ~ -1 . N ~ ~ . —1

O = (PWh,)  DLWVWy, (BT, )
A ~ A -1, ~ A
Qrpar = (FQ,T|D:1WF1,T\D:1) I oWV =1 W 71 p=s

. R 1
X <P1177—|D:1WF1,T‘D:1) ;

Consistency of the variance estimators is addressed by the following
theorem.

Theorem 2: ), —Q, = op(1) and QT|D:1 —Qp=1 = op(1).

3 Hypothesis Tests for the Quantile
Treatment Effect Process

To judge on all quantile treatment effects simultaneously, hypotheses
on the quantile treatment effect process can be tested. A number of
hypotheses are of interest:

1. Zero effects: Hy: A; =0V 7 vs. Hy : 37g such that A, # 0.

2. Constant effects: Hp: A; = A, V 7 and some 79 vs. Ha : 379,71
such that A, # A,.

3. Only positive effects: Hy : Ay > 0V 7 vs. Hyu : d71p such that
A, <0.

13



4. No difference to conventional censored quantile regression: Hy :
A = ;¥ 71 vs. Hy: 3 such that A, # (;,, where 3; is the
probability limit of the estimated parameter of D from an ususal
(unweighted) censored quantile regression of T on D and X.

5. No difference between treatment effects for the whole population
and for the treated: Hp : A; = Ay p—y V 7 vs. Ha : 3719 such
that ATO 75 ATQ\DZI'

6. Larger effects for the treated as for the whole population: Hy :
Arp=1 2 A; V7 vs. Hy: 379 such that A, p—; < Ag.

The first four hypotheses were proposed by Chernozhukov and Hansen
(2006) and Chernozhukov and Fernandez-Val (2005), the last two
emerge in the context of the present model. Of course, hypotheses
1 to 4 are also applicable to A;p—;. The last two hypotheses can
be used to consider whether the individuals of the population which
benefit most from the treatment are indeed selected to participate. If
Hj of hypothesis 6 is rejected, this is a hint that the selection is not
based solely on the extend of the expected treatment effect, or that
the expectations were incorrect. For a further discussion of the re-
lationship between overall treatment effects and treatment effects for
the treated, see for example Smith (2000).
All null hypotheses can be stated by the following expression:

() =Ar —a(r) =0V, (5)

where the scalar a(7) might be unknown. In this case, it will be sub-
stituted by an estimate a(7). Viewed as a function of 7 € (0,1), eq.
is called the quantile treatment effect process. Eq. is a sim-
plified version of the expression of Chernozhukov and Hansen (2006).
Their estimation approach yields a vector of estimated coeffiecients,
for which hypotheses can be stated by more general expressions. As
the approach of the present paper only involves scalar estimates (i.e.,
the scalar treatment effects), a simplification is possible.

Hypotheses 1-6 may be fitted in this framework as follows: For
testing the hypothesis of a zero effect, let a(r) = 0. To test for
constant effects, set a(r) = A, for all 7 and for some arbitrary 7.
The dominance hypotheses may not be fitted directly in this frame-
work, consider here for hypothesis 3 directly the smallest value of
A, or, for technical reasons of the definition of the test statistic,
the equivalent expression max{—A,,0}. Hypothesis 6 can be based
on max{—(A;p=1 — A;),0}. To test whether the treatment effects
differ from conventional censored quantile regression estimates, let
a(t) = B, where (3, is the estimate of D from a usual censored
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quantile regression. Hypothesis 5 may be tested simply by setting
CL(T) = AT|D:1'

To test the hypotheses, Kolmogorov—Smirnov tests are used (for
a description of these tests, see sec. 19.3 of van der Vaart (1998),
for example). Kolmogorov—Smirnov tests can be used for hypotheses
which are defined not for a countably finite set of values (for example,
for some coefficients like in the standard F-test), but for a continuum of
values like in the present case, where the hypotheses consider quantile
treatment effects for all 7 € (0,1) C R. The Kolmogorov—Smirnov
test statistic is the scaled supremum of the test process vy, (7):

Sp=+vn sup |un(7)].

7€(0,1)

To test the dominance hypothesis 3, use directly

S, =+v/n sup max{—A,, 0}
7€(0,1)

and, for hypothesis 6,

Sp = \/ﬁ sSup max{_(AﬂD:l - A.,-),O}
7€(0,1)

The distribution of the test statistics under the null hypothesis
is unknown (see van der Vaart (1998, sec. 19.3)). Therefore, Cher-
nozhukov and Hansen (2006) and Chernozhukov and Fernandez-Val
(2005) propose a resampling procedure (see also Abadie (2002) for
a similar problem). The critical value of the test statistic may be
obtained by the following algorithm:

1. Calculate the test statistics S,, of the various hypotheses using
the original dataset.

2. Draw a random sample with replacement. Compute the boot-
strap test statistics S, ;, where j denotes the number of the
resample. Repeat this step B times.

