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Abstract

It is shown that efficient GMM (generalized method of moments) estimation of
a linear model corresponds to standard IV (instrumental variables) estimation of
this model, after transforming it such (as in GLS) that its resulting disturbances
have a scalar covariance matrix, while using as instruments the original instru-
ments linearly transformed by the transpose of the inverse of the matrix used to
transform the model. This correspondence between efficient GMM and classic IV
can be exploited to convert IV measures for the strength of instrumental variables
in terms of concentration parameters for use in the more complex GMM context.
For inefficient IV estimates in models where the disturbances are dependent, and
more generally for GMM employing a suboptimal weighting matrix, such measures
can be developed by referring to the asymptotic precision matrix of particular co-
efficient estimates. These measures for (marginal) instrument strength are then
established for various particular implementations of IV and GMM for dynamic
panel data models with time-invariant unobserved heterogeneity. Calculations for
particular parametrizations allow to better understand aspects of the actual perfor-
mance of the popular Anderson-Hsiao, Arellano-Bond and Blundell-Bond (system)
estimators in samples of empirically relevant sizes.
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1 Introduction

It is well known that even in very large samples the use of weak instruments leads to
(squared) estimation errors with a mean or median substantially away from zero, see
Bound et al. (1995). Especially the use of a great number of weak instruments seems
counterproductive, see Donald and Newey (2001). Instrumental variable based estimation
techniques are very popular to estimate dynamic panel data relationships. Employing
panel data is very attractive, because they allow to tackle particular forms of unobserved
heterogeneity. However, to neutralize bias due to unobserved individual specific effects
that may be correlated with the observed heterogeneity panel data relationships have to
be transformed, and in dynamic models this leads to contemporaneous correlation of the
transformed lagged-dependent variable regressors and the transformed disturbances and
possibly to serial correlation of the disturbances. In microeconometric panels, in which
the time-series sample size is typically finite and small while the cross-section sample
size may be large, this leads to huge bias of the inconsistent least-squares estimator, but
instrumental variables estimators can be designed which are consistent.

The popular IV (instrumental variables, or two-stage least-squares), see Anderson and
Hsiao (1982), and GMM (generalized method of moments) estimators, see Arellano and
Bond (1991) and Blundell and Bond (1998), for transformed dynamic panel data models
do not necessarily exploit external instrumental variables. Internal ones suffice, since
higher-order lags of (possibly transformed) regressors constitute an abundance of instru-
ments. However, many of these instruments contain basically the same though lagged
information, and therefore the marginal utility of extra higher-order lagged instruments
may diminish quickly. Yet another worry is that the actual strength or relevance as
such of these internal instruments is to a large extend determined by the true parameter
values of the DGP (data generating process) which they should facilitate to estimate
accurately. When the lagged dependent variable coefficient is close to either zero or one
the instrument strength of particular lagged variables may either be reasonable or just
piffling, depending on what particular transformation (first-differencing or not) has been
employed.

The adverse effects of using too many instruments when estimating dynamic panel
data models have been established in various simulation studies and explained analyti-
cally in terms of the order of bias, see Bun and Kiviet (2006). Practitioners seem generally
well aware that, although the standard asymptotic efficiency improves with each extra
valid instrument, even when it is weak, for good performance in finite sample one bet-
ter limits the degree of overidentification by simply skipping instruments that involve
high-order lags. However, hard analytic evidence on the actual strength of individual
or groups of instruments, even in simple AR(1) panel data models, is still very scarce.
Some results have been obtained in Blundell and Bond (1998) on the strength of par-
ticular instruments when the autoregressive parameter is close to unity, which supports
using a system panel data estimator when the autoregressive coefficient is high, because
of the strength of lagged first-differenced variables for the untransformed panel model
under particular initial conditions of the autoregressive process. However, these results
just pertain to the simple case where the sample size in the time-series dimension is so
small that the number of instruments equals the number of regressors and GMM sim-
plifies to just identified IV and choosing a weighting matrix becomes irrelevant. Bun
and Windmeijer (2007) examine the system GMM estimator and its constituent levels
and first-differences components for larger time-series sample sizes, but they do not re-



ally focus on panel data estimators, but on cross-section estimators which exploit just
one time-shift of the panel. Moreover, they just consider the 2SLS estimator, i.e. focus
on a very naive form of weighting matrix, while neglecting the serial dependence of the
transformed disturbances.

In this study we shall establish characterizations of the strength of individual instru-
ments, subsets of the instrumental variables and the full set of instruments as they are
generally used in the Anderson and Hsiao (1982) and related IV estimators, the Arellano
and Bond (1991) efficient GMM dynamic panel data model estimator and in the GMM
system estimator, which was put forward first by Arellano and Bover (1995). We focus
on IV and 1-step GMM assuming cross-section and time-series homoskedasticity and in-
dependence of the underlying idiosyncratic error component. In measuring instrument
strength we do take the time-series dependence of the disturbances due to the required
model transformation into account, and we consider general forms of GMM covering
both optimal and suboptimal weighting of the exploited orthogonality conditions. The
major results concern the simple panel AR(1) model with individual specific effects, but
our approach allows as well to cover cases which involve higher-order lagged dependent
regressor variables and further weakly exogenous or endogenous regressors, employing
any choice regarding the set of internal and possibly external valid instruments.

The strength of instruments can be expressed in terms of the so-called concentration
parameter, see (references in) Staiger and Stock (1997). However, this approach has only
been developed for standard linear IV models with i.i.d. disturbances and not really
yet for GMM and not for panels. For linear models with contemporaneous correlation
between some of the regressors and the disturbances and where the disturbances have a
nonscalar covariance matrix, as is the case in the dynamic panel data models that we are
interested in here, GMM improves on the efficiency of IV estimators in a comparable way
as GLS (generalized least-squares) does for OLS estimators in linear models with prede-
termined regressors and disturbances having a nonscalar covariance matrix. We will show
that efficient GMM estimation of a linear model corresponds to standard IV estimation
of a GLS-type transformed model exploiting the original instruments after transforming
these by the transpose of the inverse of the GLS-type transformation. Along these lines
standard IV approaches regarding measuring the strength of instrumental variables can
be translated into the more complex situation of GMM estimation. However, in the con-
text of estimating dynamic panel data models, it also happens that IV is used whereas
the disturbances have a nonscalar covariance matrix, or that GMM is employed using a
suboptimal weighting matrix. For these situations the concentration parameter approach
regarding measuring instrument strength requires some adaptations, which we provide by
referring to correspondences between concentration parameters and the usual asymptotic
measure for estimator precision.

After developing these generalizations of concentration parameters for one-dimensional
data we will consider them for various forms of IV and GMM implementations for dy-
namic panel models and analyse the strength of the instrumental variables that corre-
spond to subsets (either determined by lag length or by type of moment condition) of the
exploited instrumental variables. We focus on models with cross-section homoskedastic-
ity which in 1-step GMM leads to a very simple operational form of the optimal GMM
weighting matrix for the Arellano-Bond estimator, but just to suboptimal operational
(and more sophisticated nonoperational) weighting matrices for the system estimator,
see Kiviet (2007b). Various calculations and simulations [there are no simulations yet in
this version of the paper| allow to better understand the actual performance of the pop-
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ular Anderson-Hsiao, Arellano-Bond and Blundell-Bond estimators in samples of various
sizes. In particular we find that the classic IV based measures are often misleading when
applied naively to models with dependent disturbances or which are not estimated by
2SLS but by genuine GMM.

