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Abstract

I estimate the value of joint retirement of elderly Danish households using a

collective structural life cycle model of consumption and retirement. The model en-

compass non-separability between consumption and leisure and income uncertainty,

correlated across spouses. I �nd positive valuation of joint retirement of both males

and females and point estimates indicate that males tend to value joint retirement

more than their female counterpart. To illustrate the importance of the value of joint

retirement, I compare policy responses from changes in �nancial incentives from the

collective model with nested unitary models. Labor market responses predicted by

the two groups of models diverge and the unitarian models seem to overestimate
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1 Introduction

I estimate the value of joint retirement of elderly Danish households using a collective

structural life cycle model of consumption and retirement. The model encompasses non-

separability between consumption and leisure and income uncertainty, correlated across

spouses. I �nd positive valuation of joint retirement of both males and females while

the results indicate that males tend to value joint retirement more than their female

counterpart. I also provide evidence that unitarian models produce potentially �awed

policy implications if extrapolated on the population in general.

One regularity often found in the retirement literature is the tendency of couples to

retire roughly at the same time.1 In Denmark, more than ten percent of households

with four years of age di�erence retire within the same year. However, most structural

models estimated in the retirement literature are based on single males, not taking the

joint decision of multi-agent households into account.2 Leaving out the joint decision

potentially lead to miss-speci�cation and little out of sample relevance since the majority

are married at the age of retirement. For example, evaluating the e�ect of increasing

the age of eligibility for early retirement with, say, two years in an unitarian model will

likely produce biased behavioral responses of such a policy change. This study presents

evidence that this in fact the case, pointing to the importance of couples' joint retirement

behavior.

Some studies do allow agents to be married but do not directly model the spouse of

an individual. See, e.g., Rust and Phelan (1997) and Iskhakov (2010) who include marital

status, but does not model the couples' joint decision process. Focus of these papers are

the e�ect of health insurance on retirement. This topic is highly relevant in the US and

has received, and continue to receive, attention in the retirement literature.3 However,

since the model in this paper is aimed at describing the Danish population for whom the

social security system provides free healthcare, health-related issues are not included.

Another strand of literature focus exclusively on couples. See, e.g., Hurd (1990);

Blau (1998, 2008); Gustman and Steinmeier (2000, 2004, 2005, 2009); and Blau and

Gilleskie (2006, 2008). In these studies, important information on the behavior of singles

are excluded. Neglecting the behavior of singles is the opposite extreme and cannot be

1See, e.g., Hurd (1990); Blau (1998, 2008); An, Christensen and Gupta (1999); Gustman and Stein-
meier (2000, 2004, 2005); Mastrogiacomo, Alessie and Lindeboom (2004); Blau and Gilleskie (2006); and
van der Klaauw and Wolpin (2008).

2See, e.g., Gustman and Steinmeier (1986); Stock and Wise (1990); Berkovec and Stern (1991); Lums-
daine, Stock and Wise (1992, 1994); Blau and Gilleskie (2008); Belloni and Alessie (2010); Haan and
Prowse (2010); and Bound, Stinebrickner and Waidmann (2010)

3Consult, e.g., Blau and Gilleskie (2006, 2008); van der Klaauw and Wolpin (2008); and Iskhakov
(2010) as well as the recent working papers of Casanova (2010); Gallipoli and Turner (2011); and Ferreira
and Santos (2012) for studies of the e�ect from health insurance on retirement in the US. Christensen
and Kallestrup-Lamb (2012) �nd evidence that health does e�ect the early retirement in Denmark as
well.
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expected to produce trustworthy policy evaluations when applied to the population in

general.

This study include both singles and married couples' consumption and retirement

choices, as is also done in van der Klaauw and Wolpin (2008); Mastrogiacomo, Alessie

and Lindeboom (2004); and Michaud and Vermeulen (2011). The latter two, however,

do not incorporate the important dynamics of the household retirement choices. van der

Klaauw and Wolpin (2008) restrict their analysis to only include low income households

and exclude all who have ever had a de�ned contribution (DC) plan. I include a separate

income state for each spouse, providing a much more comprehensive analysis of the re-

tirement behavior across the income distribution. I also investigate the implications from

neglecting the joint decision process.

Further, this is the �rst dynamic programming model of couples estimated using high

quality Danish register data on third party reported income and wealth information.

These data are rarely available and to my best of knowledge no dynamic programming

model of couples has included private pension wealth.4 Almost all studies on joint re-

tirement are based on the Health and Retirement Study (HRS) and empirical evidence

of the importance of joint retirement from other sources are therefore valuable.5 The

administrative registers used here are most likely less noisy than surveys.

Finally, on a technical note, I do not have knowledge of any other studies estimating a

model with both discrete and continuous choices solved with the EGM method of Carroll

(2006). EGM proved to be very fast and accurate and in turn facilitate estimation of the

value of joint retirement using the complex collective model presented here.

The present study is also related to the recent working papers of Casanova (2010) and

Gallipoli and Turner (2011). Casanova (2010) focus on health insurance e�ects on couples'

retirement and consumption behavior. However, the behavior of singles and households

with private pension wealth are excluded from her analysis. Gallipoli and Turner (2011)

formulate three models; one for singles, one for couples with complimentarities in leisure,

and one model where couples solve a non-cooperative game with respect to retirement.

They �nd that the non-cooperative model �t female retirement behavior, while the model

with complimentarities �t the male retirement behavior the best. They do, however,

not estimate either of the models but calibrate parameters using the US Panel Study of

Income Dynamics (PSID).

The paper proceeds as follows: Section 2 present the Danish institutional settings

along with the data used for estimation. In Section 3, the collective household model is

presented and Section 4 discuss the endogenous grid (EGM) method applied to solve for

optimal consumption and retirement choices. In Section 5 the estimation strategy, results

4Bound, Stinebrickner and Waidmann (2010) include private pension wealth in a model of single's
choice of leaving the workforce and applying for Disability Pension.

5See as exceptions, the reduced form studies of An, Christensen and Gupta (1999); Jia (2005) and
Mastrogiacomo, Alessie and Lindeboom (2004) using Danish, Norwegian and Dutch data, respectively.
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and model �t are discussed and Section 6 present policy experiments from the collective

model and unitary versions. Finally, Section 7 concludes and suggests further research.

2 Danish Institutional Settings and Data

All institutional settings are implemented using rules and values in the year 2008, applying

to the cohorts used for estimation (born 1940-1948). Since it would be far out of the realm

of a stochastic dynamic programming model to incorporate all aspects determining the

level of transfers, approximations are applied.

The Danish retirement system consists of two main elements: early retirement pension

(ERP) and old age pension (OAP). Early retirement is a voluntary program in which

participants pay roughly $1, 000 per year for membership and provide members with the

option to retire from the age of 60 (if eligible at that age) with bene�ts in the range

of $30, 000. Old age pension is available to all at the age of 65. Below, I describe the

implemented ERP and OAP in some depth and refer the reader to Jørgensen (2009) (in

Danish) for a full description of the Danish pension system.

2.1 Early Retirement Pension

As mentioned, the Danish ERP is voluntary and requires membership to be eligible to

receive bene�ts. For the cohorts used here, ten years of payments to the program leads

to eligibility. The level of bene�ts received, however, depend on the i) level, ii) type and

iii) administration of pension wealth. Further, in order to be eligible, the individual has

to meet certain requirements regarding the labor market availability. In particular, if the

individual has left the labor force before being eligible to ERP, the eligibility automatically

lapses. For example, an individual becoming eligible at the age of 60 will waive 5 years

of ERP bene�ts if she chose to retire at the age of 59.

Pension wealth can be administrated by the employer or privately by the employee

and three main types of retirement saving opportunities are available. Each combination

a�ect the level of ERP di�erently. First, Lifelong Annuity (LA), in Danish �Livsvarige

Pensionsordninger�, is an insurance guaranteeing a monthly payment when retired. The

amount guaranteed (commitment value) is received until death and is therefore increased

(decreased) if the owner postpone (advance) retirement.

Second, Annuitized Individual Retirement Arrangement (AIRA), in Danish �Ratepen-

sion�, is a pension balance committed by the owner to be distributed through annuities

of 10 through 25 years. If the owner initiates the distribution of funds after the early

retirement age, a 40 pct. tax payment of the withdrawn amount will be collected by the

government. If the funds are withdrawn earlier than the early retirement age, a tax of

60% is collected. Hence, the distribution of funds does not necessary start at the age of
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retirement although this is most common practice. The annuitization must be initialized

by the age of 77.

Thirdly, Individual Retirement Arrangement with no restrictions (IRA), in Danish

�Kapitalpension�, is a AIRA with no commitment to annuitize the pension wealth. There

is no upper age limit to when the owner can withdraw the funds.

The ERP also has a component encouraging postponement retirement, called the two-

years rule. Brie�y put, if individuals postpone retirement two years after being eligible

for early retirement (often until age 62) the bene�ts are higher and the wealth tests softer.

Table 1 illustrate the means-testing of private pension wealth and withdrawals (payouts)

in the ERP scheme for the three di�erent types of pension wealth (LA, AIRA, IRA)

across privately and employer administrated types. The ful�llment of the two-years rule

is indicated by et = 2.

Table 1 � Early Retirement Wealth Test for Types of
Pension Wealth, Retirement Age and Admin-
istrative Type.

60 ≤ aget < 65 aget ≥ 62, and et = 2

Employer‡ Private Employer Private

LA†
payout Tested Not Tested Not
balance Tested Tested Not Not

IRA
payout Not Not Not Not
balance Tested Tested Not Not

AIRA
payout Tested Not Tested Not
balance Tested Tested Not Not

† "LA" refers to �Livrente� in Danish and the "balance" is the commitment
value of the LA, "IRA" (Individual Retirement Account) refers to �Kap-
ital pension� in Danish, and "AIRA" (Annuitized Individual Retirement
Account) refers to �Ratepension� in Danish.
‡ "Employer" refers to employer administrated and "Private" refers to pen-
sion wealth administrated by the individual in an private retirement ac-
count.
et = 2 refers to a situation where the individual has postponed retirement
at least two years after being eligible to ERP (ful�lment of the two-year
rule).

Table 1 illustrate the rather complex basis from which the ERP is calculated. The

six combinations of pension wealth a�ect the ERP in very di�erent ways. In order to

keep the model tractable, while maintaining incentives in the early retirement scheme, I

assume all pension wealth is held in IRAs. Further, due to lack of disaggregation of the

pension deposits to di�erent types, it is impossible to construct the di�erent disaggregated

balances using the data available. Hence, I do not need to worry about commitment values

and annuities of pensions and the early retirement scheme does not discriminate between

privately and employer administrated IRAs (see Table 1). I will hereafter refer to the

pension wealth deposit in IRA as private pension wealth, whether the pension wealth is
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privately or employer administrated.6

The ERP is determined by eligibility and pension wealth at the time of retirement.

Once the ERP has been calculated based on this information at the time of retirement,

the ERP received in subsequent years are �xed. However, the ERP is recalculated each

year using present information in this model. This deviation is due to the fact that

the model is solved by backwards induction and, hence, the retirement age and previous

information on income and pension wealth is not known at later periods. I conjecture

this simpli�cation to be rather innocent, since only huge changes in pension wealth will

induce approximation errors.

Combining the assumption that all pension wealth is held in IRAs with the assumption

of zero hours worked when retired, the early retirement scheme can be formulated as

ERPt =


0 if et = 0,

ERP− .6 · (.05 · (IRA balancet)− ER) if et = 1 and 60 ≤ aget < 65,

ERP2 if et = 2 and 62 ≤ aget < 65,

where ERP = 166, 400DKK ≈ $30, 250 is the maximum early retirement pension in 2008

if the two year rule is not ful�lled, ERP2 = 182, 780DKK ≈ $33, 250 is the maximum

early retirement pension if the two year rule is ful�lled, and ERP = 12, 600DKK ≈ $2, 300

is a deduction.

2.2 Old Age Pension

The most important factor determining the level of OAP is the individual's annual labor

market income while retired. Marital status, potential labor market status and income

of the spouse also a�ect the level of OAP. Further, the wealth (excluding private pension

wealth, housing and debt) also a�ect whether households are eligible for supplementary

transfers. These supplementary transfers are aimed at households with very low wealth,

such that households with more than approximately $10, 000 in liquid assets are not

eligible for these bene�ts. Not only assets but also information on square feet of residence,

whether the residence is owned or rented, and the number of children residing are used

to determine the actual level of supplementary bene�ts.