3. Compute the p-value as

1
B 4

B
Jj=

1 {Sw» > Sn} :

1

The bootstrapped critical value & is the value of S,, which is ex-
ceeded by (1 — «) B realizations of S,,, where « is the significance
level of the test.
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Asymptotic properties of the test procedure are proven in the follow-
ing theorem. This corresponds to Theorem 4 of Chernozhukov and
Hansen (2006). As the optimization of the estimator of the present
paper does not involve time consuming grid searches, no score approx-
imations as in Chernozhukov and Hansen (2006) are used. Further-
more, no subsampling scheme is used, as the nonparametric estimation
of the propensity score should be based on as much observations as
possible (i.e., the bootstrap samples contain n observations).

Theorem 3: If /n(A) — Ary) = b(-) and /n(a() — a(*)) = d(*)
jointly in £°°, where b(-) and d(-) are mean zero Gaussian processes
with possibly different laws under the null and the alternative hypoth-
esis, then the following holds:

1. If A —a(r) =0V 7, then S, D5 = f(4)), where v(:) =
b(-) —d(-) and f(-) is the Kolmogorov-Smirnov test statistic.

Let ¢ be the bootstrapped critical value. Then:

2. If furthermore v has a nondegenerate covariance kernel, and for
a<1/2, P(S, > ¢1—a) = a=P(f(v() > ci1—a), where for the
critical value c1—q it holds that P(f(v(-)) > ci—a) = a.

3. If A; —a(1) # 0 for some T, then S, L, % and P(S, >
Cl_a) — 1.

The assumption that o < 1/2 is not restrictive, as the significanc
level of a test usually is choosen no larger than 10 per cent (i.e., «
is usually less than or equal 1/10). The assumption of a nondegen-
erate covariance kernel means that for two arbitrary scalar values 7
and 71, the joint (two-dimensional) distribution of v(7p) and v(7y) is
nondegenerate.

4 Discussion

From a theoretical point of view, distributions of durations and haz-
ard rates or survival functions are equivalent. Efron and Johnstone
(1990) and Ritov and Wellner (1988) show that a one-to-one mapping
between the set of distributions of durations and the set of hazard
functions exist. Therefore, the two representations contain the same
information.

For practical analyses, the ease of interpretation and the appropri-
ateness for the question at hand differ for the two approaches. The
hazard rate is a function of time, whereas the quantile treatment ef-
fects of durations may be well subsumed by a finite set of scalars. This
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might be advantageous for the presentation and the communication
of the results.

Summing up, the quantile treatment effect estimators for dura-
tions proposed in this paper are a simple way to evaluate heteroge-
neous effects of a treatment on censored durations. They only con-
sider whether or not a treatment was chosen, and do not use the exact
point in time of treatment realization as timing-of-events approaches
do. They yield, however, results which are easy to interpret and to
communicate.

The semiparametric efficiency of the estimators remains to be con-
sidered. A possible extension would be to derive results for random
instead of fixed censoring (see Honoré, Khan, and Powell (2002), for
example).

A  Proofs

Proof of Theorem 1: First, consistency of the estimators is shown.
Due to the nonsmooth character of the objective function and the use
of an infinite dimensional parameter, consistency of A, is shown by
checking the conditions of Theorem 1 of Chen, Linton, and Van Kei-
legom (2003). Define Z; = (C;, D;, X;) and let ¢ = (q1.7,90,7)
(€ Q x Q) denote the vector of finite dimensional parameters, and
define also

Mn(QTap> = %Z (pgé) 1{Q1,7’ < CZ}(T - 1{ﬁ < CI1,T})
i=1 v
1-D; ~
_T(Xi)l{qoﬁ <CiH(r—-HT: < (Jo,f}))
= %Zm<Zi7QTap>
i=1
M(QTap) = E[m(ZlaqTap)]

Chen, Linton, and Van Keilegom (2003) show that their Theorem 1 is
implied by the followig conditions:
L1 [My(Gr,p)| < infy.eq [Mn(gr, D) + 0p(1).
This condition follows for given p directly by Theorem 1 of Powell
(1986).
1.2 ¥§ > 03 €(0) > 0 such that infy _g«55 | Mn(gr,p*)| = €(0) > 0,
where ¢F and p* denote the true values of ¢, and p.

Again, for given p*, this follows by Theorem 1 of Powell (1986).
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1.3 M(qr,p) is continuous in p at p* uniformly for all ¢, € Q x Q.

This condition follows directly by the fact that p enters M, (¢-,p)
as multiplicative factors 1/p and 1/(1 — p).

14 |p— p*] = op(1).
Consistency of the estimator of the propensity score follows by
Theorem 2 of Horowitz and Mammen (2004).