In the next Section 2 we recapitulate standard linear IV and GMM results and es-
tablish that efficient GMM corresponds to IV after appropriate transformation of the
model and the instruments. This allows to generalize standard notions of instrument
weakness, expressed by first-stage F statistics or by so-called concentration parameters,
for the linear GMM context. We also suggest simple alternative measures of instrument
strength for situations where IV is employed to models where the disturbances have a
nonscalar covariance matrix, or where GMM uses a suboptimal weighting matrix. In
Section 3 we present the popular IV and GMM dynamic panel data model estimators,
paying special attention to the various moment conditions that can be exploited and how
they enter variants of the Anderson-Hsiao, Arellano-Bond and Blundell-Bond estimators
respectively. In Section 4 we establish for the various particular cases the measures of
instrument weakness for all (and for subsets of) the instruments, and present graphs
containing numerical results for a few cases of substantial practical interest [this section
is yet incomplete]. Finally, Section 5 concludes.

2 IV results and their GMM counterparts

In the first subsection of this section we introduce notation to express some standard
textbook results (without proof) on OLS and GLS and on IV and GMM for linear
models for one-dimensional data sets. For a fuller treatment see, for instance, Davidson
and MacKinnon (2004). In subsection 2.2 we present results developed for the classic
IV context to express instrument weakness, see Staiger and Stock (1997). We focus on
single equation models with just one endogenous regressor and an arbitrary number of
predetermined regressors, because this is the prevalent case in dynamic panel data models.
We highlight the correspondence between concentration parameter based measures for
instrument strength and the precision of the endogenous regressor coefficient estimate.
This correspondence inspires a modification of the classic concentration parameter when
IV is applied in models with disturbances that have a nonscalar covariance matrix, as
occurs in Anderson-Hsiao dynamic panel data model estimators. Next, in subsection
2.3, we demonstrate what transformations link efficient GMM with standard IV in linear
models and how this link can be exploited to express instrument strength in a GMM
context by transforming measures developed already for the IV context. These results
directly apply to the efficient 1-step Arellano-Bond estimator, but not to 1-step Blundell-
Bond estimation, because this involves a suboptimal weighting matrix. However, here
again an appropriate instrument strength measure can be developed by referring to the
precision of the estimator. Finally, in subsection 2.4, we present a generic form of linear
model for two-dimensional panel data sets, focussing on the case where the cross-section
sample size N may grow large and the time-series sample size T is relatively small. We
introduce a notation such that all measures for instrument strength introduced for one-
dimensional data sets are directly applicable for two-dimensional panel data sets and we
also address instrument strength measures for 2-step GMM implementations [?777].



2.1 Standard results for one-dimensional data sets

Consider the linear regression model for a scalar dependent variable observed for N
individual units ¢ = 1, ..., N given by

Y = X0 + u,, (1)

where X! and [ are K x 1 vectors of explanatory variables and corresponding regression
coefficients respectively. Defining the N x K regressor matrix X = [X] X} ... X}/, we
can collect all data in the model

y=XpB+u, (2)
where the vectors of dependent variables y and of random disturbances u are both N x 1.
We assume that matrix X has rank K, whereas E(u) = 0 and Var(u) = 02Q with Q
positive definite. To avoid underidentification we shall make the innocuous additional
assumption tr(2) = N. The fixed parameters  and o2 are unknown, and initially we

will assume that €2 is fully known, whereas y and the regressor variables X have been

observed.
The OLS (ordinary least-squares) estimator of [ is defined by

Bors = (X'X) ' X'y, (3)
and the GLS (generalized least-squares) estimator by
Bors = (X'Q7'X) 1 X'Q !y, (4)

These are obtained as argmin(y — X3) (y — Xf) and argmin(y — X3)Q  (y — X3)
respectively.

As is well known, the N x N matrix Q! can be decomposed such that Q! = U/,
where ¥ is in fact non-unique and may be chosen upper or lower triangular. The GLS
estimator can also be represented as the OLS estimator of a transformed model, viz. the
model that is obtained after premultiplying (2) by the transformation matrix ¥, i.e.

vt =X"B+u", (5)

where y* = Uy, X* = ¥'X, v* = Uy with F(u*) = 0 and Var(u*) = o20'Q¥ = o2y,
because

Bors = (X'X)7IX"y* (6)

(X0 X)) X' UU'y = Bors-
Note that above we just discussed the algebraic properties and not the statistical
properties of 5,6 and Bor e = BoLs- The statistical properties depend on the joint
distribution of (X, u). If X and u are independent (X is exogenous) then both estimators

are unbiased, but GLS is generally more efficient. When the regressors are not necessarily
exogenous but just contemporaneously uncorrelated with the disturbances, i.e.

asymptotic properties can be established under some additional auxiliary assumptions.
Then both estimators are consistent and GLS is asymptotically efficient. And, when

5



() is unknown but can be estimated consistently by Q then the FGLS (feasible GLS)
estimator, in which € is replaced by €2, can be shown to be asymptotically equivalent to
GLS and is therefore efficient too.

For models where some regressors and the disturbance are contemporaneously corre-
lated (some regressors and the regressand are jointly dependent) and where alternative
moment conditions in terms of so-called instrumental variables can be made, the follow-
ing method of moment estimators are available. Let Z = [Z] Z} ... Z};]' be an N x L
matrix of rank L, where L > K. Then, provided Z’X has rank K, the GMM (generalized
method of moments) estimator using instruments Z and the L x L weighting matrix W
is

Beninz(W) = (X' ZWZ' X)X ZW Z'y. (8)

This is obtained as arg min(y — X3)'ZW Z'(y — X ). The major condition for this esti-
mator to be consistent is instrument validity, i.e.

This estimator is asymptotically efficient when plim,_, . W is proportional to the inverse
of the covariance matrix of the limiting distribution of N='/2Z'(y — X 3). Assuming that

and
plim N™2Z'(y — XB) ~ N (0,plim N'Z2'QZ), (11)

we find that
BEGMM,Z = BGMM,Z((Z/QZ)il) = [X'Z(Z'Qz) ' Z'X]| ' X' Z(Z'0Z) " 2y (12)

is the efficient GMM estimator exploiting instruments Z. The IV (instrumental variable,
or two-stage least-squares) estimator! of 3 in model (2) exploiting instruments Z, defined
as

BIV,Z = BGMM,Z((ZIZ)_l) =[X'Z(Z'2)' Z' X' X' Z2(Z' ) 72y, (13)

is efficient only when 2 = Iy. Note that the IV and EGMM estimators are obtained
when using weighting matrix W equal to (Z’'Z)~! and (Z'Q0Z)~! respectively. Probably
even more efficient estimators than EGMM can be obtained by extending or changing
the set of L valid instruments Z and adapting the weighting matrix accordingly.

