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time. With a continuous treatment, switchers cannot be matched to stayers with exactly
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1 Introduction

A popular method to estimate the effect of a treatment on an outcome is to compare over time
units experiencing different evolutions of their exposure to treatment. In practice, this idea is im-
plemented by estimating regressions that control for unit and time fixed effects. |de Chaisemartin
and D’Haultfceuille| (2022) find that 26 of the 100 most cited papers published by the AER from
2015 to 2019 have used a two-way fixed effects (TWFE) regression to estimate the effect of a
treatment on an outcome. |de Chaisemartin and D’Haultfoeuille| (2020)), |(Goodman-Bacon| (2021)),
and Borusyak et al.| (2021) have shown that TWFE regressions are not robust to heterogeneous
effects: under a parallel trends assumption, those regressions may estimate a weighted sum of
treatment effects across periods and units, with some negative weights. Owing to the negative
weights, the treatment coefficient in TWFE regressions could be, say, negative, even if the treat-
ment effect is positive for every unit x period. Importantly, the result in de Chaisemartin and

D’Haultfoeuille (2020) applies to binary, discrete, and continuous treatments.

Several alternative difference-in-difference (DID) estimators robust to heterogeneous effects have
been recently proposed (see Table 2 of [de Chaisemartin and d’Haultfoeuille, [2023], for a review
of the estimators available to practitioners, depending on their research design). Some of them
apply to designs with binary treatments (see |Sun and Abraham, 2021; Callaway and Sant’Annal
2021; [Borusyak et al. [2021). Others apply to designs with binary or discrete treatments (see
de Chaisemartin and D’Haultfoeuille, 2020|, 2022)). Finally, other estimators apply to designs
where all units start with a treatment equal to 0, and then get treated with heterogeneous, po-
tentially continuously distributed treatment intensities (see|de Chaisemartin and D’Haultfceuille,
2022; (Callaway et al., [2021). This last set of papers is most closely related to ours, but it does
not consider the case where the treatment is continuously distributed at every period. The goal
of this paper is to complement the literature, by proposing heterogeneity-robust DID estimators
for such treatments. This extension is important: TWFE regressions have often been used to
estimate the effect of treatments continuously distributed at every time period, such as trade

tariffs (see [Fajgelbaum et al., [2020]) or precipitations (see Deschénes and Greenstone, 2007)).

We assume that we have a panel data set, whose units could be geographical locations such as
states or counties. We start by considering the case where the panel has two time periods. We
assume that from period one to two, the treatment of some units, hereafter referred to as the
switchers, changes. On the other hand, the treatment of other units, hereafter referred to as
the stayers, does not change. Our first target parameter is the average, across all switchers, of
the effect of moving their treatment from its period-one to its period-two value scaled by the
difference between these two values. In other words, our target parameter is the average slope
of switchers’ potential outcome function, from their period-one to their period-two treatment,
hereafter referred to as the Average Of Switchers’ Slopes (AOSS). The AOSS can be interpreted



as an average marginal effect of the treatment. We propose a regression-based estimator of the
AOSS. First, one runs a (potentially non-parametric) regression of the outcome evolution on
the period-one treatment, among stayers. Second, one uses that regression to predict switch-
ers’ counterfactual outcome evolution, had their treatment not changed. Third, one subtracts
each switcher’s counterfactual evolution to its actual evolution, and divides this DID by the
switcher’s treatment evolution, thus yielding an estimator of its period-two potential-outcome
function’s slope, between its period-one and its period-two treatment. Finally, one averages

those estimators across all switchers.

When some switchers experience a small treatment change from period one to two, estimators of
the AOSS may be noisy, owing to the small denominator of those switchers’ slope estimator (see
Graham and Powell, 2012)). Accordingly, we also consider a second causal effect. This effect is a
weighted average, across all switchers, of the slope of each switcher’s potential outcome function
from its period-one to its period-two treatment, where switchers receive a weight proportional
to the absolute value of their treatment change from period one to two. Hereafter, we refer to
this causal effect as the Weighted Average Of Switchers’ Slopes (WAOSS). On top of avoiding
the small-denominator problem, another advantage of this parameter is that it can be estimated
by a regression-based estimator and by a propensity-score based estimator, thus implying that
it can also be estimated by a doubly-robust estimator. Beyond those statistical advantages, we
show that if treatments change because of the introduction of a policy, the WAOSS is the key

quantity to compute in a cost-benefit analysis of the policy.