L5 supy coxo,p—p*|<o, 1Mn(grsp) — M(qr,p)| = op(1), where &, =
o(1).
This condition will be fulfilled if {m(Z;, ¢, p)|¢r € QX Q,p € P}
is a Glivenko-Cantelli class, where P is the set of infinite di-
mensional parameters, i.e., the set of propensity scores. By the
preservation result for Glivenko-Cantelli classes in Theorem 3
of van der Vaart and Wellner (QOOO)EL it suffices to show that
p(X) and the censored quantile regression objective function
form Glivenko-Cantelli classes, because both terms are linked
continuously.
The propensity score belongs to the set of monotone functions
which is a Glivenko-Cantelli class by Theorem 2.4.1 in connection
with Theorem 2.7.5 of van der Vaart and Wellner (1996). The
objective function of the censored quantile regression may be
rewritten as product of indicator functions, which form classes
with finite covering numbers, see Example 19.6 of van der Vaart
(1998) or Example 2.4.2 of van der Vaart and Wellner (1996).
The desired result follows by Theorem 3 of van der Vaart and
Wellner (2000).

This shows consistency of A, Consistency of AT| p=1 follows similarly.

Next, the asymptotic distributions of A, and AT| p—1 are consid-
ered. Let Q5 = {¢, € Ox Q| |¢r—¢| < 0} and Ps = {p € P| |p—p*| <
0} with 6 > 0. By Theorem 2 of Chen, Linton, and Van Keilegom
(2003), asymptotic normality follows by the following conditionsﬂ:

2.1 [ Mo (Gr,9)| = infg,e0; |Mn(ar, §)| + op(n='/2).
This condition follows directly by results of Powell (1984, 1986).

2.2 1. Let

oM T " oL Zi, qr, -

0q- 9qr
!Theorem 3 of van der Vaart and Wellner (2000) states that if i, ..., Fj are Glivenko-
Cantelli classes and o(f1,...,fx), f1 € F1,...,fx € Fk, is a continuous function from

R* — R, then the set {¢(f1,..., fu)lfi € Fi,...,fx € Fr} is also a Glivenko-Cantelli
class.

2 Chen, Linton, and Van Keilegom (2002) give an extensive discussion of an example,
which shows how to verify the conditions of their approach.
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Assume that T'(gr, p*) exists for ¢, € Qs and is continuous
at qf.

To show that these assumptions hold in the present appli-
cation, express E[m(Z;,q-,p*)] as

E[m(ZiaQTap*)]
_ E[ﬁj(j;(i)l{qu<Ci}( ~ YT <aq1.})

_11_;*?)1{(;07 < C}(r — 1T < qu}>
= w[p[ Ptar < )6 - 1F <o
1-D;
_T*(Xi)l{qar < Ci}r —HT; < qor}) Z”

— B[P - Felain)(r = Fryylan)

1—D;
—m(l — Fe(qor)) (T — FT|x(Q0,T))] -

The derivative I'y is therefore given as

E [%(fo(qlﬁ)“ — Fyix(q17))
OM (¢, p") +(1 - FC(Ql,T))fT\X(QLT))]

%t B [ 12285 (foa0) (7 = Fyx (o))
+(1 = Folao) fyx (a0.))]

The derivative of the objective of A;p_; is given in sec-
tion Assuming sufficiently smooth distributions of the
censoring and outcome variables, the condition is shown to
hold in the present application.

ii. I'y is assumed to be of full column rank.
This is obvious, as the co-domain of M (¢,,p) is one-dimen-
sional.

2.3 Define the functional derivative of M (g, p) with respect top € P
as

Ta(gr, p)(p = p) = lim M(qr,p +0(p —HP)) — M(g-,p)

For all ¢, € Qs, it is assumed that the limit in all directions
(p—p) € P exists. For all (¢-,p) € Qs X Ps, it holds furthermore
that:
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i |M(gr,p) — M(gr,p*) = Da(gr,p*)(p — p*)| < K[p — p*|? for
k> 0.
Rewrite the derivative ad

La(gr, p*)(p —p")
_ iy Bm(Zisanpt +0(p — 7)) — m(Zi, g7, p")]
6—0 0
1 D; D;
- et Kp*(Xi) TO(Xs) — p (X)) p*(X»)
x(1 = Fo(q-)(T = Fyix(q1,r))

- ( 1-D; _ 1-D )
L — (p*(X;) +0(p(Xi) —p*(Xy))) 1 -p*(Xy)
x(1 = Fo(qo.)) (T — Fy|x(qo,r))

0 D;
= [89 <p*<xi> +0(p(X:) — (X))
x(1 = Folq) (T — Fyix(q1,r))
_ 1-D;
1 — (p*(Xs) + 0(p(X5) — p*(X3)))

< (1 - Folqon)(r — FY|X<qo,T>>)

Di(p(Xi) — p* (X))
(p*(X:))?
( D;)(p(Xi) —

(1 —p*(Xz))

< (1= Felgon))(r - FnX(qo,T))]

o

(1= Fe(q)) (T — Fyix(q1r))
p*(Xi))

- -F

This shows the claimed existence of the derivative in all
directions under the assumptions of the theorem. To show
condition 2.3.i, consider a Taylor expansion of M (g,, p) around

p*(Xi):