Note that when L = K, thus Z'X is invertible, 84y, v.z(W) specializes for any W to
Bs vz =(2'X )~1Z'y and the choice of W is irrelevant, provided it has rank K. The reason
is that Bs v,z already fully satisfies the K sample moment conditions Z'(y—X [33 wz) =0.
Hence, knowledge of ) cannot be exploited to improve the efficiency of method of moment
estimators using instruments Z when L = K, although €2 does affect its actual efficiency.
In particular, when Z = X we obtain Bsm x = Bo rg- Whereas, when the instruments
Z = Q71X are employed to the untransformed model (2), or when the instruments ¥’ X

'In the literature this estimator is often addressed as the GIV (generalized instrumental variable)
estimator and IV is then used exclusively for the special case where L = K and /3 vz = (2 X)) 2.
Here we shall use "generalized" just to indicate estimators which aim to take {2 into account, and special
results for the L = K case will be addressed as sIV (simple IV).
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are employed to the transformed model (5), we obtain /3, wo-1x = Bsrvwx = B This
illustrates that (even when L = K) the efficiency may change when one transforms the
model and/or the instruments (assuming that the instruments remain valid).

A feasible GMM (FGMM) estimator is asymptotically equivalent with EGMM if it
uses ) instead of Q in the formula for EGMM provided

ym%z@—mzza (14)

2.2 Measuring instrument weakness

In a classic linear IV context, where we have 2 = [y, instrument strength is often mea-
sured in terms of concentration parameters or of (population equivalents of noncentrality
parameters of ) F statistics in reduced form equations. If K = 1 the single regressor which
is jointly dependent with the disturbances u is simply regressed on all the instruments
and their joint significance is tested by an F-test. Generalizations have been discussed
in the literature for cases where there are more endogenous and also some exogenous
regressors, see for instance the review by Stock et al. (2002) and Stock and Yogo (2005).
When we later specialize to the standard first-order dynamic panel data model we will
have estimating equations in which we have just one regressor which is jointly dependent
with the disturbances, with or without further weakly-exogenous regressors. Therefore
we will focus below on the case with just one endogenous regressor. We will also have to
pay attention to two cases that as it seems have not yet been addressed in the literature,
viz. (i) where Q # Iy or (ii) where the reduced form equation is not explicitly specified
and could also have a nonscalar covariance matrix of its disturbances.

We assume that the first column z; of X = (z; X5) contains the single endogenous
regressor, whereas the X, can and will be used as instruments. Hence, these X, are
incorporated in the N x L matrix Z = (Z; X,), where Z; is an N x L; matrix of
L, = L — K +1 instruments additional to X,. The focus is now on the F-test which tests
the joint significance of Z; in the reduced form regression of x; on Z, supposing this has
i.i.d. disturbances. This F-test statistic is given by

N —La'Mx.xq — 2" Myx N — L2\ Py 7,71
F(Zl;xl;Z): T : X2/§w — = L - /]\/[X2 ) (15)
1 Tz 1 L1M7z

where for any full column rank N x M matrix A we define the projections P, =
A(A'A)7TA" and My = Iy — P4, and we made use of the general result that if A = (A4
Ay) we have Py = Py, + Py 4, Az For the very special case where K = 1 and X5 is void
so that Z; = Z (15) specializes to

N —L l"lpzl’l
L £U/1Mz$1‘

F(Z,x;72) = (16)

Decomposing Z; into two partitions Z; = (Z1; Zi2), where Z3; has Lj; columns and
Z19 has Lo = L; — Ly1, one can also express the marginal strength of exploiting the
instruments Z3; in addition to the instruments Z, = (Z15 X3) by the following F statistic

N — La\Mg,x, — 2\Mzxy, N — L21Puy, 2,71
F(Zi;21;2) = 7 Lz ,1]\/[ et P i - ,]\22 —. (17)
11 T1itzX 11 T1iizX




Population equivalents of the above F-test statistics and corresponding concentration
parameter based measures can be expressed as follows. Assuming stationarity of all
variables involved, let for ¢ = 1,2 the general N x M, data matrices A; have full column
rank, whereas

1 1
Y a4, = plim NA;Ai and Y4, = plim NA&AQ,

N—oo N—oo

with X 474, invertible. Then we can consider the concentration parameter based expres-
sions
C(Zy; 20, 7) =
(Cerz, — S xS v Sx12) 222 — 2258 v v 2xtz) (2 — 22 xS v Bxray )
121 7 X2 XéXz X571 AVAL Z1 X2 XéXz X571 AR AP XéXg X571

-1
Zx’lm - Egc’lZEZ/ZEZ’ml

(18)
DI D 3P
C(Zyx1;7) = 12222 _Zl - (19)
Ez’lzl - Em&ZZZ/ZZZ/xl
and
C(Zy;x1;72) =

1 -1 -1 -1
(Xt 200 = Bt 2,57 7,825 200 ) (X2, 200 — 220,257 7, Bz 2| (82,00 — 820,227 7, X201

1 )
E:c’lxl - Ew’IZZZ/ZEZ’xl

(20)
and the population (or noncentrality parameter) equivalents of the F-test statistics
_ N—-L o _ _
F(Zyx;,7) = 7 C(Zy; 213 Z) and similarly for F\(Z;xq; Z) and F(Z11; 215 2).
1
(21)

Stock and Yogo (2005) develop critical values of the above measures regarding their
potential to signal serious finite sample bias of IV estimators (as a fraction of the OLS
bias) and particular size distortions of standard asymptotic Wald tests. A simple rough
and ready rule of thumb resulting from this is that instruments are seriously weak when
actual (or population) F statistics are below 10. As it seems the various results on
instrument weakness measures obtained for classic linear static IV models have not yet
been generalized for GMM. Hall (2005, Section 6.2.1) only discusses results for classic
static IV. We will make an attempt here to generalize some of these results for GMM
and for IV with nonscalar covariance of the disturbances and implement and verify these
for the estimation of transformed dynamic panel data models.

There is a direct correspondence between the above measures and the actual asymp-
totic precision of the IV estimator for the coefficient of z;. When Var(u) = 021, then,
under regularity sufficient for invoking a central limit theorem, one has

. 1 -1
plim NY2(Bp,, — 8) ~ N (0,03 plim (—X’PZX) ) , (22)
N—oo ’ N—oo N
and for the coefficient 3, of regressor z; this implies

. ; (1 -
plim Nl/g(ﬁl,lv,z —p1)~ N (07 o plim (NxIIPZMXQPZx1> ) : (23)
N—o0 N—o00



Since 7}y Py Mx, Pyxy = 2 (Py — Px,)r1 = $/1PMX221$1 we find

. ' 1 -1
Asyvar(ﬁuv,z) = Ui plim (N%PMXQZJO )

N—o0

and hence, we can express (18) equivalently in terms of a precision based measure defined

as .
[AsyVar(ﬂl’mz)]_l

(Ex’lm - ExiZEE’lZEZ’xl)/U%
where the subscript I refers to 2 = I. The denominator of (24) corresponds to the
(consistently estimated) ratio of the variances of the reduced form and of the structural
form disturbances. Note that C;(Z;z1; Z), which concerns the special case K = 1, fits
into this definition, with ASQVGT(BL[\/,z) simplifying to o2 plimy_, (2} Pz21)~