Overall, our key idea is to compare switchers and stayers with the same value of the treatment at
period one. Comparing switchers and stayers with the same period-one treatment is important:
unconditional comparisons of switchers and stayers implicitly assume constant treatment effects
over time. With a continuous treatment, switchers cannot be matched to stayers with exactly the
same period-one treatment, but comparisons of switchers and stayers with the same period-one
treatment can still be achieved by a non-parametric regression, as implemented in our estimator
of the AOSS and in our first estimator of the WAOSS, or by propensity score reweighting, as

implemented in our second estimator of the WAOSS.

The estimators proposed so far require that there be some stayers, whose treatment does not
change from period one to two. This assumption is likely to be met when the treatment is say,
trade tariffs: tariffs’ reforms rarely apply to all products, so it is likely that tariffs of at least
some products stay constant over time. On the other hand, this assumption is unlikely to be
met when the treatment is say, precipitations: for instance, US counties never experience the
exact same amount of precipitations over two consecutive years. We show that our identification
results can be extended to the case where there are no stayers, provided there are quasi-stayers,
meaning units whose treatment barely changes from period one to two. This assumption is likely

to hold when the treatment is, say, precipitations: for every pair of consecutive years, there are



probably some US counties whose precipitations almost do not change.

Finally, we extend our results to applications with more than two time periods, and where the
treatment may have dynamic effects. We also show how to test for pre-trends, and discuss how

our estimators can be applied to discrete treatments taking a large number of values.

Some of our estimators can be computed by the did_multiplegt Stata and R packages, while
other estimators can be computed by the did_multiplegt_dyn Stata package. Below, we give

the syntax one should use to compute them.

Related Literature

As mentioned above, our paper is related to the recent literature on heterogeneity-robust DID
estimators. The two most closely related papers are de Chaisemartin and D’Haultfoeuille (2022])
and |Callaway et al.| (2021), who also propose DID estimators of the effect of a continuous
treatment. Here, we assume that the treatment is continuously distributed at every period,
while they rule out that possibility. For instance, |Callaway et al.| (2021]) assume that all units
have a treatment equal to zero in period one. de Chaisemartin and D’Haultfoeuille (2022))
consider more general designs, but they still do not allow units’ period-one’s treatments to be
continuously distributed. Accordingly, our paper does not overlap, with and complements those

two papers.

Our paper builds upon several previous papers in the DID literature. First, it is closely related
to the pioneering work of |Graham and Powell (2012), who also propose DID estimators of the
AOSS when the treatment is continuously distributed at every time period. They also allow
for time-varying treatment effects, but rely on a linear treatment effect assumption (see their
Equation (1)) and assume that units experience the same evolution of their treatment effect over
time, a parallel-trends-on-treatment-effects assumption (see their Assumption 1.1(i) and (iii)).

Our estimators, on the other hand, do not place any restriction on treatment effects.

The idea to compare switchers and stayers with the same baseline treatment also appears in
de Chaisemartin and D’Haultfoeuille| (2018)), [de Chaisemartin and D’Haultfoeuille (2020)), and
de Chaisemartin and D’Haultfceuille (2022)), who had used that idea to form DID estimators of
the effect of a binary or discrete treatment. With a non-continuous treatment, there will often
be switchers and stayers with the exact same baseline treatment. With a continuous treatment,
the sample will not contain switchers and stayers with the exact same baseline treatment, so
this paper’s contribution is to use non-parametric regression or propensity-score reweighting to

compare switchers and stayers “with the exact same baseline treatment”.

Finally, D’Haultfoeuille et al. (2021) also consider a DID-like estimator of the effect of a continu-

ous treatment, but their estimator relies on a common change assumption akin to that in |Athey



and Imbens| (20006)) rather than on a parallel trends assumption. Our first identification result
is also related to Hoderlein and White (2012), who show how to identify the average marginal
effect of a continuous treatment with panel data. The main difference is that they rule out any

systematic effect of time on the outcome.