The implementation of OAP only include the two main parts of the old age pension

scheme in Denmark, ignoring the supplementary transfers aimed at low wealth house-

holds. I will refer to these as the base (OAPB) and additional (OAPA) part, in Danish

�Grundbeløbet� and �Pensionstillæget�.

Due to these simplifying assumptions, the OAP depend on individual income, po-

6Private pension funds not based on balances but rather on, e.g., predicted annuities from life ex-
pectancy are converted by The Danish Economic Council into deposits by discounting the annuities with
a survival and in�ation adjusted interest rate.

5



tential spousal income and whether the spouse is receiving OAP. Appendix B contain

the implemented old age pension rules. Interestingly, for some combinations of own and

spousal income, the OAP system facilitates joint retirement, while at other combinations

punishes joint retirement, as seen in Figure A2 on page 36.

2.3 Data

The data used throughout is supplied and prepared by The Danish Economic Council and

is based on high quality Danish administrative register data on the total Danish population

in the years 1996-2008. Individual pension wealth is based on information from the wealth

test regarding early retirement (in Danish �Pensionsrettigheder�) collected for the Danish

tax authority (PERE). Pension wealth information is collected for all individuals at the

age of 59½ independent of eligibility for early retirement. The pension wealth test on early

retirement was introduced in 1999. Therefore, individuals aged 61 or above in 2000 are

not included, leaving the oldest individuals in the data to be 68 years old.

The sample is further restricted to households with no cohabiting children in which

all members are wage workers at the �rst data entry and no younger than 57 years old

(married females are allowed to be as young as 57-6=51 years old). No more than six

years of age di�erence between spouses are allowed in the sample and households who are

net-borrowers (excluding private pension wealth) at least one year are excluded. Further,

if one member of a household is eligible for the Danish equivalence of a de�ned bene�t

plan (DB) in the US (in Danish �Tjenestemandspension�) or leaves the workforce through

disability pension, the household is excluded from the analysis.

These criteria yield a population consisting of 150, 323 households, summarized in

Table A1 in Appendix A. Throughout the analysis, income and wealth are measured in

2008 prices. The change in old age basis pension (Bt) is used to adjust income and wealth

to 2008 levels. This measure of in�ation is chosen in order to make the implemented

retirement scheme for 2008 compatible with years before 2008. The change (∆Bt) has

roughly been 2-3 pct. each year in the years 1998-2008, as has the in�ation rate in

Denmark.

An individual is classi�ed as retired based on labor market status the end of November

a given year. All individuals not working is considered to be retired. Potential timing

problems regarding income can arise since an individual retiring, say, in the beginning of

November has potentially earned nearly a full year of labor market income even though

she has been classi�ed as retired by this de�nition. Alternatively, retirement could be

de�ned based on the income level as well, such that individuals with labor market income

less than some threshold is considered retired. That classi�cation has not been pursued

here since this induces the problem of choosing the threshold meaningfully.

As mentioned above, eligibility for early retirement requires many years (10-30 years,
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depending on the cohort) of payments to the program. Hence, the actual eligibility is not

observed in the data but is approximated by the last year of payment to the program. If

an individual quit payments to the program at, say, the age of 61, the age of eligibility is

then assumed to be 61.

Empirical Regularities

Danish couples tend to retire jointly. Figure 1 display histograms for nine di�erent spousal

age di�erences (∆age=age of male - age of female) with retirement age di�erence on the

horizontal axis. The mass under the red/gray bin illuminate couples retiring in the same

year, i.e., joint retirement of couples.
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Figure 1 � Retirement Pattern of Danish Couples. Histograms Across Age Di�erences
with Di�erence in Age of Retirement on the Horizontal Axis.

For example, panel (a) plots the di�erence in retirement age for households in which

the male is four years younger than the female spouse (∆age= −4). Nearly 10 pct. of

such households retire within the same year. In panel (i), households in which the male

is four years older than the female spouse are considered (∆age= 4). The same pattern

emerges with about 12 pct. of couples retiring jointly. The histograms in between panels

(a) and (i) illustrate the consistency of this pattern.

Males potentially value joint retirement more than females. The fact that panels (f)-(i)

are more skewed to the left than panel (a)-(d) are skewed to the right, indicate that more

males postpone retirement when they are older than their spouse, relative to females who

are older than their male spouses. This could be due to a higher value of joint retirement

or a higher share of household income.

Joint retirement behavior is a�ected by the relative income share in a household.
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Figure 2 investigate households in which the male is three years older than the female

spouse (∆age= 3). If the male is responsible for 70-80 pct. of household income (gray),

couples tend to retire with fewer years of di�erence than households in which males are

responsible for only 20-30 pct. (black). This is not surprising, since the household primary

provider would be expected to work longest. However, it is also clear from Figure 2 that

even if the male is not the primary provider (income share less than 30 pct, black bin),

he tend to postpone retirement to some extend, resulting in considerable mass under 0, 1

and 2 years of di�erence in retirement. This behavior is identical in households in which

females are oldest.

−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Difference in Year of Retirement

D
en

si
ty

Households in which males are three years older than spouse, age
m

−age
f
=3

 

 
Male Income Share ∈  [20,30] pct.
Male Income Share ∈  [70,80] pct.

Figure 2 � Di�erence in Retirement Year for Low and High Male Income Share.

The pattern of joint retirement in Figure 1 and 2 strongly suggest that joint retirement

plays an important role in household's retirement choices. The Danish retirement scheme

(ERP and OAP) do, however, also a�ect the retirement choices along with other factors,

such as income and household wealth. The main motivation for the model proposed here

is to be able to replicate retirement patterns as in Figure 1 while disentangling e�ects

from institutional settings and valuation of joint retirement.

Figure 3 illustrate married male's and female's retirement age distribution for combi-

nations of low/high income (y) and pension wealth (a). Low income is de�ned as annual

pretax income less than ylow = 250, 000 DKK the year before retirement and low pension

wealth is de�ned as less than alow = 1, 000, 000 DKK the year before retirement. To illus-

trate how spousal characteristics a�ect the retirement age, the distributions conditional

on the four combinations of income and wealth in married households are presented. The

�rst (blue) bin is both male and female with low value, the second (red) bin is male

low and female high, the third (green) bin is male high and female low, and the fourth
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(yellow) bin is both high. p-values from Pearson's χ2 test of independence from spousal

characteristics are presented, all tests being highly signi�cant.
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Figure 3 � Couple's Retirement Age Across Income (y) and Wealth (a). ylow = 250, 000
DKK and alow = 1, 000, 000 DKK the year before retirement.

Individuals with a relatively high level of income or private pension wealth prior to

retirement tend to postpone retirement relative to low income/wealth individuals. These

features are identical across marital status and gender, but strongest for females. See

Figure A1 in Appendix A for retirement pattern of singles.

E�ects of spousal characteristics vary across gender. Married males tend to postpone

retirement if the spouse has relatively low income or private pension wealth. Married

females, on the other hand, surprisingly tend to advance retirement if their male spouse

have a relatively low level of income or pension wealth.

The ERP scheme can explain the spikes at the age of 60 and 62, since people often

become eligible at the age of 60 and then potentially ful�ll the two-year rule by age 62.

Old age pension is available to everybody at the age of 65 resulting in a (small) spike at

the age of 65.
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3 A Collective Model of Consumption and Retirement

In this section, I formulate a collective model of married couples and singles in order to

capture the complex and simultaneous in�uences from own and spousal income, pension

wealth, and eligibility for early retirement on the decision to retire.

Households are maximizing expected discounted utility,

max
{ct,dt}T1

E

[
T∑
τ=0

βτU(cτ , dτ , zτ )

∣∣∣∣∣ c0, d0, z0

]
,

subject to budget and borrowing constraints and beliefs about future income, death and

eligibility of each spouse. These constraints and beliefs are speci�ed in the remainder of

this section. β is the between-period discount factor, consumption and leisure (c, d) are

the choice variables, and z contains the di�erent state variables.

3.1 State Space and Choice Set

State variables are partitioned into observed, zt, and (to the researcher) unobserved state

variables, εt, following Rust (1987). The observed states at time t are given by

zt = (at, d
m
t , d

f
t , age

m
t , age

f
t , y

m
t , y

f
t , e

m
t , e

f
t ),

where at ∈ R+ is the available (household) assets in the beginning of period t, djt ∈ {0, 1}
is the labor market status of spouse j, agejt ∈ [57, 100] is the age of spouse j, yjt ∈ R+

is the pretax income of spouse j in the beginning of period t, and ejt ∈ {0, 1, 2} indicates
whether spouse j is eligible for early retirement bene�ts (ejt = 1) and ful�llment of the

two-year rule (et = 2).

Retirement is absorbing and represented as a binary choice,

djt+1 =

{
1 if spouse j work at time t+ 1,

0 if spouse j retire at time t+ 1,

where dt+1 = (dmt+1, d
f
t+1) ∈ {0, 1} × {0, 1} is the vector of household labor market choice

in period t. The timing of this model is di�erent than the existing literature, since each

spouse's labor market status the following period, dt+1 = (dmt+1, d
f
t+1), are chosen this

period. As elaborated further in Section 4 and Appendix E, this is done for computational

reasons only and should not a�ect the results.

Alternatively, as done in French and Jones (2011), hours worked could be the choice

variable. However, the available data on hours worked are clustered at 37 hours a week

(the norm in Denmark) and zero hours (not working). French and Jones (2011) argue that

introducing a �xed cost to work will help explain this type of behavior. It is, however,

10



questionable how much information there is gained from using hours worked instead of

the more easily handled binary choice. Therefore, the labor market decision is modeled

as a discrete choice, albeit it's continuous features in reality.

Aggregate household consumption, ct, is endogenous in the model since the labor

market participation decision is interrelated with the consumption decision through re-

tirement savings, possibly binding budget constraints, and uncertainty about the future

(Deaton, 1991 and Cagetti, 2003).

The marriage decision is assumed exogenous. Single individuals remain single until

they die and couples can only become single due to the death of the spouse.

3.2 Preferences

The household choices are assumed to be the outcome of Nash-bargaining (Bourguignon

and Chiappori, 1994),

U(ct, dt+1, zt; θU) = λUm(ct, dt+1, zt; θU) + (1− λ)Uf (ct, dt+1, zt; θU) + εt(dt+1), (3.1)

where εt(dt+1) is distributed Extreme Value Type I and summarize the household choice-

speci�c unobserved states and λ ∈ [0, 1] represents the Pareto weight/household power

by each spouse, as argued in Browning and Chiappori (1998).7

Browning, Bourguignon, Chiappori and Lechene (1994) estimate the income share,

age and household wealth to be crucial factors determining the relative bargaining power,

λ. More recently, Michaud and Vermeulen (2011) estimate the age di�erence to be an

important factor. The Pareto weight in (3.1) is therefore allowed to be a function of age

di�erence and household wealth.8 In order to restrict the share to the [0, 1] domain, the

following functional form is used

λ(zt; θλ) =
exp(λ0 + λ1(agemt − age

f
t ) + λ2at)

1 + exp(λ0 + λ1(agemt − age
f
t ) + λ2at)

,

where λ = .5 if λ0 = λ1 = λ2 = 0.

Individual preferences are of the CES type, allowing for non-separability between

7This approach is widely used in the literature on joint retirement of couples. See, e.g., An, Christensen
and Gupta (1999); Mastrogiacomo, Alessie and Lindeboom (2004); Jia (2005); van der Klaauw andWolpin
(2008) and Casanova (2010). As an alternative, one could estimate the model as a cooperative dynamic
game, incorporating the intra-household bargaining directly, as done in Gallipoli and Turner (2011).

8If the household power is a function of outcome variables, e.g., the di�erence in income between
spouses (a�ected by labor market status), the outcome is generally not e�cient anymore. This ine�ciency
arises since a spouse could undertake more labor, than what would be e�cient, in order to gain household
power. In such a case, the household choices could not be an outcome of Nash-bargaining, and equation
(3.1) would merely be a �household welfare-function� given as the weighted sum of individual utilities.
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leisure and consumption,9

Uj(ct, dt+1, zt; θU) =
1

1− ρ
(
[φct(dt+1, zt)]

η l(dt, j)
1−η)1−ρ

, (3.2)

where ρ is the relative risk aversion, η is the share of consumption to the utility, and φ is

a scaling parameter on consumption in married households.