The marginal strength measure C(Z;1;x1; Z) of (20) is related to estimator precision
as follows. Note that just employing the instruments Z, one has

Cir(Zyx;2) = =C(Zyy213, %), (24)

N—oo

. . 1 -1
Asyvar(ﬁl,l‘/,Zz) = Ui phm (N'TIIPZ2MX2PZ2‘7:1>

e -
= ai plim (N:E’l(PZ2 — PX2)$1) )

N—o0
Hence,

. . ‘ 1
UZ[ASZJV@T(51,IV,Z)]_1 - UZ[ASQVW(51,IX/,Z2)]_1 = plim (lel(PZ — PZz)ﬂﬁl)

N—o0

1
— 3 /
= ]I\)[hm ~21Prg, 71,21,
— 0

and

AsyVar(/3 1 _ [AsyVar(f -1
Ci(Zin;z0 Z) = [Asy (51,1\/,2)] [71 Yy (51,21V,22)] — O(Zn; a1, 7). (25)
(290'13131 - Eﬂcllzz]Z’ZZZ'iL“l)/O-u
These alternative precision based expressions are helpful in developing sensible extensions
of the concentration parameter based measures in nonstandard applications of IV.

Suppose that IV has been applied, although €2 # Iy. Hence, one should have employed
GMM but did actually apply IV because of using a weighting matrix proportional to
(Z'Z)~!. Because now

AsyVar(Bpy ) = o plim N(X'P,X) ' X'P,QP; X (X'P;X) 7",

N—oo

a precision based modified concentration parameter, defined now more generally as

[ASCUVC”"(BLIV,Z]71

ColZy;x1;2) = - , 26
(Gri1; 2) (Ew’lwl _Zm’lZEZ’lZEZ’m)/U%L (26)
seems more appropriate. It differs from (18), and so does the alternative to (25)
AsyVar(f 1 [AsyVar(} -1
C'Q(Zn;xl;Z) — [ Yy (51,1&/,2] [ Yy (51,IV,ZQ] ' (27)

(Exllm - Zxﬁzzg}ZEZ/IJ/U%
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In the above definitions we implicitly assumed that the denominator still properly ex-
presses the ratio of the variances of the disturbances of reduced and structural form.
Whether this F-test inspired measure, which naturally leads to measures like FQ(Zl; x1; Z)
etc., is suitable for expressing (marginal) instrument strength seems worth examining.

2.3 Algebraic connections between GMM and IV

If we decide to apply IV estimation not to the untransformed model (2), but to the
transformed model (5) exploiting some set of instruments collected in an N x L matrix
Z, we obtain

Brvy = X222 ZX X222 2y
= [X/\IJZO<ZOIZO)7120/\I”X]71X,\IJZO(ZOIZO)7120/\IJ’y'

Note that for the special case )
Z=7"=V"17 (28)

we find
Brvg. = {X'Z1Z/(WV) 2] 2’ X}y X' 22/ (W) 2) 7 2y = Broanz. (29)

Hence, EGMM is equivalent to applying IV to an appropriately GLS-type transformed
model upon employing the inverse of the transposed transformation to the instrumental
variables. Note that (in)validity of the instruments Z for u implies (in)validity of the
instruments Z* for v*, and vice versa, since

E(Z¥u*) = E[Z' (1) V'u] = E(Z'v) and E(Zu;) = E(Zu}).

From the above it is obvious how we can proceed to examine and express instrument
strength and weakness in a EGMM context when {2 may differ from [. Exploiting the
transformations z} = ¥y, X = VX, and Z* = U7 = U1(Z, X,), we find the
EGMM generalization of the standard IV measure (15)

_ .T*,PM « % Ty
(i) = i (30
N —L l’llQilQZl(Z{QZl>7lz{QgillL’1
L1 .73/1 [Q_l — Z(Z’QZ)—lZ’]xl

where Q = Q — X5(X}QX5) 1 X). Note that when K = 1, thus X, is void and L; = L,
this simplifies to

N-L 22292 Z'n

P (Z;x1;7) = )
( ; L1 ) I x’l[Q_l—Z(Z’QZ)_IZ']wl

(31)

In the same way we can translate F(Z1;x1; Z), giving

N — L2 Pry,z;, 7]
F*(Zy o 2) = 2 32
( 115 215 ) L11 .I'){,MZ*‘TI ( )
N — LZE’ISQZH[Z{IQSQZH]_lZilQSJIl

L11 x’l[Q—l — Z(Z,QZ>_1Z,]QI1 ’

10



where S = Q! — Z,(Z507,)7 ' Z}, and in the special case where K = 1 one has in fact
S=0"1— Zlg(ZbQZm)ilZ{Q.

In the above F-tests it is in fact implicitly assumed that the disturbances in the
reduced form equation for z7 are i.i.d., which is something which is not self-evident, and
which we will concern about in more detail when we consider specific implementations
of the above formulas in Section 4.

Note also that the above F* measures are relevant only for the case where GMM
exploits the optimal weighting matrix. In some of the panel GMM implementations that
we will introduce in Section 3 an optimal weighting matrix is not always available, and
neither EGMM nor IV are used, but GMM (at least in a first step) with some particular
suboptimal weighting matrix W, giving By, m.z(W) with

AsyVar(Bearrz(W)) = o2 plim N(X'ZWZ'X) ' X'ZWZ'QZW Z' X (X' ZW Z'X) 7.

N—oo

This gives rise to the GMM generalizations of the IV (when € # I ) forms of the precision
based modified concentration parameter type measures (26) and (27), viz.

[AS?JVW(BLGMM,Z(W))] -

Ca(Zy;01;,Z; W) = - ’ (3)
(Ea:'lm - EwﬁZEZ}ZEZ/xl)/O—%
and
Ca(Zi; 01 Z, Wi W) =
[AsyVar(Br.eanns (V)™ = [AsyVar(Bananz(Wa)] ™! (34)

(Cayer — Bay 25155 20,) [ 02 ’

which can be put into population modified F-form as

_ N —L
Fo(Zyy 21, 2, W) = 7
1

Cao(Zy;x1;Z; W)

and NI
Fo(Zyys 0, Z, Wi Wa) = 7
11

Ca(Zi1;21; Z, W Wha).

2.4 Generic results for two-dimensional data sets

The above should be generalized now such that we can deal with double-indexed or
two-dimensional data variables, where ¢ = 1,..., N still refers to cross-section units in
the sample, whereas t = 0, ..., T refers to the available time-series observations (where

= 0 entails the initial values of the variables in the first-order dynamic process). In the
dynamic panel data models that we are interested in we want to allow for unobserved
individual effects. To deal with these either the model equation has to be transformed
or otherwise the variables that are used as instrumental variables, which have to be
lagged as well. Such transformations (often, but not exclusively, first differencing) and
lag operations will lead to an effectively available time-series sample size in estimation
that may deviate form 7. Often the time-series sample size in estimation is smaller than
T, but the number of observations per individual in estimation can be larger too, when in
the system estimator all time-series observations on two differently transformed equations
are stacked. Due to first-differencing also the number of regressors and coefficients may

11



change, when the original relationship involved an intercept. All these transformations
complicate combining the familiar notation for panel data models with the standard one-
dimensional cross-section results of the earlier subsections. We have chosen to deal with
this in the following way.