2 Set-up and assumptions

A representative unit is drawn from an infinite super population, and observed at two time
periods. This unit could be an individual or a firm, but it could also be a geographical unit,
like a county or a region.[] All expectations below are taken with respect to the distribution
of variables in the super population. We are interested in the effect of a continuous and scalar
treatment variable on that unit’s outcome. Let D; (resp. Ds) denote the unit’s treatment at
period 1 (resp. 2), and let Dy (resp. Ds) be the set of values Dy (resp. Ds) can take, i.e.
its support. For any d € Dy U Dy, let Yi(d) and Y3(d) respectively denote the unit’s potential
outcomes at periods 1 and 2 with treatment dE] Finally, let Y; and Y5 denote their observed
outcomes at periods 1 and 2. Let S = 1{Dy # D;} be an indicator equal to 1 if the unit’s

treatment changes from period one to two, i.e. if they are a switcher.

In what follows, all equalities and inequalities involving random variables are required to hold
almost surely. For any random variables observed at the two time periods (X7, X53), let AX =
X5 — X, denote the change of X from period 1 to 2.

We make the following assumptions.
Assumption 1 (Parallel trends) For all d € Dy, E(AY (d)|Dy = d, D) = E(AY (d)| Dy = d).

Assumption |1 is a parallel trends assumption. It requires that AY(d) be mean independent
of Ds, conditonal on Dy = d. It has one key implication we leverage for identification: the
counterfactual outcome evolution switchers would have experienced if their treatment had not

changed is identified by the outcome evolution of stayers with the same period-one treatment:

E(AY(d)|Dy=d,S=1)=E(AY(d)|D; =d,S =0). (1)
Accordingly, the DID estimators we propose below compare switchers and stayers with the same
period-one treatment.

Instead, one could propose DID estimators comparing switchers and stayers, without condi-
tioning on their period-one treatment. On top of Assumption , such estimators rest on two

supplementary conditions:

'In that case, one may want to weight the estimation by counties’ or regions’ populations. Extending the

estimators we propose to allow for such weighting would be straightforward.
2Throughout the paper, we implicitly assume that all potential outcomes have an expectation.



(i) B(AY(d)|D, = d) = E(AY (d)).
(ii) For all (d,d') € D?, B(AY(d)) = E(AY(d)).

(i) requires that all units experience the same evolution of their potential outcome with treatment
d, while Assumption [Ijonly imposes that requirement for units with the same baseline treatment.
Assumption [I] may be more plausible: units with the same period-one treatment may be more
similar and more likely to be on parallel trends than units with different period-one treatments.
(ii) requires that the trend affecting all potential outcomes be the same. Rearranging, (ii) is
equivalent to assuming F(Ys(d) — Y2(d')) = E(Yi(d) — Yi(d')): the treatment effect should be
constant over time, a strong restriction on treatment effect heterogeneity. Assumption [I], on the
other hand, does not impose any restriction on treatment effect heterogeneity, as it only restricts
one potential outcome per unit. Overall, conditioning on D; has two advantages: i) it makes
the parallel trends assumption more plausible, as in a DID-matching estimation strategy where
parallel trends is often more plausible after conditioning on some covariates (see, e.g., Abadie,

2005)); ii) it avoids assuming that treatment effects do not vary over time.

Finally, note that because it imposes parallel trends conditional on prior treatment, Assumption
is connected to the sequential ignorability assumption, another commonly-used identifying
assumption in panel data models (see, e.g., Robins| |1986; Bojinov et al. 2021)). Sequential
ignorability requires that treatment be randomly assigned conditional on prior treatment and

outcome, which implies parallel trends conditional on prior treatment and outcome.

Assumption 2 (Bounded treatment, Lipschitz potential outcomes, bounded outcome trends)

1. Dy and Dy are bounded subsets of R.

2. For all t € {1,2} and for all (d,d') € D?, there is a random variable Y > 0 such that
Yi(d) — Yi(d)| < Y|d — d'|, with Sup(q, 4,)esupp(Dr,05) E[Y |D1 = di, D2 = d5] < oo.