M(qr,p) = M(qr,p")+T2(qr,p")(p(Xi) — p"(X3))
+M P (gr,p") (p(X:) — p*(X0))? + R(X),

where M®) (g, p*) is the second derivative of M(g-,p) with
respect to p(X;) and R(X;) is the remainder of the expan-
sion. Note that |M(¢r,p) — M(gr,p") — '2(gr, p*)(p — p*)|
is equal to the quadratic term and the remainder. An in-
spection of I's(q, p*) shows that its derivative (i.e., the sec-
ond derivative of M (q,p) with respect to p(X;) at p*(X;)) is

3See the example in Chen, Linton, and Van Keilegom (2002) for similar calculations.
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bounded. Therefore, [ M (g, p)—M(q,p") —T2(q, p*)(p—p*)|
is bounded by K |p—p*|? for a suitable constant K (see the
proof of Proposition 1 of Chen, Linton, and Van Keilegom
(2002) for the same line of argument for a different estima-
tor.) That shows that condition 2.3.i holds for the present

estimator. It can be shown similarly that this condition also
holds for A7 p—;.

ii. |T2(qr,p*)(p —p*) —Ta2(gr,p*)(p — p*)| = o(1).
Rewrite this condition as follows:

IT2(q,p")(p — p*) — T2(q", ") (p — P")|
H |:Dz (p(Xi) — p"(Xi))
(p*(X3))?
x((1 - Fe(q 7))(7' Y\X((h =)
((1—FC(CI1 ))( —FY|X(Q1 T)))
(1 —Ds)(p(Xi) — p*(Xi))
(1 —p*(X))?
x((1 - Fc(qu))(T Fyix(%,-))

—(1 = Fe(qo,))(m — FY|X(qO’T)))} H

As (1= Fo(q")(T = Fyx (%)) — (1 = Fo(9) (T = Fyix(q9))
is bounded and p — p* is op(1), condition 2.3.ii holds.

2.4 p € P with probability one for n — oo and |p— p*| = op(n='/%).

2.5/

The first part follows by results of Horowitz and Mammen (2004)
and assumption A9, the second solely by results of Horowitz and
Mammen (2004).

For §,, = op(1),

Sup [Ma(q, p)—M(g,p) = Mu(q*,p")| = op(n~"/%).
la—a* |<on,|p—p* [<on

Assume m(z, ¢r,p) = me(z,¢r,p) + Mue(z, G, p). Theorem 3 of

Chen, Linton, and Van Keilegom (2003) shows that condition

2.5" is implied by their conditions 3.1 — 3.3 on m.(z, ¢-,p) and

Mie(2, ¢rsp):

3.1 mc(z,qr,p) is Holder continuous with respect to ¢, and p,
ie.

Ime(2, ¢r, p)—me(z, 45, 0')| < bj(2) (lar — @, |* + [p — P']*?) -

As m¢(z,qr,p) = 0 for all ¢ € Q x Q and p € P in the
present application, this condition is trivially satisfied.
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3.2 my.(2,qr,p) is locally uniformly L,(P) continuous with re-

spect to ¢, and p for r > 2, i.e.,
1/r
E sup imue(Z, q7,0') = mue(Z, 47, p)|"| < Ko%2,
lgr =, 1<6,lp—p' <6

where in the bounds of conditions 3.1 and 3.2 b(z) is a mea-
surable function such that E[b(Z)]" < oo, s1,s2 € (0,1], and
d=o(1).
In the following only the first term of my.(z, ¢, p) will be
considered, i.e., the term concerning ¢, (77). It can be shown
by similar arguments that the condition holds for the quan-
tile estimator of Ty, too. As both objective functions depend
multiplicatively on D and on 1 — D, respectively, the cross
product term emerging by multiplying out the squared dif-
ference vanishes, as D(1 — D) = 0. Therefore, a separate
analysis is possible. Abbreviate ¢-(77) in the following by
q.
Rewrite the squared difference my.(Z,q,p") — mi.(Z,q,p)
of the first term of m;.(Z,q,p) by adding and subtracting
terms as

imuc(Z,qp') — mue(Z,q,p)|* =
g <CHr—1{T < q'})

:‘mgy

D ~
—@1{41 <CHr =T <4q})

2

- |ppte <O =T <)
e < CHr=1{T <))
4 e < CHr = UT < ')
Sta < CHr—UT <a)
4T ta < CHr ~ T < a))

2

D -
- ml{q <CHr-UHT<q})

- p’?X)l{T <dYU{d <C}—1{qg< C})
+p,£{)1{q <CHUT <q}) — UT < ¢'})
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D(p(X) —p'(X)) 1 ’

< D|(Ki(1{¢ < C}—-1{qg < C})
+I(H{T < ¢} — T < ¢'}) + K3(p(X) — p/(X))[?
< KyD(|1{¢' < C}—1{qg < C}|
HUT < q} = YT < '} + [p(X) = p/(X)])?
= KiD(|1{¢ <C} —1{g < C}
HUT < q} — YT < ¢} + p(X) — p/(X))?
+21{¢ < C} — g < CHIHT < ¢} - T < '}
+21{q' < C} = H{qg < C}|]p(X) = p'(X)
+2|{T < ¢} — YT < ¢ }H[p(X) — p'(X)])
< KiD({¢ <C}—1{qg < C}?