In the generic notation below we simply address the time-series sample size as T to
be able to cover all possible cases; often T'= T — 1 or T = 2(T — 1). The total number
of observations can now be denoted as N = NT, and the linear panel data model that
will be estimated by IV or GMM is expressed as

j=XB+i=(F X)B+1i,

for which we have the N x L instrument matrix Z. Here § and @ are N x 1, X is N x K
and (3 is K x 1, whereas 71 is N x 1 and E(@) = 0 and Var(i) = 02Q. All results of the
earlier subsections are directly applicable, but just require to reinterpret (and supplement
with a "tilde") the scalars, vectors and matrices N, y, u, 02, 3, X, z1, X» and Q. These
vectors and matrices contain in some way or another (transformed and/or lagged, as is
indicated in the next section) elements corresponding to the underlying dynamic panel
data relationship, which we denote as

Yit = VYit—1 + Tpd + 1, + Eit, (35)

where the vectors x;; and ¢ consist of K — 1 elements.
After transformation (if any) and stacking of all the time-series observations (possibly
of two differently transformed equations) the generic model relation can be written as

§; = XiB + . (36)

Each row of the T x 1 vectors §; = (i1, ..., §;7) and @; = (i1, ..., %;7)" and of the T x K
matrix X; = (X!, X/, .. X '7)’ results from a particular transformation applied to (35) for
some index t. The K x 1 Vector (3 is related to (7, 8')" conformable to the transformations
and stacking operations. We assume E(4;) = 0, Var(a;) = a%fll with tr(fll) =T and
) a positive definite 7' x T matrix, whereas E (a;u) = O for i # j.

We will exploit N observed T' x L matrices Z; as instruments, which are valid when
they satisfy Vi the L orthogonality conditions

E(Zlu;) = E|Z{(f — X;B)] = 0. (37)

Defining gj = (I, - Jn), U = (U, ..., uy), X = (X, .. Xy, Z=(Z .. Z)" and

02Q) = 02(Iy ® ) all having N rows now, we have in the new "tilde" notation again
the original model y = X3 + u with E(u) = 0 and Var(u) = ¢%Q and L instruments Z
which can be used to obtain IV or GMM estimators, provided X, Z and Z’X all have full
column rank, hence N = NT > L > K. The only serious differences with the situation
in subsection 2.1 are that we have NT instead of N observations, and that Q has a
block-diagonal structure, but the formulas for 3 V.25 50 wvz(W) and 3 EGMM.Z0 = ﬂ v
remain the same, and so for the F-test statistics F(Zl,xl, Z) and F(le,:cl, Z), upon
changing N in N T. Also all concentration parameter and precision inspired measures C'
and Cq are directly applicable.
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3 IV and GMM estimators for dynamic panel data
models

In this section we further consider the just introduced linear first-order dynamic panel
data model with two unobserved error components, viz. random individual effects and
idiosyncratic disturbances, and also an arbitrary number of further regressors which
are assumed to be contemporaneously uncorrelated with the idiosyncratic disturbances.
From the various model assumptions stated explicitly in subsection 3.1, the linear orthog-
onality conditions are derived in subsection 3.2, which are exploited in subsection 3.3 to
present some variants of the Anderson and Hsiao (1982) estimators, the efficient GMM
estimator, see Arellano and Bond (1991), and the system GMM estimator (GMMs), see
Blundell and Bond (1998). The latter estimator exploits an additional model assump-
tion, viz. effect stationarity, which gives rise to additional linear orthogonality conditions,
but also to complexities regarding the weighting matrix, which are discussed in the final
subsection 3.4.

3.1 Model assumptions

Below we shall use the notation

t—1

Y; <§Ji’0’ ..-7}I/i,t—1) } t = 1’ ,_.7T,

th = (@), s TYy)

where y/ ™! is 1 x t and X! is 1 x t(K — 1). We also define

i Xi UAt
oL XT = :

95\71 Xy NN

where nis N x 1, Y71 is N x t and X' is N x (K — 1).

Regarding the two random error components 7, and €; in model (35) we make the
assumptions (i,7 =1,...., N; t,s =1,...,T):

yi-l =

E(ey | Y1 Xt n) =0, Vi, ¢

E(eg | Y7L X ) =02 >0, Vit

E(epejs | YL X0 n) =0, VE <s, Vi,jand Vi # j, Vt < s
E(n;) =0, E(nf) =03, >0, E(nm;) =0Vi#j

These assumptions entail that all regressors are predetermined with respect to the idio-
syncratic disturbances ¢;;, which are homoskedastic and serially and contemporaneously
uncorrelated.

Additional assumptions that may be made — and which are crucial when the GMMs
estimator is employed — involve

(38)

E(yun;) = oy, and E(zyn;) = 04y, Vi, t. (39)

Here 0y, is a scalar and o,, is a (K — 1) x 1 vector. Note that both o, and o,, are
assumed to be time-invariant. By multiplying the model equation (35) by 7, and taking
expectations we find that (39) implies

_ / 2
Uyn - 'VUyn + Own6 + Un
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or ' 5 )
Opp0 + O
Oyn = ﬁ (40)

This condition we will call for obvious reasons effect-stationarity.

3.2 Moment conditions

By taking first-differences the model simplifies in the sense that only one unobservable
error component remains. Estimating

Ayir = YAYi -1 + (Awyp)'0 + Aeyy (41)
by OLS would yield inconsistent estimators® because

E(Ayi-10ey) = —E(yig-18i4-1) = —02 # 0.
Unless 02 would be known this moment condition cannot directly be exploited in a
method of moments estimator. Note, however, that it easily follows from the model
assumptions (38) that for i = 1,..., N we have

E(Yt72A€Z‘t) =0 .
Blx1Ae) — t=2,..T,

which together provide KNT(T — 1)/2 moment conditions for estimating the K coef-
ficients of (41). Especially when the cross-section units are independent many of these
conditions will produce weak or completely ineffective instruments. Then it will be more
appropriate to exploit just the KT'(T — 1)/2 moment conditions

E(y; *Acy) =0’ _
E(X! Ay — t=2.T,

as is done in the Arellano-Bond (1991) estimator. Upon substituting (41) for Ae;; it is
obvious that these moment conditions are linear in the unknown coefficients v and ¢, i.e.

E{y?_2[Ayit - ’YAyi t—1 — (A$it)/5]} =0 }
P ! , , t=2 .. T 42
E{X Ay — vAyss 1 — (Azn)d]} = 0 (42)

Blundell and Bond (1998) argue that assumption (39), when valid, may yield rel-
atively strong additional useful instruments for estimating the undifferenced equation
(35). These additional instruments are the first-differenced variables. Defining

Ay = (Ayiry o, Ayig-1) _
AX! = (Adly, . Az f P8 T

which are 1 x (¢t — 1) and 1 x (¢t — 1)(K — 1) respectively, it follows from (39) that (for
i=1,..N)
E(Ay;'n;) = 0 and E(AX{n;) = 0.