€Supp

Assumption [2]is a technical condition ensuring that all the expectations below are well defined.
It requires that the set of values that the period-one and period-two treatments can take be
bounded. It also requires that the potential outcome functions be Lipschitz (with an individual
specific Lipschitz constant). This will automatically hold if d — Y5(d) is differentiable with

respect to d and has a bounded derivative.

For estimation and inference, we assume we observe an iid sample with the same distribution as
(}/1)}/27 Dl) D2>:

Assumption 3 (i7id sample) We observe (Y;1,Yi2, D1, Di2)i<i<n, that are independent and
identically distributed vectors with the same probability distribution as (Y1, Ys, D1, Ds).

Importantly, Assumption [3| allows for the possibility that Y; and Y5 (resp. D; and D) are

serially correlated, as is commonly assumed in DID studies (see Bertrand et al., 2004)).
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3 Estimating the average of switchers’ potential-outcome’s slopes
3.1 Target parameter

In this section, our target parameter is

5o p <Y2<DQ> ~ Ya(Dy)

Dy — Dy

sz1>. 2)

01 is the average, across switchers, of the effect of moving their treatment from its period-one
to its period-two value, scaled by the difference between these two values. In other words, d&;
is the average of the slopes of switchers’ potential outcome functions, between their period-one
and their period-two treatments. Hereafter, 9, is referred to as the Average Of Switchers’ Slopes
(AOSS). Note that with a binary treatment such that all units are untreated at period 1 and
some units get treated at period 2, the AOSS reduces to the standard average treatment effect
on the treated. Thus, the AOSS generalizes that parameter to non-binary treatments and more

complicated designs.

The AOSS averages effects of discrete rather than infinitesimal changes in the treatment as in
Hoderlein and White| (2012), for instance. But if one slightly reinforces Point 2 of Assumption
by supposing that d — Y5(d) is differentiable on D; U D,, by the mean value theorem,

Ya(Ds) = Ya(Dy)
Dy — D,

~vi(p)

for some D € (min(Dy, Dy), max(Dy, Dy)). Then, the AOSS is an average marginal effect on

switchers:

o= E[Y; (D)|S =1]. (3)

The only difference with the usual average marginal effect on switchers E[Y;(D3)|S = 1] is that

the derivative is evaluated at D instead of Ds.

implies that unlike TWFE regression coefficients, the AOSS satisfies the no-sign reversal
property. If Y7 (d) > 0 for all d, ; > 0: if increasing the treatment always increases the outcome

of every switcher, the AOSS is positive.

However, the AOSS is a local effect. First, it only applies to switchers. Second, it measures
the effect of changing their treatment from its period-one to its period-two value, not of other
changes of their treatment. Still, the AOSS can be used to identify the effect of other treatment
changes under shape restrictions on the potential outcome function. First, assume that the

potential outcomes are linear: for t € {1, 2},

Yi(d) = Yi(0) + Byd,



where B; is a slope that may vary across units and may change over time. Then, §; =
E (Bs|S = 1): the AOSS is equal to the average, across switchers, of the slopes of their potential
outcome functions at period 2. Therefore, for all d # d', E(Y2(d)—Ya(d')|S = 1) = (d—d')d;: un-
der linearity, knowing the AOSS is sufficient to recover the ATE of any uniform treatment change
among switchers. Accordingly, the AOSS can be used to evaluate other treatment changes than
the one that was effectively implemented. Of course, this only holds under linearity, which may

not be a plausible assumption. Assume instead that d — Y5(d) is convex. Then, for any € > 0,
E(Ya(Dg +€) —Yo(D1)|S =1) > E (Yo(D2) — Yo(D1)|S = 1) + €6

E (Y5(Ds) — Ya(D1)|S = 1) can be identified following the same steps as those we use to identify
the AOSS below. Accordingly, under convexity one can use the AOSS to obtain a lower bound
of the effect of changing the treatment from D; to a larger value than D,. For instance, in
Fajgelbaum et al.| (2020), one can use this strategy to derive a lower bound of the effect of even
larger tariffs’ increases than those implemented by the Trump administration. Under convexity,
one can also derive an upper bound of the effect of changing the treatment from D; to a lower
value than D,. And under concavity, one can derive an upper (resp. lower) bound of the effect of
changing the treatment from D; to a larger (resp. lower) value than Dy EI Note that our results
below concerning the identification and estimation of the AOSS hold even if the aforementioned
linearity or convexity/concavity conditions fail. But those conditions are necessary to use the

AOSS to identify or bound the effects of alternative policies.