Leisure depend on own and potential spousal labor market status,

l(dt, j) = l̄(1 + αj1(djt = 0, dkt = 0))− h1(djt = 1), k 6= j, (3.3)

where l̄ = 17 ·7 ·52 = 6, 188 is the endowment of (awake) hours a year, h = 37 · (52−7) =

1, 665 is the (assumed) hours worked a year when working, 1(·) is the indicator function,
equal to one when the statement in the parentheses is true, and αj is thus the value of

joint retirement measured in leisure units. If αj > 0 spouse j tend to value time together

with the spouse, also referred to as complimentarities in leisure.

The intratemporal household budget constraint takes the form

ct + st = at + Y(zmt , y
f
t ; τY) + Y(zft , y

m
t ; τY) + T(zt; τT)︸ ︷︷ ︸

≡mt(zt)

, (3.4)

where st is savings at the end of period t, at is household assets in the beginning of period

t, Y(·) is the after tax income in the beginning of period t, T(·) is government transfers

in the beginning of period t, and mt(zt) is, therefore, the �cash-on-hand� available for

consumption in the beginning of period t.

Appendix B contain the implemented tax rules, Y(·). The Danish rules are such

that if a spouse does not utilize the full deduction (41,000DKK≈$7,500) the remainder

is deductible to the spouse, creating an dis-incentive to joint retirement. Throughout the

analysis, income refers to labor market income, ruling out capital gains and loses. The

retirement transfers, T(·), was discussed in Section 2 and Appendix B.

The intertemporal budget constraint is given by,

at = (1 + r)st−1, (3.5)

such that assets in the beginning of this period equals savings in the end of last period

plus interests and st ≥ 0 ∀t = 0, . . . , T is a no borrowing constraint.

9Structural models of consumption and leisure estimated in the literature often assume an utility
function with separability between consumption and leisure. See, e.g., Gustman and Steinmeier (2004,
2005, 2009); Blau and Gilleskie (2006); and Blau (2008). However, Browning and Meghir (1991) show
evidence that (at least in the UK) separability in consumption and leisure is rejected.
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3.3 Private Pension Wealth

To avoid including separate (continuous) state variables for each spouse's private pension

wealth, the fraction of total net wealth held by each spouse in private pension funds, ℘jt ,

are speci�ed as a function of the state variables,

℘jt = ℘(zjt).

The amount of early retirement an individual is eligible to receive declines with the

level of private pension wealth. Hence, this variable is a crucial part of the model and

great care has been taken to estimate the level as accurate as possible. The estimation

approach and results are presented in Appendix D. The �t of the model is reasonable,

albeit a slight tendency to underestimation of the private pension shares for singles.

3.4 Death and Bequests

The survival probability is assumed to depend only on age and sex,

πjt ≡ Pr(survivaljt |age
j
t , j), j ∈ {m, f}. (3.6)

Despite the simple framework, the estimated survival probabilities, presented in Ap-

pendix C, �t the data surprisingly well.

If spouse j dies at time t, the widowed spouse keep all household assets and is as-

sumed single until death.10 If both individuals die at time t, the bequest function for the

household is assumed to be of a similar form as the utility function in (3.2):

B(at) = γ
1

1− ρ
(φat + κ)η(1−ρ) , (3.7)

where at is the household assets left at time t, γ measures the value of bequest, and κ is

a parameter determining the curvature of the bequest function.

3.5 Beliefs

Since the present model incorporates uncertainty about the future, rational beliefs re-

garding future income and eligibility for early retirement are speci�ed. Age evolve deter-

ministically (unfortunately in real life but practical here), and labor market status next

period is a choice variable, so income and eligibility are the only state variables evolving

stochastically.

10This approach is similar to the one of van der Klaauw and Wolpin (2008) while in the studies of Blau
and Gilleskie (2006) and Casanova (2010) the widowed spouse is not included in the model.
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3.5.1 Income Process

The pretax income processes of husband and wife are correlated and the labor market

status is endogenous to the income process. Hence I model a simultaneous system with

both spouse's income and labor market choices:

ln ymt = xm1tθ
m
y + ηymt ,

ln yft = xf1tθ
f
y + η

yf
t ,

dmt = 1(xm2tδ
m + ηdmt > 0),

dft = 1(xf2tδ
f + η

df
t > 0),

where xj1t contains di�erent state variables such as labor market status, age, eligibility

for early retirement and lagged log income. xj2t contains, in addition to the ones in

xj1t, the household wealth as an identifying restriction. η is assumed independent across

individuals and time and identical multivariate normal distributed, η ∼ N4(0,Ω), with

covariance matrix given by11

Ω =

(
Ωy Ωdy

Ωyd Ωd

)
=


σ2
ym

σymyf σ2
yf

σymdm 0 1

0 σyfdf σdmdf 1

 .

The speci�cation allows for correlation between spousal income and labor market

choices. This is a crucial element of the model. If, say, the male experience a negative

shock to his income, the probability of the pension bene�ts being attractive enough to

�force� him into retirement is larger. If the male retire, the value of retirement is greater

for the female spouse (αm, αf > 0) potentially leading the female to retire as well.

On the other hand, a negative shock to male income could potentially o�set the female

to work longer in order to sustain the preferred level of consumption. Since the correlation

between spousal income is estimated positive, the negative shock to the male could also

hit the female, making her more likely to retire.12 Hence, several elements of the model

are driving the retirement pattern in potential opposite directions.

11Note, the slight internal inconsistency here. I assume that the labor market choice here is a linear
index model with additive normal errors while in the structural model, the labor market choice is assumed
highly nonlinear with additive Extreme Value Type I errors. Since the primary object here is estimation
of the income processes (and not the labor market choices), I apply the normal assumption for convenience
and ignore the internal inconsistency. A similar inconsistency can be found in, e.g., Casanova (2010).

12Couples have a tendency to have the same level of education (Nielsen and Svarer, 2006). This could
result in a positive correlation between spousal income.
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3.5.2 Eligibility for Early Retirement

I assume that individuals are aware of the institutional settings, but do not fully keep

track of their payments to the program, and hence do not know if they are eligible next

period. Therefore, individuals form rational beliefs about future eligibility.

The domain of future eligibility status is restricted by the institutional settings to be

given by

et+1 ∈ {0, 1} if et = 0 and 60 ≤ aget+1 < 65,

et+1 = 1 if et = 1 and 60 ≤ aget+1 < 62,

et+1 ∈ {1, 2} if et = 1 and 62 ≤ aget+1 < 62,

et+1 = 2 if et = 2 and 62 ≤ aget+1 < 65,

(3.8)

such that two independent beliefs about eligibility and ful�lment of the two-year rule can

be speci�ed,

P j
e=1 ≡ Pr(ejt+1 = 1|ejt = 0, zjt),

P j
e=2 ≡ Pr(ejt+1 = 2|ejt = 1, zjt),

for each spouse, j = m, f .

4 Solving the Model

The consumption and labor supply functions are uncovered numerically using the Endoge-

nous Grid Method (EGM) proposed by Carroll (2006). In stead of solving the nonlinear

Euler equation by numerical root �nding routines over a grid of ct (or st−1), Carroll (2006)

suggests de�ning a grid over st and simply calculate the consumption level corresponding

to the level of savings. Hence, the optimal consumption can be represented as a func-

tion of savings (and labor market choice) as the inverse of the partial derivative of the

household utility function, referred to as the inverse Euler equation. This trick replaces,

for each value of the state space, a root-�nding operation of a non-linear system with

interpolation, reducing the computation time dramatically.

Even though the method applied deviates from �standard� value function iteration,

it can be helpful to formulate the model as a solution to Bellman equations. Using the

model setup described throughout the last section, the optimal consumption and labor

market choice for a single individual (j) can be formulated as the solution to the Bellman
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equation:

Vj
t (zt, εt) = max

0 ≤ ct ≤ m(zt)

djt+1 ∈ {0, 1}

{
Uj(ct, d

j
t+1, z

j
t) + ε(djt+1) + βEt

[
Vj
t+1(zt+1, εt+1)|zt, ct, dt+1

]}

= max
0 ≤ ct ≤ m(zt)

djt+1 ∈ {0, 1}

{
vjt (z

j
t , d

j
t+1) + ε(djt+1)

}
,

where the assumption of Extreme Value Type I error terms yields (Rust, 1994)

vjt (z
j
t , d

j
t+1) ≡ Uj(ct, d

j
t+1, z

j
t) + β

[
(1− πjt+1)B(at+1)

+ πjt+1

ˆ
log

 ∑
djt+2∈D(zt+1)

exp
(
vjt+1(zjt+1, d

j
t+2)
)

︸ ︷︷ ︸
≡EV jt+1(zjt+1)

F (dzjt+1|z
j
t , ct, d

j
t+1)

]
.(4.1)

For couples, the Bellman equation is:

Vt(zt, εt) = max
0 ≤ ct ≤ m(zt)

dt+1 ∈ {1, 2, 3, 4}

{vt(zt, dt+1) + ε(dt+1)} , (4.2)

where

vt(zt, dt+1) = λUm(ct, dt+1, zt) + (1− λ)Uf (ct, dt+1, zt) + β

[
(1− πft+1)(1− πmt+1)B(at+1)

+ πmt+1π
f
t+1

ˆ
EVt+1(zt+1)F (dzt+1|zt, ct, dt+1)

+ πmt+1(1− πft+1)

ˆ
EV m

t+1(zmt+1)F (dzmt+1|zmt , ct, dmt+1)

+ πft+1(1− πmt+1)

ˆ
EV f

t+1(zft+1)F (dzft+1|z
f
t , ct, d

f
t+1)

]
.

The (expected) value functions etc. for singles, {EV j
s , c

j
s, d

j
s ∀ j ∈ {m, f}, 1 ≤ s ≤ T},

can be found by solving the model for singles in a �rst step due to the exogeneity of death

of spouses in the model.

Since the present model includes a discrete choice-variable, a combination of Euler

equation and value-function evaluation is used. The approach here is di�erent than the

one proposed by Barillas and Fernández-Villaverde (2007) or by Fella (2011) since I include

an unobserved choice-speci�c state, ε, smoothing out the kinks from the discrete choices.
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Here, the consumption problem is solved using EGM conditioning on the discrete labor

market choice. This leads to four (for couples, two for singles) choice-speci�c consumption

functions. These functions are interpolated on the same grid and inserted (via interpo-

lation) into the value function from the next period in order to calculate the conditional

probability of each labor market choice. The solution method applied here is formally

proven to be applicable by Clausen and Strub (2012) and Iskhakov, Rust and Schjerning

(2012). Consult Appendix E for a detailed description of the solution method.

5 Estimation Results

Since the number of parameters in the model is large, the two-step procedure proposed

by Rust (1994) is applied. The two-step approach splits up the parameters in two groups:

i) Parameters regarding processes which do not require solving the DP problem, Θ1 =

(θy, θe), and ii) Parameters regarding processes which require numerical solutions to the

DP problem, Θ2 = (θU, θB, θλ).

First, the parameters in the transition probabilities of the observed state variables

summarized in Fz(zit|zit−1; Θ1), are estimated using partial MLE. Secondly, the parame-

ters in the transition probabilities of the choice variables summarized in Fd(dit+1|zit; Θ)

are estimated, also using partial MLE.13 For readability, I present the estimated beliefs

�rst and defer the results on preferences, including the value of joint retirement, to Section

5.2.

5.1 Beliefs

Here, the estimated beliefs regarding future income and eligibility to ERP, Θ1 = (θy, θe),

are presented. The main objective when estimating the beliefs is the ability to predict ac-

tual in sample outcomes. Hence, the performance of the estimated relations are evaluated

on this margin.

13Ideally, in order to correct the standard errors for the two-step approach, one iteration of the full
information likelihood function should be performed.