2Note that in case z;; contains a unit element and (3 an intercept this model has one unknown
coefficient less than suggested in what follows.
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From (38) we find
E(Aylley) =0 and BE(AX!ey) =0

Combining these and substituting 7, + €ix = yir — YYi1—1 — 25,0 yields the KT'(T —1)/2
linear moment conditions

E[Ay; ™ (i — Vig—1 — 23,0)] = O/ B
E[AXE(Yis — Vi1 — 20)] = O t=2..T (43)

These can be transformed linearly into two subsets of K(T'— 1) and K (T — 1)(T' —2)/2
conditions respectively, viz.

E[Ayis—1(Yie — Vi1 — 7340)] =0
7 7 ! t = 27 A T? 44
E[AZ} (yie — VYii—1 — 13,0)] = 0 (44)

and
E{Ay Ay — vAYi 1 — (Azy)' 0]} = 0 }
v ’ t=3..."1T. 45
B{AX!Ayy — 2 Dyisr — (A3} = 0 = (45)

The second subset (45), though, can also be obtained by a simple linear transformation
of (42). Hence, effect stationarity only leads to the K (7T — 1) additional linear moment
conditions (44). These involve estimation of the undifferenced model (35) by employing
all regressor variables of the first-differenced model (41) as instruments.

Due to the i.i.d. assumption regarding e;; further (non-linear) moment conditions
do hold in the present dynamic panel data model, but below we will stick to the linear
conditions mentioned above.

3.3 Implementation of various IV and GMM estimators

Anderson and Hsiao (1982) introduced IV estimators for dynamic panel data models.
They focussed on the case with first-order dynamics, took first-differences of the rela-
tionship, yielding y; = X, + u;, with

Ayiz A Ayil AIQQ
yi = : RS : and X; = : : (46)

AyiT Aeip Ayi,T—l A$§T

When there is an intercept in § and corresponding unit value in z;; (which vanishes after
first-differencing) we have K = K — 1, otherwise K = K and = (v,'). Using as
many valid instruments as coefficients to be estimated (i.e. accepting that the resulting
IV estimators will not have finite moments), they distinguished two cases regarding the
instruments to be used for regressor Ay, ;_1, viz. using the lagged level instrument y; ;o
or the lagged first differenced instrument Ay;; 5. So, assuming E(Az;Ac;) = 0, the
corresponding instrument matrices Z have N blocks

Yi,0 A'T{L',Q 0 OI
Y, AJZ’; Ayi,l AQZ;
zpm— | T T g g — | T T (47)
Yi,m—2 AI’ZT Yi, m—2 A%I,T
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respectively, where the row of zeros in ZAHd hasically means that for each individual
only T = T — 2 time-series observations are being used in estimation. We have LAH! =
LAHd — K for the number of columns.

We shall also examine below the Anderson-Hsiao type implementations which use one
extra instrument, and where T =T —2 and T =T — 3 respectively, viz.:

! !
Yix Yo Arg Ayio  Ayin Az,
ZAHll — : . : and Z.AHdl _ . . .
I3 . . . K3

. . . ) (48)
Yir—2 YiT-3 AZUZT Ayir—a Ayir_3 AZC;’,T

where LAAN = [AHAL — [ 4 1. Since E(Ag;Ae; ;1) # 0 the elements of @; are not i.i.d.,
thus the IV estimators AHI1 and AHd1 are not efficient. Not just because not all valid
instruments are being used, but also because € is not exploited as GMM would.

The Arellano-Bond GMM estimator uses the model transformation given in (46)
too, hence T'= T — 1 and employs all orthogonality conditions (42). Hence, LAP =

KT(T —1)/2 and the T x LAP matrix Z; is taken to be [what to do with X??7]

W oo 0 AX} 0
AB—109 .. O O - O - (49)
0o 0o ¥y 0o 0o Ax!

It can be derived that for the EGMM estimator one should use the weighting matrix

W o (ﬁ(szf)'ﬂzﬁ)_l (50)

=1

with (7" — 1) x (T' — 1) matrix

2 -1 0 0
-1 2 -1
H=| 0 -1 2 0 (51)
. . .
0 0 -1 2 |

So, under our strong assumptions regarding homoskedasticity and uncorrelatedness of
the idiosyncratic disturbances ¢;; 1-step GMM employing (50) is asymptotically efficient
within the class of estimators exploiting the instruments Z/Z.

In case of GMMs we have K = K, § = (v,¢') and T = 2(T — 1) with

Ayio A [ Aya Az,
) Ay ) A | Ay, A
Yi = vir y U = o and X; = YT x/ZT ’ (52)
Yi2 1; + Ei2 Yi1 Tio
YirT n; + &ir | Yir—1 T |
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and from (42) and (44) it follows that LPZ = K(T — 1)(T + 2)/2 whereas the T x LB
matrix of instruments for block i is

ZiAB 0o .- 0 o ... O
0 Ayys O 0 Az, O 0

ZEE " . (53)
: 0 - 0 0 . O

o’ 0 0 Ayir—1 00 0 Azjy

Note that E[(Aey)?] = 202 differs from E[(ey +1;)?] = 02 + 02 when o7 # 02, and
for t # s we find E[(ei + n;)(€is +1;)] = 0 > 0. Thus, again it does not hold here that
Wi | ZF is i.4.d., so IV is not efficient. However, here an appropriate weighting matrix is
not readily available due to the complexity of Var(Z!a;).

3.4 Weighting matrices in use for 1-step GMMs

The GMMs optimal weighting matrix has been obtained for the no individual effects case
03] = 0 by Windmeijer (2000), who presents

N -1
WY x (S(zeeypm 20 (54
i=1
with c
H
FW _ 1
o= (8 ) o
where (' is the (T'— 1) x (T — 1) matrix
[ 1 0 0 0]
-1 1 O :
Ci=|0 -1 1 0 (56)
0
|0 0 -1 1

Blundell, Bond and Windmeijer (2000, footnote 11), and Doornik et al. (2002, p.9)
in the computer program DPD, use in 1-step GMMSs the operational weighting matrix

N -1
WP o (S (280D 2P (57)
=1

with

O Ir

There is no special situation for which these weights are optimal.
Blundell and Bond (1998) did use (see page 130, 7 lines from bottom) in their first
step of 2-step GMMs

DDPD:<H © > (58)

Ir—y O
DGIV _ ( OT 1 [Til ) = IQT_Q, (59)

which yields the IV or 2SLS estimator, which neglects that @; has a nonscalar covariance
matrix. In Kiviet (2007a) it is demonstrated that different initial weighting matrices can

17



lead to substantial differences in the performance of 1-step and 2-step GMMs. There it
is argued that a better (though yet suboptimal and unfeasible) weighting matrix would
be

N 2/ 2 !
WO’ n/o? (E(ZiBByDU"/UEZiBB) 7 (60)
with
H C
Dl = . 61
(C/ Ip_q + 2LT1LT1) ( )

This can be made operational by choosing some value for 0727 /o%. From simulations it
was found that this value should not be chosen too low, and reasonably satisfying results
were obtained by choosing o7 /0% = 10.

4 Measurements of instrument weakness

In the subsections of this section we establish numerical values for the alternative mea-
sures stated in Section 2 for the various estimators of Section 3. First we consider results
for the panel AR(1) model in great detail, and next we produce some results for the
first-order dynamic panel data model with one extra explanatory variable.