HUHT < q} = YT < 3P + [p(X) = p'(X)?)
+EsD(|{T < q} — T < ¢}
+1{d < C} =g < CH + [p(X) — p'(X)])
Condition 3.2 will be fulfilled, if E[|1{q¢’ < C} —1{q < C}]],
EHT < ¢} — YT < ¢'}[], and E[|p(X) — p/(X)[] are
bounded by K¢§. This will be shown similar to examples

1 and 2 of Chen, Linton, and Van Keilegom (2003). First,
note that

g—0<qg<q+9

= H{qg—06 <C}>2Hg<C} =g+ <C},
g—0<q <q+9é

= 1{qg-0 <C}>1{d<C}>1{qg+5<C}.

The second line follows by |¢ — ¢/| < § < 1, which implies
q—0 < ¢’ < g+96. Furthermore, as 1{¢' < C} < 1{q—0 < C}
and I{g < C} > {g+6<C}le -1{g<C} < —1{g+6 <
C'}, it follows that

g <C}-Hg<C} < |[Hg-0<C}-1qg+d<C}

= Hg—-0<C}—-1lqg+0<C},
where the last line follows by the fact that 1{g —0 < C} >
1{g+ 6 < C}. As this expression is equal to one or zero, the
square can be dropped. The expectation of this expression

is equal to the probability that C lies between ¢ — d and
q+o:

E[l{g—6<C}—1{q+5 < C]
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= 1-Fo(qg—06)—(1—Fe(q+9))
= Fco(qg+6)— Fo(qg—9)
Pr(g—6 < C < q+96).

This expression is bounded by K¢ if the distribution of C
is Lipschitz continuous.

With these derivations, L,(P) continuity of m;.(Z, q,p) fol-
lows immediately. Taking the derivations above into ac-
count, the continuity condition for E[|1{¢ < C} — 1{q <
C'}|] reads as:

E| sup [1{¢ <C}-1{g<C}|
la—a'l<é
< E[{g—6<C)—1{g+o<C}
= Pr(g—d<C<q+)9)
= Feo(qg+6)— Fe(q—9).

This expression is bounded by K¢ for some K > 0, if
the cumulative distribution function of C is assumed to
be Lipschitz continuous. By the law of iterated expecta-
tions, similar arguments show L, (P) continuity of E[|1{T <
q} — 1{T < ¢’}|]. The condition for E[|p(X) — p/(X)|] fol-
lows directly. For the subpopulation of treated individuals,
analoguous derivations are valid. Therefore, condition 3.2
of Theorem 3 of Chen, Linton, and Van Keilegom (2003)
holds for the present application.

3.3 Q is a compact subset of R and P has a finite entropy inte-
gral.
Compactness of Q is assumed, the latter condition follows
by the fact that the propensity score is a bounded monotone
function (see example 2.6.21 of van der Vaart and Wellner
(1996, p. 149)).

2.6 \/n(M,(q",p*) + Ta(q*, p*) (p — p*)) -2 N(0,V) for a finite ma-
trix V.

For A7, Mn(q*,p") + T2(q*,p*)(p — p*) is given by

2 (g M < GHr = 1T < i)

=1

1—-D;
i < G - 1T < a3, )
D(p(X) —p"(X
-£| (p((pf(ng( D1 Polai )~ Frixlai,)
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=D PO 1~ ot ) e - P )|

The difference of the estimator p(X) and the true propensity
score p*(X) can be rewritten by adding and subtracting as

(B(X) = E[p(X)]) + (E[p(X)] = p"(X)).

The second term is the bias of p(X). Following a similar argu-
ment in Example 1 of Chen, Linton, and Van Keilegom (2003),
and using results of Horowitz and Mammen (2004), it follows
that (E[p(X)] — p*(X)) is equal to a bounded function times a
term of order op(n~1/2). Therefore, M, (q*, p*) + Ta(q*, p*)(p —
p*) can be written as

1 @ D; .
= g < O} — YT < qi ,
22 (i < G 1T <)

1—-D; ~
T g, < CHr— YT < g,
e Wi < G~ T < a5.))

D(p(X)— Ep(X
i [P B (1 Fetai )7 - Py )

L= D)GEX) - E[p(X)]
(1 —p*(X))?
+op(n™/?)

LS it op(n12).
n =1

(1= Folai )7 = Fryalai. )

An inspection of these terms shows zero mean and boundedness
of & ;. Therefore, the expression converges in distribution to
N(0,V), where V = Var(&;;). For Ay p—y, the condition is also
satisfied (for the expression in this case, see section . This
shows that condition 2.6 holds for the application of the present
paper.

Under these conditions asymptotic normality follows by Theorem 2 of

Chen, Linton, and Van Keilegom (2003). The asymptotic variances

are given in section [2.3] O

Proof of Theorem 2: The theorem is proved by adding and sub-
tracting some terms to €2, —€2, and showing that the resulting diffences
are op(1).