17



5.1.1 Income Process

The parameters of the system discussed in Section 3.5.1 on page 14 are estimated by

Maximum Likelihood, generalizing the approach in Heckman (1978) to be a four (two

continuous, two binary) dimensional system:14

L(θy,Ω) =
1∑N
i Ti

N∑
i=1

Ti∑
t=1

log

[
φ2(vmit , v

f
it,Ωy)

×Φ2(rmit , r
f
it,Ωd|y)

1(dmit=1,dfit=1)Φ2(rmit ,−r
f
it, Ω̇d|y)

1(dmit=1,dfit=0)

×Φ2(−rmit , r
f
it, Ω̇d|y)

1(dmit=0,dfit=1)Φ2(−rmit ,−r
f
it,Ωd|y)

1(dmit=0,dfit=0)

]
, (5.1)

where φ2(x1, x2,Ωx) and Φ2(x1, x2,Ωx) are the bivariate normal pdf and cdf, respectively,

with zero mean and covariance Ωx evaluated at (x1, x2), and

vit ≡

(
vmit

vfit

)′
=

(
ln ymit − xm1itθ

m
y

ln yfit − xf1itθ
f
y

)′

rit ≡

(
rmit

rfit

)′
=

(
xm2itδ

m

xf2itδ
f

)′
+ vitΩydΩ

−1
y ,

Ωd|y = Ωd − ΩdyΩ
−1
y Ωyd,

Ω̇d|y = Ωd|y
⊙(

1 −1

−1 1

)
,

where
⊙

denotes element-wise multiplication.

The estimated parameters are reported in Table 2, using the δ-method to calculate

the standard errors of the covariance parameters. I do not report the partial e�ects, since

that is not of particular interest here. For singles, two-equation systems are estimated

separately. The distribution of estimation errors, η̂j = log yj− log ŷj, are plotted in Figure

4. The errors are roughly centered around zero, but there is substantial mass under the

tails.

The estimated correlation between spousal labor market income, σ̂ymyf , is signi�cant

positive. This result underlines the importance of including the labor market income of

each spouse and allowing for interdependence between the processes. Married female's

labor market income tend to correlate with the age of the spouse. This is not the case for

males, indicating that females are more in�uenced by their male spouse than vice versa.

Wealth is signi�cant in the selection equation, indicating that the instrument is valid and

the pseudo R2 of about 30 pct. is acceptable.

14Since x1it contains the lagged dependent variable, the likelihood function is conditional on initial
values of the income processes. The estimation is based on people aged 57 or more and the conditional
likelihood is, therefore, expected to be fairly similar to the unconditional.
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Table 2 � System Estimates of the Income and Labor Supply Processes, θy.

Couples Singles

Males Females Males Females

Dep.: ln yjt Estimate (SE) Estimate (SE) Estimate (SE) Estimate (SE)

constant .280 (.020)*** -.127 (.023)*** -.308 (.052)*** .005 (.035)

ln yjt−1 .571 (.001)*** .531 (.001)*** .550 (.002)*** .540 (.002)***

djt = 1 2.597 (.032)*** 2.818 (.029)*** 2.669 (.062)*** 2.541 (.050)***

ln yjt−1, d
j
t = 1 .189 (.002)*** .232 (.002)*** .228 (.004)*** .234 (.003)***

ejt = 1 .100 (.142) -.061 (.166) .967 (.209)*** .565 (.166)**

ejt = 2 .802 (.141)*** .341 (.166)* .985 (.205)*** .994 (.163)***

agejt = 60 .138 (.012)*** .391 (.014)*** .187 (.031)*** .149 (.021)***

agejt = 61 -.888 (.065)*** -2.465 (.080)*** -.539 (.121)*** -.663 (.093)***

agejt = 62 -.606 (.108)*** -1.815 (.129)*** -.196 (.176) -.256 (.141)

agejt = 63 -.867 (.141)*** -.353 (.165)* -.867 (.204)*** -.986 (.163)***

agejt = 64 -.567 (.141)*** -.089 (.166) -.648 (.205)* -.791 (.163)***

agejt = 65 .351 (.021)*** .437 (.028)*** .717 (.052)*** .477 (.036)***

agejt > 65 .117 (.020)*** .328 (.029)*** .460 (.052)*** .050 (.036)

agejt = 60, ej > 0 1.228 (.142)*** 2.139 (.167)*** .122 (.210) .920 (.167)***

agejt = 61, ej > 0 .253 (.156) 1.527 (.184)*** -.774 (.240)* -.278 (.189)

agejt = 62, ej > 0 1.010 (.178)*** 2.308 (.208)*** -.067 (.271) .284 (.216)

agemt > ageft -.015 (.013) .034 (.012)*

agemt < ageft -.010 (.009) .054 (.009)***
Labor Supply Parameters

constant 5.651 (.078)*** 4.631 (.044)*** 3.479 (.093)*** 3.761 (.122)***
wealtht .734 (.008)*** .494 (.010)*** .929 (.019)*** .781 (.016)***

ejt = 1 -2.685 (.212)*** -1.787 (.162)*** -3.720 (.235)*** -4.342 (.342)***

ejt = 2 -.904 (.212)*** .155 (.161) -1.792 (.235)*** -2.288 (.342)***

agejt = 60 -4.129 (.146)*** -3.459 (.097)*** -.328 (.185) -.277 (.218)

agejt = 61 -3.803 (.182)*** -3.002 (.130)*** -1.046 (.264)*** -1.173 (.260)***

agejt = 62 -3.722 (.198)*** -2.836 (.146)*** -1.327 (.281)*** -1.464 (.276)***

agejt = 63 -4.720 (.225)*** -4.729 (.167)*** -1.492 (.252)*** -1.192 (.363)*

agejt = 64 -5.066 (.225)*** -5.042 (.167)*** -1.745 (.252)*** -1.485 (.363)***

agejt = 65 -4.190 (.078)*** -4.287 (.045)*** -4.570 (.095)*** -4.811 (.122)***

agejt > 65 -4.528 (.078)*** -4.593 (.046)*** -4.903 (.095)*** -5.148 (.122)***

agejt = 60, ej > 0 .532 (.245)* -.377 (.184)* .243 (.285) .381 (.387)

agejt = 61, ej > 0 1.022 (.273)** -.071 (.203) 1.306 (.342)** 1.937 (.412)***

agejt = 62, ej > 0 .329 (.278) -.735 (.215)** .870 (.355)* 1.597 (.423)**

agemt > ageft -.036 (.011)* .156 (.010)***

agemt < ageft .089 (.008)*** -.141 (.009)***
Covariance Parameters

σyj 2.364 (.002)*** 2.305 (.002)*** 2.746 (.005)*** 2.549 (.004)***
σyj ,dj -.167 (.016)*** -.313 (.018)*** -.204 (.026)*** -.109 (.016)***
σym,yf .386 (.007)*** .386 (.007)***
σdm,df .373 (.004)*** .373 (.004)***

1− L(Θ)/L(0) .304 .279 .296
maxi{|∂L(Θ)/∂Θi|} 1.2e− 7 1.2e− 7 4.7e− 8
# Obs 579, 501 145, 079 223, 641
# Households 87, 760 24, 773 35, 901

Notes: Since lagged variables are included, the number of observations used here is less than reported in Table A1 on
page 34. Wealth is measured in 10,000,000 DKK. Standard errors based on the inverse of the hessian. The δ-method
is used to calculate the standard errors of the covariance parameters. *: p < .05, **: p < .001, ***: p < .0001.
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Figure 4 � Prediction Error From Income Equations, η̂j = log yj − log ŷj.

The income process estimated here is continuous. When solving the model, however, I

discretize the income state. Therefore, I follow the approach of Rust (1990) and construct

an income transition matrix using the estimated (continuous) income processes. Say

income is discretized in Ninc points ~y = (y1, . . . , yNinc), where y1 < y2, . . . , yNinc−1 < yNinc .

The probability of a single individual's income to fall in the interval [yk−1; yk] is found by

Pk ≡


Φ(η̂jt+1 ≤ y1|zjt , d

j
t+1) if k = 1,

Φ(η̂jt+1 ≤ yk|zjt , d
j
t+1)− Φ(η̂jt ≤ yk−1|zjt , d

j
t+1) if 1 < k < Ninc,

1− Φ(η̂jt+1 ≤ yNinc−1|zjt , d
j
t+1) if k = Ninc.

The probability associated with each of the Ninc × Ninc possible income states for

couples at time t+ 1 are calculated by similar two-dimensional rules.
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5.1.2 Eligibility for Early Retirement

The estimated parameters of the two individual logit equations P j
e=1 ≡ Pr(ejt+1 = 1|ejt =

0, zjt) and P
j
e=2 ≡ Pr(ejt+1 = 2|ejt = 1, zjt) are presented in Table 4. An alternative probit

speci�cation was estimated yielding similar results with a slight decrease in performance.

The model is capable of predicting the correct eligibility status of more than 80 pct.

of the relevant sample, c.f. Table 3.

Table 3 � Predicted Eligibility.

êmt êft

0 1 2 0 1 2

ejt

0 87.2 12.8 .0 82.0 18.0 .0
1 12.9 86.3 0.7 10.8 88.5 0.7
2 .0 20.4 79.6 .0 16.4 83.6

Notes: Row percentages. Estimated eligibility status
clasi�cation is based on êjt = k if P je=k > .5 combined
with the restriction on domain in (3.8) on page 15.

The estimated parameters indicate that couples have a higher probability of being

eligible for early retirement (and ful�lling the two years rule). Wealth has a negative and

diminishing a�ect on the probability of being eligible at age 60 as well as ful�lling the

two-year rule at age 62. This result is most likely due to a reverse causality since people

who think that they are not going to be eligible for early retirement save more earlier in

life in order to �nance retirement before old age pension becomes available at age 65.
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Table 4 � Logit Estimates of Beliefs Regarding Eligibility for Early Retirement, θe.

Pr(ejt = 1|ejt−1 = 0, zjt ) Pr(ejt = 2|ejt−1 = 1, zjt )

Males, Pme=1 Females, P fe=1 Males, Pme=2 Females, P fe=2

Estimate (SE) Estimate (SE) Estimate (SE) Estimate (SE)

aget = 60
constant 3.666 (.190)*** 3.129 (.199)***
singlet = 0 -.256 (.030)*** .399 (.030)***
wealtht -1.545 (.079)*** -.362 (.073)***
wealth2t .911 (.046)*** .431 (.050)***
wealtht, singlet = 0 .284 (.065)*** -.174 (.063)*
yt−1 -.871 (.013)*** -1.205 (.017)***
y2t−1 .076 (.002)*** .125 (.003)***

aget = 61
constant 3.389 (.210)*** 3.454 (.217)***
singlet = 0 .455 (.094)*** .243 (.106)*
wealtht .933 (.243)** -.299 (.256)
wealth2t -.580 (.153)** .301 (.208)
wealtht, singlet = 0 .233 (.185) .299 (.209)
yt−1 .384 (.037)*** .554 (.047)***
y2t−1 -.040 (.005)*** -.056 (.008)***

aget = 62
constant .224 (.290) -.112 (.295) .113 (.095) .005 (.100)
singlet = 0 -.010 (.217) -.242 (.286) -.204 (.045)*** .035 (.056)
wealtht 1.759 (.520)** .924 (.619) -2.092 (.108)*** -.366 (.116)*
wealth2t -1.188 (.347)** -.836 (.548) 1.228 (.060)*** .511 (.077)***
wealtht, singlet = 0 .420 (.407) .414 (.529) .213 (.087)* -.042 (.095)
yt−1 .385 (.083)*** .590 (.103)*** -.405 (.019)*** -.984 (.029)***
y2t−1 -.030 (.011)* -.042 (.016)* .040 (.002)*** .125 (.005)***

aget = 63
constant -.450 (.472) -.105 (.398) 1.449 (.189)*** 1.724 (.191)***
singlet = 0 -.375 (.377) -.671 (.484) 1.378 (.159)*** 1.168 (.230)***
wealtht -.388 (.995) -.023 (.989) -.434 (.373) -.198 (.404)
wealth2t -.744 (.666) -.492 (.845) .253 (.244) .202 (.322)
wealtht, singlet = 0 1.574 (.744) .742 (.854) .130 (.249) .104 (.357)
yt−1 .654 (.179)** .665 (.179)** .259 (.063)*** .442 (.084)***
y2t−1 -.022 (.023)* -.062 (.029)* -.042 (.007)*** -.054 (.011)***

constant -1.672 (.187)*** -1.469 (.196)*** .582 (.080)*** .302 (.084)**

1− L(Θ)/L(0) .303 .269 .310 .404
# Obs 143, 027 124, 137 63, 871 45, 554

Notes: Estimates in column one and two are based on individuals aged over 59 and under 65 with ejt−1 = 0 and

djt−1 = 1. Estimates in column three and four are based on individuals aged over 61 and under 65 with ejt−1 = 1 and

djt−1 = 1. Household wealth is measured in 10,000,000 DKK and income in 100,000 DKK. *: p < .05, **: p < .001,
***: p < .0001.
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5.2 Preferences

The derivation of the likelihood function regarding the preference parameters, Θ2 =

(θU, θB, θλ), are described in detail in Appendix F. In order to make the estimation of

parameters feasible, I restrict the income process of retirees to zero. Another crucial

assumption is the conditional independence (CI) assumption:

Assumption (CI). The transition density for the controlled Markov process {ct, zt, εt}
factors as

Fc,z,ε(ct+1, εt+1, zt+1|ct, εt, zt, dt+1) = Fc(ct+1|dt+1, zt)Fε(εt+1|zt+1)Fz(zt+1|zt). (5.2)

The CI assumption restricts the processes in several severe ways. Most important is

the assumption that the unobserved states, ε, does not a�ect any processes directly. This

rules out auto correlation in ε and restricts the dynamics of the model to be captured

solely by the observed state variables.