4.1 Results for stationary panel AR(1) models

In the zero-mean panel AR(1) model we have K = 1 and 3 = ~. The data generating
process is
Yit = VYit—1 + 1; + Eit, (62)

and, assuming full stationarity, i.e. restricting |y| < 1 and generating the start-up as

1 1
0 = . 05 63
Yio 1_777@—’_ 1_7280 ( )
where
n; ~ i.i.d.(0,07) and e ~ i.i.d.(0,02), (64)
we obtain
1 t—1 ot
Yit = —; + 785@ _s T —F———¢0
= vt
and

Aylt_glt_ 1_ (ZW/S lglt s+ \/1/_7’)/ )7

from which one can derive (for integer s > 1):

o2 a? 202
Var(yy) = ot Var(Ay;) = o
o2 sg2 s—
Cov(Yiu, Yii—s) = qgogp + 1222 Cov(Ays, Ayip—s) = —o2y* 2 (65)
Cov(yit, AYig—s) = 027° 1—&1-7 Cov(AYit, Yip—s) = _UEVSflﬁ- )
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Instead of expressing various of the results below in the error-component variance ra-
tio 07 /02, we find it more instructive (also see Kiviet, 2007a) to employ the nonlinear
transformation of the parameters

1 o,

Note that p? is the ratio of the variance component in 7;; due to the accumulated indi-
vidual effect 1, and the variance component in y;; due to the current shock ¢;, and

1
Var(yy) = o2 |u? . 67
() = o+ =) (67)
Parameter p is an autonomous characteristic of the data series y;; that is invariant with
respect to the speed of the adjustment process, which is completely determined by ~.
Thus, in some sense i and v are variation free or orthogonal now.

Parameter - of model (62) is estimated by applying IV or GMM to

Ayir = YAy -1+ Ay (68)

In the notation of Section 2 (68) is a model in which X5 is void. Hence, for the strength
of the full set of instruments used, the relevant standard IV measures are F(Z;xz1; Z) of
(16) and

DINPA It 3 N-L

C(Zx;7) = dF(Z:x1;2) = ——=C(Z;x1; 7). 69
( 3 L1 ) Zx’lxl_zx’lZEE/lZEZ’xl an ( 3215 ) L ( y L1y ) ( )

However, taking into account that the model has nonscalar covariance matrix of the
disturbances, we should better consider

(Ex’lzzg}zzz’m )2(Ex’IZEE'lZEZ’QZZE’lZEZ’m)_1

—1
Zz/lml - E:UIIZEZ/ZEZ/J)l

Co(Z;x1;2;(Z'2)71) = (70)

and
_ N-L
Fo(Z;21; 2,(2'2)7) = ——CalZi21; 2;(2'2) 7). (71)

We should [and in a next version we will] simulate the statistic F(Z;x;Z) and
the sample equivalent of (71) to examine their information content regarding the fi-
nite sample properties of IV panel estimators. Below we examine F(Z;x;;Z) and
Fo(Z;2y; Z,(Z'Z)71), and their GMM counterparts, over the relevant parameter space.

4.1.1 Anderson-Hsiao type estimators

In the first-stage regression of the classic Anderson-Hsiao approach the single regres-
sor Ay; ;1 is fitted for each ¢ to the same set of instruments (the Z; matrices do
not have a block structure). The rows of Z; have either lagged first-differences, viz.
(AYit—2, ., AYit—141), or lagged levels of y;t, i.e. (Yit—2, ..., Yit—r+1). Since

Ayir1 = YAYi 10 + Agiy, (72)

at first sight it seems obvious that when L = 1 using just the level instrument y; ;o will
yield a more moderate fit than using it jointly with y;, 3 when L = 2, and using just
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Ay, 1o seems already appropriate. However, note that y;,_» and Ay, ;o are correlated
with Aeg;,_;. Apparently, unlike the premise of section 2.2, regressing Ay;;_1, the re-
gressor of (72), on the instruments Z; does not represent the reduced form. Because an
explicit reduced form is not readily available, the situation is not so clear-cut.

We first examine the case where L = K = 1. This simplifies the above formulas
regarding instrument strength considerably. Denoting the one and only instrument as zq,
and focussing first on the naive instrument strength measures (69), we have to establish

[Cor(zy, 21)]?

1 — [Cor(z1,21)])? (73)

0(21;371;21) =

where the vector x; contains Ay, ;1 and 2; contains ¥, ;o for AHl and Ay, o for AHd.
From

1
[Cor(Ayis—1, Ayip—)]” = 1(1 —7)? (74)

we find for the estimator with the first-difference instrument AHd, where the sample
size is N = N(T — 2), for the population value of the F statistic, F (with between
brackets indications of: examined instrument(s); jointly dependent regressor; and full set
of instruments) the expression

_ N —1)(1 —~)?
F(Ayig-2; AYip-1; Ayiz—2) = ( 1 (i(_ ’Y)Z) : (75)
From ) a 2
Cor(Ay; 11, 4ir2)]? = ~ 7 76
[Cor(Ayi i1, Yit—2)] 21—+ p2(1+7) (76)
we obtain for the AHI estimator, where N = N (T — 1),
_ N —1)(1—~)?
F(yit—2; Ayis—1; yi,t—2) = ( i ) (77)

1= +2p2(1 +7)

Thus, for AHI instrument strength seems to improve for smaller values of p, whereas
AHd is invariant with respect to u. Note that these AHd and AHI measures are equal
for ;1 = 1, whereas for ;1 < 1 the AHI measure is larger than for AHd, and vice versa for
> 1.

However, these measures do not take into account that the equation is estimated by
IV whilst it has disturbances with a covariance matrix where Qy = H, as given in (51).
Hence, we should examine the modified measure F(21; 71, 21, (2,2)7!). Note that because
K = L the weighting matrix has no effect here on the estimator, but €2 # Iy makes a
change for its variance. In evaluating

Var(z) =Var(z)

Fo— (N = 1)Ca = (¥ — )02 (2) _ 5
“ ( ) “ ( ) Ezinl Zziﬂzl

we have to derive ¥./q., for AHd and AHI and find

T-1 202 1-—
2[Var(Ay;) — = Cov(Ayir, Ayi—1)] = 7 +57 [3 -7+ T——z} (78)
and
T-1 202 + (1 +7)/(1 -
2[Var(yi) — = Cov(Yit, Yir—1)] = e [1 — v+ 7+ we( - _7;/( 7)} (79)
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respectively. Hence, Fy is determined by the actual value of T, whereas F is not. For
Var(z1)/¥.q., we find the expressions

1—7 -
3 -7
R

and

114+p?(14+9)/(1=9)

+1#2(1+7)/(1=)
21 — 4 r020)/A=y)

respectively. Thus, for AHd the modification involves multiplying the naive measure with
a factor smaller than 0.5, so the naive measure seems too optimistic about instrument
strength, but for AHI it can go either way; for v = 0 the factor is 0.5, but for = 0 it is
greater than 1 for v > 0.5.