N

A ~ -1 . ~ ~ ~ “ —1
Q,—Q, = ( ’LTWFLT) LWV, (F’LTWFLT)
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— (T}, WDy ,) T T WV, Wy, (T, W)

~ ~ -1 . N ~ ~ ~ —1
- (F’LTWFLT) 0L WV W, (r’lﬁwrl,»

A N ~ —1
— (U W) DWWy (T, W )

~ N ~ N -1
+ (P’LTWFLT)—1 L WV, WTy ;- (FQ,TWTLT)
— (T4, WD) T WVWE (T, WTy,)
YO W 17 Y T w0 1747 17 AP G A 1 4 T B
_ (1“’17TWF1,7)—1 LWV, (T TWFLT)—l

= ((f/LTWf’LT) o ( ,17TWF17T)1>

“ N N N “ -1
< WV W, (P'LTWPLT) (6)

N N -1 . N N
+<F’1,TWF1,T> LWV

N ~ -1 _
x (( W) = (DT ) 1) (7)
+ (0T ) (BT,
T4 WV ) (D, W)~ (8)

Consider egs. @ and first. For these terms to be stochastically
negligible, it has to be shown that the following difference is op(1):

<f’LTWfLT> — (), WTy,) "

As it follows from A, - A that At LA (see Davidson (1994, p.
287), the difference in egs. (6]) and is op(1) if

Ai,TWflyT - F/LTWFLT
is op(1). By adding and subtracting, this is equivalent to

A/L.,-Wf\l,’r - ll,TWPLT
- A/1,TWIA‘1,T — FII,TWIA‘LT + F&,walzT - F/LTWFLT

A / A ~
= (Pir = Tur) WE+ T4, W (D =iy ).
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The difference fl,v —1I'y; is given by:

f‘lT_FlT =

) )

—E |52 (folai )T = Fyx(ai,)
) (1~ Felai ) frx 4i,)|
B | 5P (folas ) (7 = Py

(
+(1 = Folai ) Frix a6.0))]

Only the first element of this vector will be considered in the follow-
ing, as the second can be bounded similarly. Again, the difference is
rewritten by adding and subtracting a number of terms:

E [ fX) (feldi (7 = Fryx(ai.)) + (1= Felgi,) fTX(qiT))}
A[ D; f
D

[ O i) = Fr(di ) + (U Folai, ) frclai. )|
- [ D
—F

N

(@1)(7 = Frx(in) + (1= Bl )yl )

O el ) = Frclai )+ (1= Folai, ) fryclai. )|

e ;p*go (feldin)(r = Frx(aiz) + (1 - Fo(qf,»)fm(qi»)]
_E _ﬁ(l))éi)(fC((jl,T)(T - Ff|X(dl,7)) +(1— FC(@LT))fﬂX(%,T))] _

The first two equations of this expression are asymptotically equal to
zero in probability by convergence of the sample mean to the expecta-
tion, i.e., because E[A] = E[A]+o0p(1). The difference of the last two
will be stochastically negligible if the terms within the brackets con-
verge to each other, which again can be shown by an add-and-subtract
strategy:

o G )7 = Frclai. ) + (1= Folai D pyelai. )
D

A~ A~

3 X:) (Foldr) (T = B (@1.0) + (1= Fo@e) fzx (1)
D

) (folai, ) = Fx(d1,7)) + (1 = Foldi ) frx(ai)
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3 ela ) = Py ) + (1 = Folai ) fryx a3,

o )(fc(QT,T)(T — Frx (7)) + (1= Folai ) frx (a1 7))
_15()(:) (felaua) (T = Fpx(dus) + (1 - FO(@1,T))fT|X(Ql,T))~
The first two lines are bounded by
D D \_ DX -pr(X) _
% (it~ ) <Ky morth

To bound the second difference, consider:

(felar (T = Fpx (i) + (1 = Felar ) frx(a17)
~(fo(@1)(T = B x(@1,0) + (1= Fol@n)) fyx (@)

= (felai )T — Fpx(ai ) — (fola, )( — Fpyx(@1r))
+(1 = Foldi ) frx (at ) = (1= Foldun)) frx (di0)-

Only the first line will be considered in the following, as the second
can be bounded similarly:

Feldi )T = Frx (@i 2) = fol@) (r = Frx(as))
= Jolai )T = Fpx(ai;) = folar ) (T = Frx(417))

)

+fo(di ) = Fpix(d1s)) = folai ) (= Frx(@17)

+fo(di ) (T = Fpix (d17) = foldis) (7 = Frx(@17)

+fe(@n) (T = Fix (@17)) = folan) (T = i x(@7))
= folai)(Frx(d17) — Prx(ai )

Holal o) (Frx (@1r) = Frix (@)

(Fr
+(feldt,) - fc(qn))( Py ()
(felirn) — folan))(r = Py (d):

The first line converges to zero by consistency of ¢; - and if the dis-
tribution of T is sufficiently smooth, the second by consistency of the
estimator of the cumulative distribution function, the third by consis-
tency of ¢1,r and smoothness of the density of the censoring time, and
the last by consistency of the kernel density estimators.