Since the additive unobserved states, ε(dt), are assumed iid Extreme Value Type I, the

probability of household i choosing labor status h at time t+ 1 is given by the Dynamic

Multinomial Logit (DMNL) formula,

F (dt+1 = h|zt; Θ) =
evth∑

k∈D(zt)
evtk

, (5.3)

where vth ≡ vt(zt, dt+1 = h) is the expected choice-speci�c value function found from

(4.2) on page 16.

Assuming independence across households, the log likelihood function regarding the

preference parameters can be written as15

L(Θ2|Θ̂1) =
N∑
i=1

 Ti∑
t=1

 ∑
h∈D(zit)

1 (dit+1 = h) vitj − log

 ∑
k∈D(zit)

evitk

 . (5.4)

Table 5 reports the ML-estimates of the preference parameters. Since estimation

of all parameters within an acceptable time frame turned out to be intractable, some

parameters are �xed. The share of consumption in utility, η, and the parameters in the

bequest function, γ and κ, are calibrated by comparing actual and simulated retirement

age distributions. The relative risk aversion, ρ, is estimated using singles only, since

solving the model for singles is considerably faster than solving the model for couples.

15Note, the likelihood function does only use variation in the discrete retirement choice. Initially the
variation in the consumption level was supposed to be utilized to identify the parameters of the model.
However, due to di�culties regarding imputation of consumption (see, e.g., Browning and Leth-Petersen,
2003), I chose to use only the discrete choice variable here.
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The estimated value of joint retirement is about 1, 400 (23 pct.) and 1, 080 (18 pct.)

�additional� annual leisure hours for males and females, respectively. The value of joint

retirement in van der Klaauw and Wolpin (2008) is measured in utility units, not directly

comparable to the leisure value of joint retirement, estimated here. They do, however,

also �nd a positive signi�cant value of joint leisure. The comparable analysis in Casanova

(2010) yields signi�cantly lower value of joint retirement of about 360 worth of �additional�

leisure hours (8 pct.) if the spouse is retired. Although her model restricts married males

and females to value joint retirement the same and does not model widowed spouse, the

di�erence is remarkable.

Table 5 � Estimated Preferences, Θ1.

Parameter Estimate (SE) t-value

Discount factor† β .975 − −
Utility function, θU

Risk aversion‡ ρ 2.303 (.051) 45.039
Consumption share† η .330 − −
Male value of joint retirement αm .228 (.052) 4.419
Female value of joint retirement αf .175 (.037) 4.687
Consumption scaling, couples† φ .500 − −

Power function, θλ
Constant† λ0 .000 − −
Age di�erence λ1 -.032 (.713) -.045
Household assets λ2 .022 (.027) .815

Bequest function, θB
Value of bequest† γ 1.0E-5 − −
Curvature in bequest function† κ 1.000 − −

L(Θ) 51.301
maxi{|∂L(Θ)/∂Θi|} 1.4E− 6
# Households 150, 323

† Parameter value �xed.
‡ Parameter value estimated based on singles only.

Standard errors based on the inverse of the Hessian. The δ-method is used to calculate

standard errors since some parameters are restricted in domain through transformations.

The estimated risk aversion, ρ, (based on singles only) of 2.3 seems reasonable. van

der Klaauw and Wolpin (2008) report estimates of 1.6 and 1.7 for males and females, re-

spectively. Note, however, that the Arrow-Pratt relative risk aversion (assuming constant

labor supply) is given by

c∂U(·)/∂c2

∂U(·)/∂c
= η(ρ− 1) + 1 = 1.429 (.017)

and is comparable to the risk aversion reported in van der Klaauw and Wolpin (2008).
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Identi�cation

The value of joint retirement (αm, αf ) is identi�ed through i) variation in age-di�erences

within households, ii) variation in eligibility for early retirement across households, and

iii) couples where one individual dies. The retirement scheme has several �kinks� where

retirement incentives change dramatically helping to identify the value of joint retirement.

These kinks at the age of 60, 62 and 65 in 2008 also increase the need for age/eligibility

variation, since the e�ect from changes in incentives cannot be disentangled from the

value of joint retirement.

For example, say we observe a household retiring simultaneously when the male is 62

years old and the female is 60 years old. If both are eligible for early retirement at the age

of 60 (such that the male is ful�lling the two-year rule when retiring at age 62) we cannot

say whether the choice to retire simultaneously are due to a high value of joint leisure or

because the early retirement (ERP) scheme facilitates their behavior. Imagine instead the

female not being eligible for early retirement with unchanged retirement choices. In such

a case, her behavior could be driven by a positive valuation of joint retirement since the

females retirement has to be self-�nanced and therefore has a higher cost. Alternatively,

imagine that the male is only one year older than the female and still retiring jointly at

the age of 60 and 61 years old, respectively. Then, since the male did not chose to retire

when eligible one year earlier but postponed retirement until the female spouse retired

(because she became eligible for early retirement), the behavior can be attributed to males

valuing joint retirement.

Despite the fact that only variation in the discrete retirement choices are used, the risk

aversion parameter, ρ, can be identi�ed. This is due to the non separability between con-

sumption and leisure, such that retirement a�ect the level of consumption and the choice

of retirement, therefore, provide implicit information on risk aversion. The parameter on

age di�erences in the power function, λ1, is identi�ed through variation in the retirement

choices of married households across age di�erences for a given level of household wealth,

income and eligibility of each spouse. The same goes for the power function parame-

ter on household wealth, λ2. This parameter is identi�ed through variation in married

households retirement choices for di�erent levels of wealth, given all other state variables.

5.2.1 Model Fit

To asses the ability of the estimated model to predict actual outcomes, the number of

single men in the data (25,984), single women (36,803) and couples (87,536) are simulated

using the parameters in Table 5. The initial distribution of state variables are identical

to the actual data, to facilitate comparison of the actual and simulated data.
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Figure 5 � Actual and Model Predicted Retirement.

Simulated and actual retirement ages are illustrated in Figure 5. The model predictions

are unexpectedly far from actual outcomes after age 60. Table 6 investigates the �t for

married and single males and females. The model over predict retirement of married

males at age 61 and under predict at age 62. Signi�cant under prediction for singles and

married females at age 60 and over prediction at ages 63-64 are also visible.

Table 6 � Actual and Predicted Retirement Age Distribution.

Couples Singles

Males Females Males Females

Age Actual Predicted Actual Predicted Actual Predicted Actual Predicted

57 .0 .0 .0 .0 .0 .0 .0 .0
58 .0 .0 .0 .0 .0 2.0 .0 1.6
59 .0 .0 .0 .0 .0 3.2 .0 3.0
60 33.3 34.8 52.8 27.7 33.3 9.2 52.8 11.5
61 14.0 24.8 18.6 21.9 14.0 13.9 18.6 18.5
62 25.0 12.9 15.6 15.3 25.0 23.2 15.6 22.6
63 14.3 12.9 7.8 17.0 14.3 21.4 7.8 19.6
64 5.1 7.3 2.1 9.0 5.1 12.1 2.1 1.7
65 4.7 3.6 2.1 4.5 4.7 6.8 2.1 5.8
66 2.3 1.8 .8 2.3 2.3 3.8 .8 3.1
67 .9 .9 .2 1.1 .9 2.3 .2 1.7
68 .4 .5 .1 .6 .4 1.2 .1 .9
69 .0 .2 .0 .3 .0 .5 .0 .4
70 .0 .1 .0 .2 .0 .5 .0 .4

notes: The numbers are fraction of retirees retiring at a given age.

The joint retirement pattern of couples are investigated in Table 7. The bold diag-

onal are prediction errors regarding joint retirement in percentage points. Compared to
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the poor performance of the model in general (seen also in the o� diagonal), the joint

retirement pattern is replicated by the model. There is, however, a tendency to under

estimation of joint retirement when the female is oldest (∆age< 0) and over estimation

when the male is oldest. This could indicate that the estimated value of joint retirement

is too high for males and to low for females.

Table 7 � Prediction Error of Joint Retirement, pct.

∆Retirement
∆Age −4 −3 −2 −1 0 1 2 3 4

−4 -1.12 -3.23 -13.60 -13.48 43.66 -.87 -2.21 -1.62 -1.57
−3 -2.90 -2.73 -6.20 -2.12 31.97 -8.50 -2.31 -1.40 -1.13
−2 -1.64 -2.50 -.90 -9.74 43.71 -14.93 -.95 -4.68 -2.73
−1 -1.98 -3.48 -3.68 -7.85 40.64 -12.10 -1.48 -3.57 -2.11
0 -8.06 -13.67 -5.82 -2.58 66.44 -.23 -1.46 -11.57 -7.45
1 -9.32 -16.23 -9.32 -3.98 56.20 6.08 1.55 -6.66 -4.67
2 -9.09 -17.68 -11.06 -4.39 57.97 -4.09 6.93 -4.01 -3.22
3 -5.34 -9.60 -19.58 -12.11 62.67 -2.35 -3.79 -.42 -1.69
4 -3.03 -5.88 -11.69 -21.44 59.33 -3.77 -4.57 -3.64 -.58

notes: Percentage point deviation between actual and predicted fraction of a given retirement and age

di�erence. ∆Age ≡ agemt − age
f
t . Similar de�nition for ∆Retirement. The bold diagonal show the

prediction error regarding joint retirement.

Several reasons for the relatively poor �t of the model are possible. First, the model

could be a poor description of the actual decision process such that no parameter val-

ues can approximate the underlying data. However, the collective model presented here

include several complex elements of the institutional settings as well as intra-household

bargaining, suggesting that the overall model setup should be rich enough to describe the

data. Secondly, I �nd evidence that couples and singles have very di�erent preferences,

indicating that parameters should be allowed to vary across marital status and possibly

also gender. This would, however, more than double the number of preference parame-

ters, complicating the estimation further. Thirdly, I have not succeeded in estimating all

model parameters such that some parameters are probably far from a global optimum.

Especially the curvature in the bequest function, κ, is suspected to be far from the �true�

value. Finally, the approximation of labor market income into ten discrete values might

be too coarse. During calibration, I did �nd the solution to be sensitive to the number

of discrete points used to approximate both income and wealth. Unfortunately, the com-

plexity of the model does not permit increasing the number of points when estimating

the preference parameters at this stage. Despite these issues, I continue as if the model

was well speci�ed.
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6 Policy Response Comparison

To illustrate the importance of joint retirement of couples when performing policy evalu-

ations, I compare policy simulations from the collective model, described throughout the

paper, with three nested unitarian models. The �rst unitarian model (UNI1) use only the

model for single males and the second unitarian model (UNI2) include also single women.

The third unitarian model (UNI3) include also couples but is based on a restricted version

of the collective model with:

λ0 = λ1 = λ2 = λ3 = αm = αf = 0.

UNI3 is unitarian in the terminology of Browning, Chiappori and Lechene (2006), al-

though spousal characteristics can in�uence the retirement decision of individuals through

the household budget constraint.16

I compare policy simulations from a reduction in the early retirement bene�t by 25

pct. while increasing the bene�t received if the two-year rule is ful�lled by 25 pct.. This

policy is one possible way to increase �nancial incentives of postponing retirement until

age 62. When simulating data, actual initial values are used, as done in Section 5.
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Figure 6 � Predicted Policy Responses.

Figure 6 plot the predicted retirement responses from the collective model, COL, and

the three unitarian models, UNI1, UNI2 and UNI3 from reducing the �nancial incentive

to retire at ages 60 and 61. The estimated responses based on UNI2 and UNI3 are in

opposite direction from what would be expected, suggesting an increase in retirement at

16Ideally, the three unitarian models should have been estimated independently. In stead, I use the
same (relevant) parameters in all four models.
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age 60 of 0.1 percentage point. The model for single males, UNI1, is by far the most

common model used in the existing literature, suggesting a decrease in retirement at age

60 of roughly 0.15 percentage points and at ages 62-63 of about 0.1 percentage point in

total. This decrease in retirement at ages before 65 o�set increased retirement at age 65

by more than 0.2 percentage points.