3.2 Identification

To identify the AOSS, we use a DID estimand comparing switchers and stayers with the same
period-one treatment. This requires that there be no value of the period-one treatment D; such

that only switchers have that value, as stated formally below.

Assumption 4 (Support condition for AOSS identification) P(S =1) > 0 and P(S = 1|D;) <
1.

Note that Assumption 4] implies that P(S = 0) > 0: while we assume that the treatments D,
and D, are continuous, we also assume that the treatment is persistent, and thus AD has a

mixed distribution with a mass point at zero.

To identify the AOSS, we also start by assuming that there are no quasi-stayers: the treatment

of all switchers changes by at last ¢ from period one to two, for some strictly positive c.

Assumption 5 (No quasi-stayers) 3¢ > 0: P(|[AD| > ¢[S =1) = 1.

3See ID’Haultfoeuille et al. (2021)) for bounds of the same kind obtained under concavity or convexity.



We relax Assumption [5] just below.
Theorem 1 If Assumptions hold,

_ _(AY —EQAY|D,S=0)|,
51—E( AD S=1].

Intuitively, the effect of changing switchers’ treatment from its period-one to its period-two
value is identified by a DID comparing their outcome evolution to that of stayers with the same
period-one treatment. Then, this DID is normalized by AD, to recover the slope of switchers’

potential outcome function, between their period-one and their period-two treatments.

If there are quasi-stayers, the AOSS is still identified. For any n > 0, let S, = 1{|AD| > n} be
an indicator equal to one for switchers whose treatment changes by at least n from period one
to two.

Theorem 2 If Assumptions [1{ hold,

, AY — E(AY|Dy,S = 0)

0 =1lmFE =1].

S ( AD S

If there are quasi-stayers whose treatment change is arbitrarily close to 0 (i.e. fiapjs=1(0) > 0),

the denominator of (AY — E(AY|Dy,S = 0))/AD is very close to 0 for them. On the other
hand,

AY — E(AY|Dy, S = 0)
=Y3(Ds) — Ya(Dy) + AY(Dy) — E(AY(D1)|Dy, S = 0)
~AY (D,) — E(AY (Dy)|Dy, S = 0),

so the ratio’s numerator may not be close to 0. Then, under weak conditions,

5 (|AY — B(AY|D,, S = 0)
AD

HS:1>:—I—OO.

Therefore, we need to trim quasi-stayers from the estimand in Theorem [I], and let the trimming
go to 0 to still recover 47, as in (Graham and Powell| (2012)) who consider a related estimand
with some quasi-stayers. Accordingly, while the AOSS is still identified with quasi-stayers, it is

irregularly identified by a limiting estimand.

3.3 Estimation and inference

With no quasi-stayers, F ((AY — E(AY|Dy,S =0))/AD|S = 1) can be estimated in three steps.

First, one estimates E(AY|D;, S = 0) using a non-parametric regression of AY; on D, among



stayers. Second, for each switcher, one computes E (AY|D; = D;4, S = 0), its predicted outcome
evolution given its baseline treatment, according to the non-parametric regression estimated
among stayers. Third, one lets

| AY; — E(AY|Dy = D;1,S = 0)
51 = Z 7 ;

where ng, = #{i : S; = 1}.

To estimate E(AY|D;,S = 0), we consider a series estimator based on polynomials in Dy,

(Pr.rc,, (D1))1<k<k,- We make the following technical assumption.

Assumption 6 (Conditions for asymptotic normality of AOSS estimator)
1. Dy is continuously distributed on a compact interval I, with infae; fp,(d) > 0.
2. E[AY? < oo and d — E[AY?|D; = d] is bounded on I.
3. P(S=1)>0 and supy; P(S =1|D; =d) < 1.

4. The functions d — E[(1 — S)AY|Dy, = d|, d — E[S|Dy; = d] and d — E[S/AD|D, = d|
are four times continuously differentiable.