Finally, consider eq. . This will be asymptotically zero if the
middle term is op(1). By the same strategy as above, this part can
be rewritten as

q1,r

0 WVWTy =T WV
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= D WVWDy, — T WV, WTy
+T) WV, Wy, — T WV, Wy
+T) WV, WTy ; =T} WV, WT
= (I, —T1)WV,WTy,
+TL W (Ve = VA WTy
AT WV W (T, — T y).

Convergence of fl; —TI'1 ; to zero was shown just above. Rewrite the
difference in the middle equation by inserting the definitions as

v = 13- (130e) - (e - e

-y e ome- (iz»:) - Eig?

As €2 < oo, the first difference is op(1) by a law of large numbers.
The second difference converges also stochastically to zero by a law of

large numbers together with the fact that for A, Lt A, it also holds

that g(A,) L g(A) for a measurable function g(-) which is continuous
at the limit of the argument (see Theorem 18.10 of Davidson (1994,
p. 286)). This shows consistency of the variance estimator of A,.
Similarly, consistency of 2, p—; can be shown, which completes the
proof of Theorem 2. O

Proof of Theorem 3: The first claim of Theorem 3 follows, if the
conditions of Theorem 4 of Chernozhukov and Hansen (2006) are met.
These conditions state that \/ﬁ(A(.) — Agy) = b(-) and y/n(a(-) —
a(+)) = d(-), where b(-) and d(-) are mean zero Gaussian processes.
This follows if A(,y and a(-) belong to Donsker classes.

A consists of the reciprocal of the propensity score and a term
with an indicator function. The first term form a Donsker class by
Examples 2.6.21 (p. 149) and 2.10.9 (p. 192) of van der Vaart and
Wellner (1996). Similarly, the second term is a Donsker class. By
Theorem 2.10.6 of van der Vaart and Wellner (1996, p. 192), the
product of both terms is also a Donsker class. This shows the first part
of the condition of Theorem 4 of Chernozhukov and Hansen (2006)
holds in the present application. The second part (i.e., convergence
of a(-)) does not differ from Chernozhukov and Hansen (2006). For
the case a(-) = Ay p=1, the result follows by the Donsker property
of Az p—;. Therefore, the first claim of Theorem 3 is shown and
convergence of Sy, to f(v(-)) holds.
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Now, convergence of the bootstrap test statistics is shown. By the
Donsker property of the test statistic, the bootstapped test statistic
converges to the true test statistic (See van der Vaart (1998, Theorem
23.7, p. 333; see also van der Vaart and Wellner (1996, sec. 3.6)
and Kosorok (2006, sec. 10). Now, the claims of the theorem can
be shown as in the proof of Theorem 4 of Chernozhukov and Hansen
(2006). Therefore, Theorem 3 is proven. O

References

ABADIE, A. (2002): “Bootstrap Tests for Distributional Treatment
Effects in Instrumental Variable Models,” Journal of the American
Statistical Association, 97, 284—292.

ABBRING, J. H. (2003): “Dynamic Econometric Program Evalua-
tion,” IZA Discussion Paper No. 804.

(2006): “The Event-History Approach to Program Evalua-
tion,” Tinbergen Institute Discussion Paper 2006-057/3.

(2007): “Mixed Hitting-Time Models,” Cemmap Working
Paper CWP 15/07.

ABBRING, J. H., AND G. VAN DEN BERG (2003a): “The Nonparamet-
ric Identification of Treatment Effects in Duration Models,” Econo-
metrica, 71, 1491-1517.

(2003b): “A Simple Procedure for the Evaluation of Treat-
ment Effects on Duration Variables,” IFAU Working Paper 2003:19.

(2004): “Analyzing the Effect of Dynamically Assigned
Treatments Using Duration Models, Binary Treatment Models, and
Panel Data,” Empirical Economics, 29, 5—20.

(2005): “Social Experiments and Instrumental Variables with
Duration Outcomes,” Tinbergen Institute Discussion Paper 2005-
047/3.

CueN, X., O. LiNTON, AND I. VAN KEILEGOM (2002): “Estima-
tion of Semiparametric Models when the Criterion Function is not
Smooth,” Discussion Paper 0204, Institut de Statistique, Université
Catholique de Louvain.

(2003): “Estimation of Semiparametric Models when the
Criterion Function is not Smooth,” FEconometrica, 71, 1591-1608.

CHERNOZHUKOV, V., AND C. HANSEN (2005): “An IV Model of
Quantile Treatment Effects,” Econometrica, 73, 245-261.

CHERNOZHUKOV, V., AND [. FERNANDEZ- VAL (2005): “Subsampling
Inference on Quantile Regression Processes,” Sankhya, 67, 253-276.

30



CHERNOZHUKOV, V., AND C. HANSEN (2006): “Instrumental Quan-
tile Regression Inference for Structural and Treatment Effect Mod-
els,” Journal of Econometrics, 132, 491-525.

DAVIDSON, J. (1994): Stochastic Limit Theory. Oxford University
Press, Oxford.