The collective model, COL, predict by far the largest behavioral e�ect at age 60 by a

decrease of more than 0.3 percentage points. The decrease at age 60 is fully absorbed in

the next two years, such that there is hardly any e�ect on the fraction retiring at age 63

and later, using this model.

The unitarian model based on single males only, UNI1, roughly predicts that 0.3 per-

centage points of people who would otherwise have retired at ages below 65 will postpone

retirement until age 65 as a result of the policy change. Although the collective model

predict a 0.3 percentage points drop at the age of 60, the overall e�ect of the policy is

smaller, since almost all of the drop is postponed only one year. Hence, the unitarian

model over predict the policy response.

Intuitively, this result is due to a �second-order� e�ect of the spouse from the policy

change. For example, imagine a 60 year old male eligible for early retirement. The direct,

or ��rst-order�, e�ect from the policy is a reduction in his incentive to retire before age 62.

If on the other hand he has a spouse, the total household e�ect from the policy change is

ambiguous. Say that the spouse is 62 years old and ful�ll the two-year rule, such that she

will bene�t from the change in the retirement system. Her bene�t will actually more than

outweigh the loss the male will experience from retiring before 62. Hence, this household

will actually �nd the new policy attractive. Even in situations where the positive e�ect

from one spouse does not outweigh the negative e�ect on the other spouse, the value of

joint retirement can still make the e�ect ambiguous.

7 Conclusion and Further Research

A thorough analysis of couple's joint retirement and saving choices have been conducted.

Throughout the analysis, great care has been taken to formulate a structural collective

model capturing the incentives of elderly Danish households. Methods on the frontier of

numerical dynamic programming, such as the endogenous grid method (EGM), proposed

by Carroll (2006), has been applied. This method proved to be fast and accurate enough

to estimate the value of joint retirement.

The estimated value of joint retirement strongly suggest that non-monetary elements

do in fact play an important role when households chose whether to retire or work. The

point estimates suggest that males tend to value joint retirement more than their female

counterparts. Future work need, however, to improve the �t of the model to the observed

retirement behavior.
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A policy response comparison illustrate the important di�erences in predicted behav-

ioral responses to policy changes from the models found in most of the existing literature

on retirement (unitarian) and the collective household retirement model, estimated here.

This result suggests that policy analysis based on models for singles only do not extrapo-

late to the general public very well and therefore produce potential �awed policy advice.

The results presented here illustrate the need for further research in this area. Little

is known about the intra-household bargaining process. Since this seems to be a crucial

element of the retirement decision, insights in this area will prove valuable when evaluating

policy proposals.

The model's surprisingly poor �t of the data strongly suggest the need for further

research and future work will allow preference parameters to vary across gender and

marital status, leading to a more �exible model.
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A Descriptive Statistics

Table A1 � Descriptive Statistics.

Married Males Married Females Single Males Single Females

Mean Std. Mean Std. Mean Std. Mean Std.

Age 60.360 2.685 58.283 3.324 60.557 2.788 60.734 2.813
Income 279 194 210 140 221 188 208 164
Net Wealth (household) 5,033 3,309 5,033 3,309 3,036 2,722 2,862 2,575
Pension wealth 1,239 1,407 649 970 947 1,254 943 1,181
Share of wealth .220 .188 .114 .140 .308 .279 .346 .308
Retire .570 .530 .587 .628
Age of retirement 61.940 1.790 61.038 1.406 61.654 1.889 61.884 1.891
Eligible .825 .660 .739 .808
Age of eligibility 60.592 .556 60.456 .521 60.618 .921 60.676 .700

# Obs 578,298 578,298 150,674 229,511
# Households 87,536 87,536 25,984 36,803

Notes: The table reports data across all years, ranging from 1996-2008. "Eligible" and "Retire" refers to wheter
the individual is eligible for early retirement by the age of 64 and whether the individual retire in the observed
sample, respectively. Income and wealth is measured in 1,000 DKK 2008 prices.

59 60 61 62 63 64 65 66 67 68 69 70
0

0.1

0.2

0.3

0.4

0.5

0.6

age

de
ns

ity

(a) Single Males

 

 
Low Income Year Before Retirement
High Income Year Before Retirement

59 60 61 62 63 64 65 66 67 68 69 70
0

0.1

0.2

0.3

0.4

0.5

0.6

age

de
ns

ity

(b) Single Females

 

 
Low Income Year Before Retirement
High Income Year Before Retirement

59 60 61 62 63 64 65 66 67 68 69 70
0

0.1

0.2

0.3

0.4

0.5

age

de
ns

ity

 

 
Low Wealth Year Before Retirement
High Wealth Year Before Retirement

59 60 61 62 63 64 65 66 67 68 69 70
0

0.1

0.2

0.3

0.4

0.5

age

de
ns

ity

 

 
Low Wealth Year Before Retirement
High Wealth Year Before Retirement

Figure A1 � Single's Retirement Age Across Income and Wealth.
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B Implemented Institutional Settings

B.1 Old Age Pension

Due to these simplifying assumptions mentioned in Section 2, the OAP only depend

upon individual income, potential spousal income and whether the spouse is retired,

OAP(ym, yf , d), and can be formulated as

OAPB = 1(yi < yB) max{0, (B − τB max{0, yi −DB})},

yh = yi + ys − .5 min{Dys , ys}1(j = 3),

OAPA = 1(yh < yj) max{0, (Aj −max{0, τj(yh −Dj))},

OAP = OAPB +OAPA,

where

j =


1 if single 6= 0,

2 if single = 0, dst = 0,

3 if single = 0, dst = 1, agest ≥ 65,

with the parameters of the scheme given in Table A2. Figure A2 plot the OAP for two

levels of spousal income.

Table A2 � Old Age Pension Parameters, τT.

Symbol Value in 2008 Description

yi - Income of individual
OAPB - Old age pension, main part
B 61, 152 ≈ $10, 700 Base value of old age pension
yB 463, 500 ≈ $81, 000 Maximum annual income before loss of OAPB
τB .3 Marginal reduction in deduction regarding income
DB 259, 700 ≈ $45, 500 Deduction regarding base value of OAP
OAPA - Additional old age pension on top of base value
ys - Spousal income
yh - Household income to be tested
Dys 179, 400 ≈ $31, 500 Maximum deduction in spousal income

Aj

 61, 560 ≈ $10, 800
28, 752 ≈ $5, 000
28, 752 ≈ $5, 000

Maximum OAPA, for j = 1, 2, 3.

yj

 262, 500 ≈ $46, 000
210, 800 ≈ $37, 000
306, 600 ≈ $54, 000

Maximum income before loss of OAPA, for j = 1, 2, 3.

τj

 .30
.15
.30

Marginal reduction in OAPA, for j = 1, 2, 3.

Dj

 57, 300 ≈ $10, 000
115, 000 ≈ $20, 000
115, 000 ≈ $20, 000

Maximum deduction regarding OAPA, for j = 1, 2, 3.
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Figure A2 � Old Age Pension (OA) as a Function of Income.

B.2 Tax System

The after tax income can be calculated by applying the following formulas:

τmax = τl + τm + τu + τc + τh − τ̄ ,

personal income = (1− τLMC) · income− pension fund contribution,

taxable income = personal income−min{WD · income,WD},

Tc = max{τc · (taxable income− yl), 0},

Th = max{τh · (taxable income− yl), 0},

Tl = max{τl · (personal income− yl), 0},

Tm = max{τm · (personal income− ym), 0},

Tu = max{min{τu, τmax} · (personal income− yu), 0},

after tax income = (1− τLMC) · income− Tc − Th − Tl − Tm − Tu,

where the values from 2008 along with descriptions are given in Table A3 and Figure A3

plots the tax schedule dependence on income.
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Table A3 � Tax System Parameters, τY, in 2008.

Symbol Value in 2008 Description

τ̄ .59 Maximum tax rate, �Skatteloft�
τLMC .08 Labor Market Contribution, �Arbejdsmarkedsbidrag�
WD .04 Working Deduction, �Beskæftigelsesfradrag�
WD 12, 300 ≈ $2, 200 Maximum deduction possible
τc .2554 Average county-speci�c tax rate (including .073 in church tax)
yl 41, 000 ≈ $7, 500 Amount deductible from all income
ym 279, 800 ≈ $50, 800 Amount deductible from middle tax bracket
yu 335, 800 ≈ $61, 000 Amount deductible from top tax bracket
τh .08 Health contribution tax (in Danish �Sundhedsbidrag�)
τl 0.0548 Tax rate in lowest tax bracket
τm 0.06 Tax rate in middle tax bracket
τu 0.15 Tax rate in upper tax bracket
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Figure A3 � Implemented Danish Tax System.
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C Estimation of Death Probabilities

The data used for estimation are the time tables BEF5 and FOD207 supplied by Statistics

Denmark. In these tables, only data up to age 98 is available. See Table A5 for a sample

of the used data.

The �t of the �model� with a constant and age is surprisingly good, as can be seen in

Table A4 and Figure A4. As expected, the death probability is always greater for males.

Table A4 � Death Probability Estimates,
θπ.

Males Females

Estimate (SE) Estimate (SE)

constant -10.338 (.036)*** -11.142 (.039)***
age .097 (.001)*** .103 (.001)***

R̄2 .996 .996
#Obs 245 245

Data is based on Statistics Denmark's series BEF5 and
FOD207 for the years 2006-2010. Consult Table A5 for a
sample of the used data. Robust standard errors reported.
*: p < .05, **: p < .001, ***: p < .0001.
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Figure A4 � Actual and Predicted Death Probabilities, 2006-2010.

The out-of sample predictions (individuals aged 99 or older) are in line with the actual

probabilities of death since the oldest males in 2010 were 105 years old and the oldest

females were 108 years old.
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Table A5 � Death Probability Data, 2008.

Alive Deaths Proportion Died

age Males Females Males Females Males Females

50 36,930 36,283 172 106 0.47 0.29
51 37,129 36,546 181 120 0.49 0.33
52 36,677 35,973 204 124 0.56 0.34
53 35,542 35,510 214 139 0.60 0.39
54 36,198 35,969 239 143 0.66 0.40
55 35,297 35,264 248 170 0.70 0.48
56 34,825 34,416 271 178 0.78 0.52
57 35,340 35,754 252 178 0.71 0.50
58 35,056 35,434 321 216 0.92 0.61
59 36,890 36,960 326 221 0.88 0.60
60 38,982 39,133 415 269 1.06 0.69
61 40,313 39,960 456 269 1.13 0.67
62 38,560 38,451 513 325 1.33 0.85
63 36,117 36,486 516 346 1.43 0.95
64 32,600 33,689 536 325 1.64 0.96
65 30,543 31,314 562 356 1.84 1.14
66 26,640 27,887 537 354 2.02 1.27
67 25,473 26,960 510 345 2.00 1.28
68 23,993 25,371 578 360 2.41 1.42
69 23,211 25,086 510 400 2.20 1.59
70 21,586 24,185 582 392 2.70 1.62
71 20,516 22,785 642 451 3.13 1.98
72 18,944 21,551 628 517 3.32 2.40
73 17,834 20,746 643 490 3.61 2.36
74 16,450 19,430 655 518 3.98 2.67
75 15,393 19,153 663 611 4.31 3.19
76 14,537 18,218 720 624 4.95 3.43
77 13,773 17,726 787 699 5.71 3.94
78 12,901 16,838 803 676 6.22 4.01
79 12,298 16,659 814 748 6.62 4.49
80 10,884 15,634 847 804 7.78 5.14
81 10,338 15,169 838 886 8.11 5.84
82 9,235 14,585 866 882 9.38 6.05
83 8,427 13,860 865 960 10.26 6.93
84 7,159 12,905 844 967 11.79 7.49
85 6,235 11,419 788 1030 12.64 9.02
86 5,635 11,236 800 1047 14.20 9.32
87 4,794 10,232 721 1138 15.04 11.12
88 3,531 7,844 665 1071 18.83 13.65
89 3,037 7,001 602 988 19.82 14.11
90 2,248 5,869 525 964 23.35 16.43
91 1,877 4,986 463 884 24.67 17.73
92 1,362 3,960 400 808 29.37 20.40
93 1,085 3,393 300 755 27.65 22.25
94 757 2,580 276 687 36.46 26.63
95 569 1,994 202 555 35.50 27.83
96 370 1,404 152 434 41.08 30.91
97 243 1,069 89 355 36.63 33.21
98 141 699 59 274 41.84 39.20

Data is based on Statistics Denmark's series BEF1 (population 1st of Jan-
uary) and FOD207 (deaths) for the year 2008. The probability of death
is calculated as the ratio "number of deaths during the year"/"number
of individuals alive 1st of january that year"



D Private Pension Share of Wealth

To restrict the estimated fraction to be on the [0, 1] domain, the parameters are estimated

by OLS on the transformed response, ℘̃ = log ((℘)/(1− ℘)). Alternatively, the fraction

could be estimated in a double censored Tobit framework. See Appendix D.1 below, for

results using the double censored approach. Since the cumulative normal distribution,

Φ(·), does not have a closed form, numerical integration at each point in the state space

would have to be applied when predicting the share of private pension wealth using the

double censored regression approach. This is a rather costly operation and ultimately

lead to the implementation of the transformation-approach.