5. The polynomials d — pyk, (d), 1 < k < K, are orthonormal on I and K'*/n — +oo,

K'/n—0.

Point 3 is a slight reinforcement of Assumption 4 In Point 5, K!?/n — oo requires that K,,, the
order of the polynomial in D; we use to approximate E(AY|Dy,S = 0), goes to +00 when the
sample size grows, thus ensuring that the bias of our series estimator of E(AY|D;,.S = 0) tends

to zero. K /n — 0 ensures that K,, does not go to infinity too fast, thus preventing overfitting.
Theorem 3 If Assumptions I3 and [3{g hold,

Vi (5= 8) 5 N0, V().

where

by = E(lS) {(Ai) _E (ASD' D1> E[(ll—_SS|)Dl]> IAY — E(AY|Dy, S = 0)] — 515} .

Theorem 3| shows that without quasi-stayers, the AOSS can be estimated at the \/n—rate, and
gives an expression of its estimator’s asymptotic variance. With quasi-stayers, we conjecture
that the AOSS cannot be estimated at the \/n—rate. This conjecture is based on a result from

10



Graham and Powell (2012)). Though their result applies to a broader class of estimands, it

5,-1)

cannot be estimated at a faster rate than n'/3. The estimand in the previous display is closely

sn—1>

in Theorem 2| and is equal to it if E(AY|Dy,S = 0) = E(AY|S = 0). Then, even though

the assumptions in Graham and Powell (2012) differ from ours, it seems reasonable to assume

implies in particular that with quasi-stayers,

lim &
40

AY — E(AY]S = 0)
AD

related to our estimand

__(AY — B(AY|Dy, S =0)
lim B
o ( AD

that their general conclusion still applies to our set-up: here as well, owing to d,’s irregular
identification, this parameter can probably not be estimated at the parametric \/n—rate with
quasi-stayers. This is one of the reasons that lead us to consider, in the next section, another

target parameter that can be estimated at the parametric y/n—rate with quasi-stayers.

Finally, on top of estimating the AOSS, a natural idea would be to also use the estimators
(AY; — E(AY|Dy = D;1,S = 0))/AD; to estimate the distribution of switchers’ slopes, rather
than just their average. Doing so is not straightforward, but may be achieved resorting to
deconvolution techniques, under some assumptions (see, e.g., |Arellano and Bonhomme, 2012).

We do not pursue that route here.

4 Estimating a weighted average of switchers’ potential-outcome’s

slopes
4.1 Target parameter

In this section, our target parameter is

L |Dy — Dy Ys(Ds) — Yao(Dy)
02 :=E (E(\D2 “DIS=1 """ Ds— D
E (sgn(Dy — D1)(Y2(Do) — Ya(D1))|S = 1)
E(|Dy — D4]|S =1) '

-)

09 is a weighted average of the slopes of switchers’ potential outcome functions from their period-

one to their period-two treatments, where slopes receive a weight proportional to switchers’
absolute treatment change from period one to two. d, gives a weight larger than one to the slopes
of switchers whose treatment increased more than the average among switchers (|Dy — D] >

E(|Dy — D4||S = 1)), and it gives a weight lower than one to the slopes of switchers whose

11



treatment increased less than the average among switchers (|Dy — D1| < E(|Dy — Dq|S = 1)).
Accordingly, we refer to dy as the Weighted Average Of Switchers’ Slopes (WAOSS). All slopes
are weighted positively, so the WAOSS satisfies the no-sign reversal property, like the AOSS.
The WAOSS and AOSS may differ, if switchers’ slopes are correlated with |Dy — Dy].