The situation is best examined by comparing graphs, see Figure 1, which are based on
calculations of the naive (neglecting the serial correlation) formula F'(z;; z1; 21) (in the top
row) and the modified Fq(21;21;21) for T = 6 (in the bottom row) respectively. The AHI
measures have been calculated for © = 0.2, 1, 5. From the graphs one can grasp for which
values of the sample size and of v and p the measures qualify the instrument as weak,
because the F-value is smaller than 10. In all cases this occurs for large positive v and
more severely so for smaller sample size. That the naive AHd measure is systematically
too optimistic can clearly be seen. For the cases examined we find that the AHI naive
measure is generally too pessimistic, except for 4 < 1 and N small. The bottom row
suggests that AHI has a stronger instrument than AHd only for moderate u. For =5
the AHI instrument is weak for v > 0.5 but less so for AHd. However, we should note
that we have not examined yet whether the value of 10 is an appropriate watershed for
the F, criterion in this model.

When we slightly generalize the Anderson-Hsiao approach by using the instrument
matrices given in (48) then we can increase the value of L. In Figure 2 L = 2 and in
Figure 3 L = 4. For increasing L we note that all naive pictures are too optimistic, and
that all modified measures seem to converge to a more similar pattern. At L = 4 the
modified F for AHd and AHI seem very close for u = 1, and for > 1 AHI performs
worse though better for p < 1.

These first three figures focussed on (modification of ) the population F statistic. If this
is small the estimator might suffer from weak instruments with detremental effects on the
accuracy of first order asymptotics. A prominent factor of the (modified) concentration
parameter is (the inverse) of the asymptotic variance. It might be informative too to
scan the asymptotic precision measures of the v estimators and their relative differences.
For that a naive measure, which wrongly takes H as I seems of very limited interest.
The actual differences in asymptotic precision of AHd and AHI and its dependence on -,
i, T and L can be examined directly by comparing AsyVar(4 45,) and AsyVar(Ya4m)
which are given in this model by

-1 -1
Eac’lZEZ/ZEZ’QZEZ/ZEZ’JU

(o, 257,520,
for the respective Z matrices. Indicating these by Z; and Z; respectively, and using
i — N — LOQ B N—L o?AsyVar(y)™"

= — ,
L L Ew’lzl - Zm&ZEZ/ZEZ/ml
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In the next graphs we consider the natural logarithm of the square root of this expression
(asymptotic standard deviation) and calculate the log of the ratio for two alternative
estimators, hence a value of zero means equivalence, £0.05 indicates roughly a £5%
difference, £0.1 indicates +10.5% and +1 means £272%.

In Figure 4 we see that the difference in asymptotic precision of AHd and AHI can be
enormous. For L = 1 AHd is better only when T is sufficiently small and p is sufficiently
large. AHI is better, especially when ~ is positive, i not very large and T" not very small.
Especially for v very large and p moderate AHI is substantially more efficient. Figure 5
shows that the picture is less pronounced for L = 4. The differences are moderate, except
for v very large and p small where AHI is again substantially better.

In Figure 6 we examine how AsyStd changes for AHd when L moves from 1 to 4. Quite
remarkably there is a difference only for ' = 6 (where for L = 4 only one observation per
individual can be used so that the disturbances are not serially correlated) with L = 4
yielding a smaller AsyVar, but for T > 6 the efficiency does not depend on L.

In Figure 7 we see that increasing L may have a mtigating effect on the asymptotic
efficiency of AHI, viz. when 7 is postive and p is small. For negative 7 the effect is
moderate but very substantial when p is large and ~ positive.

However, we should be more concerned of course about the actual precision of the
estimators in finite sample, and in the ability of the instrument strength measures to in-
dicate whether or not asymptotics is accurate regarding the actual quality of estimators.
To examine this we ran Monte Carlo simulations. All results are based on 1000 replica-
tions of samples of N = 100 and various values of T" > 6. In these panel data samples
both error components ¢;; and 7; were drawn randomly from the normal distribution.
For each replication these series of random drawings were held constant over all different
values of v and p examined, and (as much as possible) over the various values of 7.

Figures 8 and 9 show how bad asymptotics works in samples of this size, both for L = 1
and L = 4. Note that it is self-evident that in fully stationary samples these phenomena
are invariant with respect to p. The earlier pictures suggested that asymptotics would
work accurately for negative v and bad for increasing values of . These figures suggest
that for L = 1 there is a large positive v value where ....

Regarding AHd we find

4.1.2 GMM estimators

[calculations to follow]

4.2 Results for panel ARX(1) models

In a next version of the paper we will also make calculations and perform simulations on
panel data models with further predetermined regressors, cf. Bun and Kiviet (2006).
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Figure 4: AsyStd of AHI in terms of AHd for L =1 in panel AR(1)
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Figure 5: AsyStd of AHI in terms of AHd for L = 4 in panel AR(1)
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Figure 7: AsyStd of AHd for L =1 in terms of AHI for L = 4 in panel AR(1)

5 Conclusions

In this paper we show how measures for instrument weakness based on concentration pa-
rameters as developed for single static linear structural equations, with a fully specified
reduced form and i.i.d. disturbances and estimated by IV (or 2SLS), can be general-
ized to cover the much more complex situation met in dynamic panel data models. The
relationships estimated in that context contain regressors that are contemporaneously
correlated with the disturbances due to transformations that, while achieving their pri-
mary purpose, viz. removing unobserved time-constant individual heterogeneity, at the
same time lead to disturbance vectors that will not be serially uncorrelated. Hence, ide-
ally such equations should be estimated by efficient GMM, instead of IV, or when still
estimated by IV the measures for instrument weakness should be adapted to allow for
the effects of dependent disturbances. Not only do we develop measures for instrument
weakness in the context of efficient GMM and for IV when errors are serially correlated,
but also for GMM employing an arbitrary weighting matrix. We also circumvent the
problem that in the context of the transformed dynamic panel data model no explicit
reduced form is available. For all the situations considered, we also design measures for
the strength of subsets of the full set of instruments used.

For particular popular 1-step GMM panel model estimators, which use an extra set
of instruments that are valid only when particular initial conditions hold, no operational
optimal weighting matrix is available. It would be of great practical interest if in addi-
tion to the techniques available to test the validity of subsets of the instruments, such
as incremental Sargan or J-tests, there would be techniques to assess the relevance or
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Figure 8: AsyStd of AHd in terms of its actual RMSE at N = 100 for L = 1 in panel
AR(1)

strength (contribution to the precision of estimators in finite samples) of subsets of in-
struments. The techniques developed in this paper aim to provide these. How useful they
are should be analyzed further by evaluating and comparing their results for empirically
relevant DGP’s, and checking their relevance for strategies regarding the selection of the
instruments that one should use in actual practice. This requires further calculations
and simulations.

At this stage only some calculations, presented in the form of diagrams, have been pro-
duced for measuring instrument strength in Anderson-Hsiao type IV estimators (which
neglect disturbance dependence) in panel AR(1) models. These already illustrate that
the naive standard IV measures are ineffective in the context of the dynamic panel
data model, and that the performance of the here developed alternative measures seems
promising.
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Figure 11: AsyStd of AHI in terms of its actual RMSE at N = 100 for L = 4 in panel
AR(1)

29