In order to ensure that individual private pension wealth of marrieds are consistent

with total household wealth, I estimate the household fraction of private pension wealth

to total wealth, ℘h, and the male fraction of private pension wealth to total household

pension wealth, ℘mp . Using the identity ℘h = ℘mp ℘
h + (1 − ℘mp )℘h each spouse's fraction

of private pension wealth consistent with total household wealth can be calculated as

℘m = ℘mp ℘
h and ℘f = (1− ℘mp )℘h. Since estimation is carried out using the transformed

response variables, (℘̂m, ℘̂f , ℘̂h) ∈ [0; 1].

The estimated parameters are presented in Table A6. Note, the parameters of the �rst

two columns (couples) is not directly comparable to the estimated coe�cients for singles,

as discussed in Section 3.3. Figure A5 plots the approximation error. The �t of the model

looks reasonable, albeit a slight tendency to underestimating the private pension shares

for singles.

−1 −0.5 0 0.5 1
0

0.1

0.2

0.3
(a) Married Males

−1 −0.5 0 0.5 1
0

0.1

0.2

0.3
(b) Married Females

−1 −0.5 0 0.5 1
0

0.1

0.2

0.3
(c) Single Males

−1 −0.5 0 0.5 1
0

0.1

0.2

0.3
(d) Single Females

actual − approx.

D
en

si
ty

Figure A5 � Approximation Error, Share of Wealth in Private Pension.
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Table A6 � Estimates of Private Pension Wealth Share of Total Wealth.

Couples Singles

Household Share, ℘̃h Males Share, ℘̃mp Males, ℘̃m Females, ℘̃f

Estimate (SE) Estimate (SE) Estimate (SE) Estimate (SE)

agemt = 60 .329 (.004) *** -.138 (.008)*** .400 (.012)***
agemt = 61 .461 (.006) *** -.513 (.014)*** .365 (.017)***
agemt = 62 .473 (.006) *** -.730 (.015)*** .301 (.018)***
agemt = 63 .478 (.007) *** -.970 (.017)*** .225 (.020)***
agemt = 64 .495 (.007) *** -1.259 (.018)*** .123 (.021)***
agemt = 65 .404 (.007) *** -1.485 (.018)***
agemt > 65 .378 (.007) *** -2.141 (.021)***
dmt = 1 .072 (.003) *** .022 (.009)* -.035 (.012)*
ymt -.028 (.001) *** .023 (.002)*** -.006 (.003)*
emt > 0 .673 (.008) *** -.323 (.016)*** .246 (.019)***
emt = 2 .016 (.003) *** .009 (.010) .015 (.014)

ageft = 60 .036 (.003) *** -.598 (.008)*** .456 (.009)***

ageft = 61 .010 (.005) * -.369 (.012)*** .428 (.016)***

ageft = 62 -.039 (.005) *** -.170 (.013)*** .366 (.016)***

ageft = 63 -.088 (.006) *** .049 (.016)* .297 (.018)***

ageft = 64 -.144 (.007) *** .279 (.018)*** .213 (.019)***

ageft = 65 -.243 (.008) *** .994 (.025)***

ageft > 65 -.266 (.008) *** 1.538 (.035)***

dft = 1 -.023 (.004) *** -.079 (.009)*** -.078 (.010)***

yft .007 (.001) *** .033 (.002)*** .036 (.003)***

eft > 0 .775 (.009) *** -.569 (.019)*** .252 (.016)***

eft = 2 -.002 (.004) -.017 (.014) .010 (.012)

emt , e
f
t > 0 -.904 (.009) *** .631 (.021)***

emt = eft = 2 -.008 (.009) .108 (.021)***
wealtht, e

m
t > 0 -1.201 (.008) *** .826 (.019)*** -.682 (.023)***

wealtht, e
f
t > 0 -1.185 (.009) *** 1.007 (.020)*** -.798 (.020)***

wealtht, e
m
t , e

f
t > 0 1.304 (.011) *** -1.029 (.026)***

agemt > ageft -.025 (.005) *** .715 (.006)***

agemt < ageft .225 (.005) *** -.088 (.008)***
wealtht 2.786 (.014) *** -.663 (.023)*** 2.600 (.035)*** 2.618 (.030)***
wealth2t -.978 (.008) *** .036 (.014)* -1.164 (.025)*** -1.206 (.023)***
Constant -1.645 (.008) *** .720 (.014)*** -1.314 (.014)*** -1.413 (.012)***

R̄2 .227 .165 .102 .099
#Obs 517, 298 469, 162 113, 466 176, 196

Notes: Estimates based on individuals aged under 65 who are eligible for early retirement by the age of 64 or earlier.
For couples, one spouse has to meet these criteria to be in the used subsample and the male fraction of household
private pension wealth (column two) is based only on households who has private pension wealth. Household wealth is
measured in 10,000,000 DKK and income in 100,000 DKK. *: p < .05, **: p < .001, ***: p < .0001.
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D.1 Alternative Double Censored Approach

Here, the fraction of private pension wealth to total wealth estimated in Section 13 by a

transformation of the response variable, is estimated by a double censored Tobit regression

model. This is done to illustrate, the performance of this model relative to the one used

in the structural model. Even though the double censored model does seem to predict

the actual shares better (see Figure 42) for fractions close to one, the used transformation

approach is applied to avoid costly numerical integration of the cumulative normal density

function, Φ(·), in the equation below.

When predicting the fractions in the double censored regression model, the double

truncated normal distribution yields the formula:

℘̂ ≡ E[℘] =
(
xβ̂ + σ̂Λ(xβ̂/σ̂)

)(
1− Φ

(
(1− xβ̂)/σ̂

)
− Φ

(
xβ̂/σ̂

))
+1−Φ

(
(1− xβ̂)/σ̂

)
,

where

Λ(xβ̂/σ̂) =
φ
(

(1− xβ̂)/σ̂
)
− φ

(
xβ̂/σ̂
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Figure A6 � Error in Predicting Share of Wealth in Private Pension.
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Table A7 � Tobit Estimates of Private Pension Wealth Share of Total Wealth.

Couples Singles

Household Share, ℘c Males Share, ℘mp Males, ℘m Females, ℘f

Estimate (SE) Estimate (SE) Estimate (SE) Estimate (SE)

agemt = 60 .053 (.001) *** -.013 (.002)*** .116 (.003)***
agemt = 61 .095 (.002) *** -.081 (.003)*** .195 (.005)***
agemt = 62 .093 (.002) *** -.115 (.003)*** .192 (.005)***
agemt = 63 .091 (.002) *** -.146 (.004)*** .193 (.006)***
agemt = 64 .092 (.003) *** -.193 (.004)*** .179 (.007)***
agemt = 65 .082 (.003) *** -.290 (.005)***
agemt > 65 .047 (.003) *** -.445 (.005)***
dmt−1 = 1 -.022 (.001) *** .000 (.002) -.026 (.004)***
ymt−1 .012 (.000) *** .029 (.000)*** .023 (.001)***
emt > 0 -.022 (.002) *** -.091 (.004)*** -.132 (.005)***
emt = 2 -.008 (.002) *** -.034 (.003)*** -.030 (.005)***

ageft = 60 .029 (.001) *** -.117 (.002)*** .113 (.003)***

ageft = 61 .026 (.002) *** -.090 (.003)*** .161 (.005)***

ageft = 62 .025 (.002) *** -.076 (.003)*** .162 (.005)***

ageft = 63 .019 (.003) *** -.042 (.004)*** .156 (.006)***

ageft = 64 .014 (.003) *** -.013 (.005)* .155 (.006)***

ageft = 65 -.013 (.004) ** .120 (.006)***

ageft > 65 -.033 (.005) *** .210 (.009)***

dft−1 = 1 -.034 (.001) *** .038 (.002)*** -.063 (.004)***

yft−1 .024 (.000) *** -.059 (.001)*** .049 (.001)***

eft > 0 .031 (.003) *** .072 (.004)*** -.040 (.005)***

eft = 2 -.022 (.002) *** .017 (.004)*** -.024 (.005)***

emt , e
f
t > 0 -.022 (.003) *** -.024 (.005)***

emt = eft = 2 .006 (.004) .045 (.006)***
wealtht−1, e

m
t > 0 -.091 (.003) *** .225 (.005)*** -.066 (.008)***

wealtht−1, e
f
t > 0 -.145 (.004) *** -.026 (.006)*** -.184 (.007)***

wealtht−1, e
m
t , e

f
t > 0 .089 (.005) *** .007 (.007)

agemt > ageft -.026 (.001) *** .116 (.002)***

agemt < ageft .036 (.001) *** -.026 (.002)***
wealtht−1 .495 (.004) *** .043 (.006)*** .035 (.011)* -.034 (.010)**
wealth2t−1 -.173 (.002) *** -.084 (.004)*** .040 (.009)*** .074 (.008)***
Constant .123 (.002) *** .686 (.004)*** .227 (.005)*** .226 (.004)***
σ .227 (.000) *** .347 (.000)*** .310 (.001)*** .348 (.001)***

R̄2 .679 .132 .057 .044
#Obs 491, 757 446, 364 99, 515 161, 152

Notes: Estimates based on individuals aged under 65 who are eligible for early retirement by the age of 64 or earlier. For
couples, one spouse has to meet these criteria to be in the used subsample and the male fraction of household private
pension wealth (column two) is based only on households who has private pension wealth. Household wealth is measured
in 10,000,000 DKK and income in 100,000 DKK. *: p < .05, **: p < .001, ***: p < .0001.
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E Solving the Model by EGM

In order to solve the model, I assume that both spouses die with probability one when the

male is 100 years old. Furthermore, to speed up the solution algorithm, I assume forced

retirement when 70 years old.

Interpolation of consumption and value-functions are by linear spline. Since linear

extrapolation of value functions can result in serious approximation errors, the linear spline

is applied to a transformed value function, following the ideas in Carroll (2011). Since the

value function �inherits� the curvature from the utility function (see Carroll and Kimball,

1996) I interpolate ṽ = (v(1− ρ))1/(1−ρ) and re-transform the resulting interpolated data,

such that v̌ = (ˇ̃v)(1−ρ)/(1 − ρ), whereˇ is a linear interpolation function.17 To increase

accuracy of the approximated curvature of the consumption and value function further,

the wealth and income grids used when solving the model is unequally spaced, with more

points at the lower end of the distributions.

Since the solution method is similar for singles and couples, the following will focus on

implementation of EGM for the model of couples. For the ease of exposition, the notation

in the following is going to leave out all other state variables than cash-on-hand, mt, and

the labor market status this period, dt. Therefore, it is convenient to bear in mind the

budget and the relationships between the di�erent elements stated in equations (3.4) and

(3.5) on page 12 as well as dt+1 is the discrete choice at time t.18

Solution at time T

In the last period of life households know they will both be dead with probability (1 −
πfT+1)(1 − πmT+1) ≡ 1 in the next period and since agents are forced to retire at t ≥ Tr

they only chose the optimal consumption in the last period of life. Therefore, the value

function in the last period can be formulated as

VT (mT , dT ) = max
0≤cT≤mT

{U(cT ,0,0) + βB((1 + r)(mT − cT ))} ,

where the �rst order condition is given by

U′(cT ,0,0) = (1 + r)βB′((1 + r)(mT − cT )). (E.1)

Inserting the partial derivative of (3.1) and (3.7) in (E.1) and de�ning `T ≡ λlm(0)(1−η)(1−ρ)eα
′xmT +

17Alternatively, the shape preserving piecewise cubic spline proposed by Schumaker (1983) has been
implemented without any noticeable di�erence on the results while slowing the solution algorithm signif-
icantly down.