The AOSS and WAOSS serve different purposes. As discussed above, under shape restrictions
on the potential outcome function, the AOSS can be used to identify or bound the effect of other
treatment changes than the actual change switchers experienced from period one to two. The
WAOSS cannot serve that purpose, but under some assumptions, it may be used to conduct
a cost-benefit analysis of the treatment changes that took place from period one to two. To
simplify the discussion, let us assume in the remainder of this paragraph that Dy > D;. Assume
also that the outcome is a measure of output, such as agricultural yields or wages, expressed in
monetary units. Finally, assume that the treatment is costly, with a cost linear in dose, uniform
across units, and known to the analyst: the cost of giving d units of treatment to a unit at

period t is ¢; x d for some known (c;)seq1,23- Then, D, is beneficial relative to Dy if and only if

E(Yé(DQ) — CQDQ) >E(Y2(D1) — CQDl)

= 52 >Co,

where the equivalence follows from the fact we momentarily assume Dy > D;. Then, comparing
09 to the per-unit treatment cost is sufficient to evaluate if changing the treatment from D; to
Dy was beneficial. For instance, when studying the effects of an increase in temperatures, due
to climate change, on various economic outcomes (e.g. agricultural yields, labor productivity,
etc.), one can compare the sum of the WAOSSes of all those outcomes, a measure of the average
total economic impact of raising temperatures by one degree across switchers, to an estimate of
the per-switcher cost of reducing emissions by a sufficient amount to reduce temperatures by a

degree over the period under consideration.

4.2 Identification

We now show that 9, is identified by a regression-based and by a propensity-score based estimand.
Though we do not formally show it here, d5 could also be identified by a doubly-robust estimand.
This is a further advantage of considering the WAOSS rather than the AOSS: unlike the former,

the latter parameter can only be identified by a regression-based estimand.
Let S+ = ]_{DQ — D > 0}, S_ = 1{D2 — D < 0} and
B (3(Ds) = Va(D1)]S = 1)
E(Dy — Dy|Sy =1) ’
E (V,(Dy) = Ya(Da)[S_ = 1)
E(Dy—Dy|S_=1) '

Joy 1=

52_ =
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Hereafter, units with S, = 1 are referred to as “switchers up”, while units with S_ = 1 are
referred to as “switchers down”. Thus, doy is the WAOSS of switchers up, and o is the
WAOSS of switchers down. One has

P(S; =1|S = )E(D; — D[Sy = 1) ¢
E(|Dy — Dy||S =1) >t

P(S_ =1|S =1)E(D; — Ds|S_ = 1)52_' n
E(|Dy — D4||S =1)

(52:

_|_

To identify do; (resp. dz_) we use DID estimands comparing switchers up (resp. switchers down)
to stayers with the same period-one treatment. This requires that there be no value of D; such
that some switchers up (resp. switchers down) have that baseline treatment while there is no
stayer with the same baseline treatment, as stated formally in Point 1 (resp. 2) of Assumption
below.

Assumption 7 (Support conditions for WAOSS identification)
1. 0 < P(Sy =1), and 0 < P(Sy = 1|Dy) implies that 0 < P(S = 0|Dy).
2. 0< P(S_-=1), and 0 < P(S_ = 1|Dy) implies that 0 < P(S = 0|Dy).

Theorem 4 1. If Assumptions and Point 1 of Assumption |7 hold,
E(AY — E(AY|Dy,S = 0)[S, = 1)

02+ = E(AD|S; =1) (5)
P(S 1|D1)
— E(aY]s, =1) - (AY (S+ 0|‘Dl> &—1)‘5 - 0) (6)
E(AD|S, =1) '

2. If Assumptions[I{F and Point 2 of Assumption[7 hold,
E(AY — E(AY|Dy, S = 0)|S_ = 1)

02— = E(AD|S_ =1) (M)
 E(AY|S. =1) - E (AY ZESP0 FOS0NS = ) .
B E(AD|S_ =1) ' (®)

If Assumptions I3 and Assumption [7 hold,
E [sgn(AD) (AY — E(AY|D,S =0))]

= E[AD] ¥
 E[sgn(AD)AY] — B [Ay HE=R - p(S — 0)| § = 0] 0)
- E[|AD]] '

Point 1 of Theorem {4|shows that ds,, the WAOSS of switchers-up, is identified by two estimands,

a regression-based and a propensity-score-based estimand. Point 2 of Theorem 4] shows that d,_,
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the WAOSS of switchers down, is identified by two estimands similar to those identifying ds,
replacing S, by S_. Finally, if the conditions in Point 1 and 2 of Theorem [ jointly hold,
it directly follows from that 0o, the WAOSS of all switchers, is identified by a weighted
average of the estimands in Equations and , and by a weighted average of the estimands

in Equations @ and . Those weighted averages simplify into the expressions given in Point
3 of Theorem [l