EFRON, B., AND I. M. JOHNSTONE (1990): “Fisher’s Information in
Terms of the Hazard Rate,” Annals of Statistics, 18, 38—62.

Firro, S. (2007): “Efficient Semiparametric Estimation of Quantile
Treatment Effects,” Econometrica, 75, 259-276.

FITZENBERGER, B., AND R. A. WILKE (2005): “Using Quantile

Regression for Duration Analysis,” ZEW Discussion Paper 05-65,
ZEW Mannheim.

FRrROLICH, M. (2005): “Matching Estimators and Optimal Bandwidth
Choice,” Statistics and Computing, 15, 197-215.

HiraNoO, K., G. W. IMBENS, AND G. RIDDER (2003): “Efficient Esti-
mation of Average Treatment Effects Using the Estimated Propen-
sity Score,” Econometrica, 71, 1161-1189.

HoNoORE, B., S. KHAN, AND J. L. POWELL (2002): “Quantile Re-
gression Under Random Censoring,” Journal of Econometrics, 109,
67-105.

HorowiTz, J. H., AND E. MAMMEN (2004): “Nonparametric Es-
timation of an Additive Model with a Link Function,” Annals of
Statistics, 32, 2412-2443.

Horowitz, J. H., AND G. R. NEUMANN (1987): “Semiparamet-
ric Estimation of Employment Duration Models,” Econometric Re-
views, 6, 5—84 and 257-270, with discussion.

IcHIMURA, H., AND O. LINTON (2005): “Asymptotic Expansions for
Some Semiparametric Program Evaluation Estimators,” in Identifi-
cation and Inference for Econometric Models, ed. by D. W. K. An-
drews, and J. H. Stock, pp. 149-170. Cambridge University Press,
Cambridge.

IMBENS, G., W. NEWEY, AND G. RIDDER (2005): “Mean-square-
error Calculations for Average Treatment Effects,” TEPR Working
Paper 05.34.

IMBENS, G. W. (2004): “Nonparametric Estimation of Average Treat-
ment Effects under Exogeneity: A Review,” Review of Economics
and Statistics, 86, 4—29.

KIEFER, N. M. (1988): “Economic Duration Data and Hazard Func-
tions,” Journal of Economic Literature, 26, 646—679.

31



KOENKER, R. (2005): Quantile Regression. Cambridge University
Press, Cambridge.

KOENKER, R., AND G. BASSeETT, JR. (1978): “Regression Quan-
tiles,” Econometrica, 46, 33-50.

KOENKER, R.,; AND Y. BIL1As (2001): “Quantile Regression for Dura-
tion Data: A Reappraisal of the Pennsylvania Reemployment Bonus
Experiments,” Empirical Economics, 26, 199-220.

KOENKER, R., AND O. GELING (2001): “Reappraising Medfly
Longevity: A Quantile Regression Survival Analysis,” Journal of
the American Statistical Association, 96, 458—-468.

Kosorok, M. R. (2006): “Introduction to Empirical Processes and
Semiparametric Inference,” draft, University of North Carolina,
Chapel Hill.

LECHNER, M., AND R. MIQUEL (2001): “A Potential Outcome Ap-
proach to Dynamic Programme Evaluation - Part I: Identification,”
mimeo, University of St. Gallen.

L1, Q., AND J. S. RACINE (2007): Nonparametric Econometrics:
Theory and Practice. Princeton University Press, Princeton.

PowegLL, J. L. (1984): “Least Absolute Deviations Estimation for

the Censored Regression Model,” Journal of Econometrics, 25, 303~
325.

(1986): “Censored Regression Quantiles,” Journal of Econo-
metrics, 32, 143—-155.

RiTov, Y., AND J. A. WELLNER (1988): “Censoring, Martingales
and the Cox Model,” Contemporary Mathematics, 80, 191-219.
SMITH, J. (2000): “A Critical Survey of Empirical Methods for Evalu-
ating Active Labor Market Programs,” Swiss Journal of Economics

and Statistics, 136, 247-268.

VAN DEN BERG, G. (2001): “Duration Models: Specification, Iden-
tification and Multiple Durations,” in Handbook of Econometrics,
ed. by J. Heckman, and E. Leamer, vol. 5, pp. 3381-3460. Elsevier,
Amsterdam.

VAN DER VAART, A. (1998): Asymptotic Statistics. Cambridge Uni-
versity Press, Cambridge.

VAN DER VAART, A., AND J. WELLNER (1996): Weak Convergence
and Empirical Processes. Springer, New York.

(2000): “Preservation Theorems for Glivenko-Cantelli and

Uniform Glivenko-Cantelli Classes,” in High Dimensional Probabil-

ity II, ed. by E. Giné, D. M. Mason, and J. A. Wellner, pp. 115-133.

Birkh&user, Boston.

32



	Introduction
	Estimation Approach and Asymptotic Properties
	Estimation of the Propensity Score
	Quantile Treatment Effect Estimators for Censored Durations
	Variance Estimation

	Hypothesis Tests for the Quantile Treatment Effect Process
	Discussion
	Proofs