18In the following, couples will be assumed to be of the same age. This is only for readability, since
keeping track of age di�erences does not add any intuition to the solution method.
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(1− λ)lf (0)(1−η)(1−ρ)eα
′xfT yields the closed form solution to the last period problem as

c∗T (mT ) =

(
1 + α(1 + r)

(
(1 + r)βγ

α(1−ρ)η−1`T

) 1
η(1−ρ)−1

)−1(
(1 + r)βγ

α(1−ρ)η−1`T

) 1
η(1−ρ)−1

(α(1+r)mT+κ).

(E.2)

Note, the level of cash-on-hand given by msT=0
T = κ

(
(1+r)βγ

α(1−ρ)η−1`T

) 1
η(1−ρ)−1

is consistent

with no savings, i.e., cT = mT i� mT ≤ msT=0
T .

Solution at time Tr − 1 ≤ t < T

Since agents are forced into retirement in the considered periods, the household only

chose the level of consumption.19 Therefore, the value function in these periods can be

formulated as

Vt(mt, dt) = max
0≤ct≤mt

{
U(ct, dt,0) + βEt

[
πft+1π

m
t+1Vt+1(mt+1, dt+1) + (1− πft+1)(1− πmt+1)B(at+1)

+πft+1(1− πmt+1)Vf
t+1(mf

t+1, d
f
t+1) + (1− πft+1)πmt+1V

m
t+1(mm

t+1, d
m
t+1)
]}

(E.3)

s.t. at+1 = (1 + r)(mt − ct) ≥ 0,

wheremj
t is the cash-on-hand for spouse j if single in period t. This distinction is necessary,

since the cash-on-hand available for consumption next period depend on whether the

household consist of one or two people. Note, however, household assets are passed on to

the widowed spouse without any costs. The consumption function is found in a similar

way as for time periods prior to Tr− 1, by inserting dt+1 = (0, 0) in equation (E.8) below.

Solution at time t < Tr − 1

Prior to forced retirement, the household is choosing the optimal household consumption,

ct, and labor choice of each spouse next period, dt+1 = (dmt+1, d
f
t+1). Using the value

function in (4.2), the problem can be reformulated using notation inspired by Carroll

(2006) as

Vt(mt, dt, εt) = max
0 ≤ ct ≤ m(zt)

dt+1 ∈ {1, 2, 3, 4}

{U(ct, dt, dt+1) + εt(dt+1) + vt(st, dt+1)} (E.4)

19Note, due to the timing of this model, people are only choosing consumption at time Tr − 1, since
their choice over labor market status is dTr

and is forced to retirement.
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where

vt(st, dt+1) ≡ βEt
[
πft+1π

m
t+1Vt+1(mt+1, dt+1, εt+1) + πft+1(1− πmt+1)Vf

t+1(mf
t+1, d

f
t+1, εt+1)

+(1− πft+1)πmt+1V
m
t+1(mm

t+1, d
m
t+1, εt+1) + (1− πft+1)(1− πmt+1)B(at+1)

]
,(E.5)

with the expected marginal utility from savings being

v′t(st, dt+1) = βEt
[
rV′t+1(mt+1, dt+1) + rmV

′m
t+1(mm

t+1, d
m
t+1) + rfV

′f
t+1(mf

t+1, d
f
t+1) + rbB′(at+1)

]
.

(E.6)

The transfer and mortality adjusted interest rates are de�ned as

r ≡ (1 + r) (1 + T′(zt+1))πft+1π
m
t+1,

rm ≡ (1 + r)
(
1 + T′(zmt+1)

)
(1− πft+1)πmt+1,

rf ≡ (1 + r)
(

1 + T′(zft+1)
)

(1− πmt+1)πft+1,

rb ≡ (1 + r)(1− πft+1)(1− πmt+1),

where πjt+1 is based on the estimated survival probabilities in Appendix C, and T′(zt+1) =

∂T(zt+1)/∂st.

Returning to the value function in (E.4), the �rst order condition is given by U′(ct, dt) =

v′t(st, dt+1) and the envelope theorem yields

∂Vt(mt, dt)

∂mt

= βEt
[
rV′t+1(mt+1, dt+1) + rmV

′m
t+1(mm

t+1, d
m
t+1) + rfV

′f
t+1(mf

t+1, d
f
t+1) + rbB′(at+1)

]
= v′t(st, dt+1),

such that we must have U′(ct+1, dt+1) = V′t+1(mt+1, dt+1). Hence, the Euler equation

w.r.t. consumption is given by

U′(ct, dt) = v′t(st, dt+1)

= βEt
[
rV′t+1(mt+1, dt+1) + rmV

′m
t+1(mm

t+1, d
m
t+1) + rfV

′f
t+1(mf

t+1, d
f
t+1) + rbB′(at+1)

]
= βEt

[
rU′(ct+1, dt+1) + rmU

′m(cmt+1, d
m
t+1) + rfU

′f (cft+1, d
f
t+1) + rbB′(at+1)

]
. (E.7)

In stead of solving the nonlinear Euler equation by numerical root �nding routines

over a grid of ct (or st−1), Carroll (2006) suggests de�ning a grid over st and simply

calculate the consumption level correspondent to the level of savings. Hence, the optimal

consumption can be represented as a function of savings (and labor market choice) as the

inverse of the partial derivative of the household utility function, referred to as the inverse

46



Euler equation:

ĉt(ŝ, dt, dt+1) =

 v′t(ŝ, dt+1)

η
(
λlm(dt)(1−η)(1−ρ)eα′x

m
t + (1− λ)lf (dt)(1−η)(1−ρ)eα′x

f
t

)
 1

η(1−ρ)−1

.(E.8)

Since v′t(ŝ, dt+1) is not known, the marginal utility of savings are approximated as

v′t(ŝ, dt+1) ≈ β

[
rbB′((1 + r)ŝ) +

∑
emt+1

Pm
e=emt+1

∑
eft+1

P f

e=eft+1

∑
ymt+1

∑
yft+1

Pymt+1,y
f
t+1

∑
dmt+2

∑
dft+2

P̌ (dmt+2, d
f
t+2|zt+1)

×rU′(čt+1(zt+1, d
m
t+2, d

f
t+2, ŝ), dt+1)

+
∑
emt+1

Pm
e=emt+1

∑
ymt+1

Pymt+1

∑
dmt+2

P̌ (dmt+2|zmt+1)rmU′(čmt+1(zmt+1, d
m
t+2, ŝ), d

m
t+1) (E.9)

+
∑
eft+1

P f

e=eft+1

∑
yft+1

Pyft+1

∑
dft+2

P̌ (dft+2|z
f
t+1)rfU′(čft+1(zft+1, d

f
t+2, ŝ), d

f
t+1)

]
, (E.10)

where čt+1(·) is the interpolated consumption next period as a function of state variables,

P j
e=ej

is the estimated probability of eligibility of individual j being ej from Section 3.5.2,

Pymt+1,y
f
t+1

is the estimated income transition probability from Section 3.5.1 (conditional on

all state variables and et+1), and

P̌ (dmt+2, d
f
t+2|zt+1) ≡ exp(v̌t+1(zt+1, dt+2))∑

k∈D(zt+1) exp(v̌t+1(zt+1, dt+2 = k))

is the interpolated conditional choice probability of choosing dt+2 using the solution from

the previous iteration.

De�ning the grid on savings, ŝ, the grid on cash-on-hand is determined �endogenously�

by the inverse Euler equation (E.8) and the budget constraint (3.4):

m̂(ŝ, dt, dt+1) = ĉ(ŝ, dt, dt+1) + ŝ,

yielding the name.
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F Maximum Likelihood Estimation of Preferences

In order to derive the log likelihood function, assume that all variables are observed, i.e.,

ε is also known to the researcher. The joint distribution of c, d, z and ε can be written,

as20

F (c, d, z, ε)
(1)
=

N∏
i=1

F (ci1, . . . , ciT , di1, . . . , diT , zi1, . . . , ziT , εi1, . . . , εiT )

(2)
=

N∏
i=1

Ti∏
t=1

F (cit, dit+1, zit, εit|cit−1, dit, zit−1, εit−1)

(3)
=

N∏
i=1

Ti∏
t=1

F (cit|cit−1, dit+1, dit, zit, zit−1, εit, εit−1)

×F (dit+1|cit, zit, zit−1, εit, εit−1)

×F (εit|cit−1, zit, zit−1, εit−1)

×F (zit|cit−1, zit−1, εit−1)

(4)
=

N∏
i=1

Ti∏
t=1

F (cit|dit+1, zit)

×F (dit+1|zit, εit)

×F (εit|zit)

×F (zit|zit−1) (F.1)

where (1) is due to the assumption of independence across households, (2) is a Markov

assumption along with the fact that the left hand side is the joint distribution conditioned

on initial values, (3) follows from Bayes formula, and (4) is due to the extended conditional

independence (CI) assumption, stated in equation (5.2) in Section 5.

Since we actually do not observe ε the likelihood function can be found by integrating

over the unobserved state in (F.1):

F (c, d, z; Θ) =
N∏
i=1

Ti∏
t=1

F (zit|zit−1; Θ1)F (cit|dit+1, zit; Θ)

F (dit+1|zit;Θ)︷ ︸︸ ︷ˆ
ε

F (dit+1|zit, εit; Θ)F (dεit|zit; Θ)︸ ︷︷ ︸
F (cit,dit+1|zit;Θ)

,

(F.2)

where the transition of the states, F (zit|zit−1; Θ1), are discussed and estimated in section

3.5 on page 13.

As mentioned in Section 4 the probability of household i choosing labor status j at

20Since the model is dynamic, the distribution of the initial observations has to be speci�ed or condi-
tioned upon. I condition on the initial values in every distribution, but for notational reasons I do not
explicitly state that conditioning. For example, the joint distribution is F (c, d, z, ε|c0, d0, z0, ε0) but I
simply write F (c, d, z, ε).
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time t+ 1 is given by the Multinomial Logit (MNL) formula,

F (dit+1 = h|zit; Θ) =
exp(vt(zit, dit+1 = h))∑

k∈D(zit)
exp(vt(zit, dit+1 = k))

. (F.3)

In stead of maximizating (F.2), the estimation procedure applied to uncover the pa-

rameters of the model is asymptotic equivalent to Full Information Maximum Likelihood

(FIML). Since the number of parameters in the model is enormous, the procedure follows

the one proposed by Rust (1994): First, the parameters in the transition probabilities

of the observed state variables, summarized in F (zit|dit−1, zit−1; Θ1), are estimated using

partial MLE:

Θ̂1 = argmax
Θ1

L1(Θ1) ≡
N∑
i=1

Ti∑
t=1

log(F (zit|zit−1; Θ1)). (F.4)

Secondly, the structural parameters, summarized in F (dit+1|zit; Θ), are estimated also

using partial MLE conditional on the �rst step estimates:

Θ̂2 = argmax
Θ2

L2(Θ2|Θ̂1) ≡
N∑
i=1

Ti∑
t=1

log(F (dit+1|zit; Θ̂1,Θ2)). (F.5)

The likelihood function used to estimate the preference parameters in the second step

is given by

L2(Θ2|Θ̂1) = log

 N∏
i=1

Ti∏
t=1

∏
j∈D(zit)

F (dit+1|zit)


= log

N∏
i=1

Ti∏
t=1

∏
j∈D(zit)

(
evt(zit,dit+1=j)∑Kit
k=1 e

vt(zit,dit+1=k)

)1(dit+1=j)

=
N∑
i=1

Ti∑
t=1

[ ∑
j∈D(zit)

1 (dit+1 = j) vt(zit, dit+1 = j)− log

(
Kit+1∑
k=1

evt(zit,dit+1=k)

)
︸ ︷︷ ︸

]
=EVt(zit)

.

Note, the maximization problem in (F.5) exclude the term regarding consumption,

F (cit|dit+1, zit; Θ). Initially, the �correct� likelihood function was constructed, but due to

a very noise consumption measure from imputation, I chose to identify the parameters

only through the discrete labor market probability. This is, of course, not an optimal but

pragmatic way to estimate the preference parameters.
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