4.3 Estimation and inference

The regression-based estimands identifying do, and do_ can be estimated following almost the
same steps as in Section [3.3] Specifically, let

i iy =1 (AYi B E<AY|D1 = D;1,5 = 0))
s, 1 AD;

L Tis o1 (AY: — BQAY|D, = D1, 5 = 0)
n% s, =1 AD; ’

5o
5, =

o =
where n, = #{i: S;y =1} and n_ = #{i : S;_ = 1}, and where E(AY|Dy, S = 0) is the series
estimator of F(AY|Dy,S = 0) defined in Section [3.3| of the paper. Then, let

n4 1
- Xy Zisiy =1 AD;
n_— 1 9
1 ADZ - X P Zi:Si_zl ADl

Wy = 5
+ 1 )
n X ny ZZ!S¢+:

and let
0y =W105, + (1 — 4 )d5_
be the corresponding estimator of ds.

We now propose estimators of the propensity-score-based estimands identifying do, and d_ in
Equations (6) and (§). Let P(S; = 1) = ny/n (resp. P(S_ = 1) = n_/n, P(S = 0) =
(n — ns)/n) be an estimator of P(S, = 1) (resp. P(S_ = 1), P(S = 0)). Let P(S, = 1|Dy)
(resp. P(S_ = 1|Dy), P(S = 0|D;)) be a non-parametric estimator of P(S, = 1|D;) (resp.
P(S_ = 1|Dy), P(S = 0|D,)) using a series logistic regression of S;; (resp. S;—, 1 —5;) on

polynomials in Dy (p k, (D1))1<k<k,. We make the following technical assumption.

Assumption 8 (Technical conditions for asymptotic normality of propensity-score WAOSS es-

timator)
1. Dy is continuously distributed on a compact interval I, with infae; fp,(d) > 0.

2. E[AY? < oo and d — E[AY?|D; = d] is bounded on I

14



3. 0< E[Sy] <1,0<E[S_] <1, E[S] >0 and supye; E[S|D1 =d] < 1

4. The functions d — E[AY (1 — S)|Dy = d|, d — E[S|D; = d|, d — E[S{|D; = d] and
d — E[S_|Dy = d] are four times continuously differentiable.

5. The polynomials d — pyk,(d), k < 1 < K,, are orthonormal on I and K, = Cn” where
1/10 < v < 1/6.

Let
BERY P(84=1|D1=Di1) P($=0)
Sgs Nt ZZ:S -1 AY; — n—ns ZIS 0 A P(5=0|D1=Di1) P(S4=1)
+ 1 EzS+_1 A‘D
1 (S_=1|D1=D;;) P(S=0)
sos " D T OAY P($=0|D1=Di1) P(S_=1)
o n% Zi:&;:l ADZ ’
and let

be the corresponding estimator of dy. Let

1

Yoy = E(ADS,) { <5+ - E(S+’D1 1 — S]D ) (AY — E(AY[Dy, 5 =0)) — 52+AD5+}
1

Py = E(ADS) { <S — E(S,]Dl 1 — S]D ) (AY — E(AY|Dy,S =0)) — 52ADS}

. 1 _ (1 S
ba = E<|AD|>{<S+ S-— B8 = 51D g swn)

X (AY — E(AY|Dy,S =0)) — 6 |AD| (S, — S_)}.
Theorem 5 1. If Assumptions and[g hold,

Vi (05,05 ) = (B 0-)') =5 N0,V (24, 02-))).

and
vn (35 - 52) —L N0,V ().
2. If Assumptions and [§ hold,

Vi (355,35 = (B2 )') 5 N0, V(10255 ))):

and
Vi (08 = 62) =5 N(0,V (1s).
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Point 1 (resp. 2) of Theorem [5| shows that 5’2"+, o5 and 0} (resp. 0%, 05° and 05°) are

v/n—consistent and jointly asymptotically normal.

Sg can be computed by the did_multiplegt Stata command. To do so, the syntax is:
did_multiplegt Y G T D, controls((1{t = 2}pr k, (D1))1<k<K,) -
Essentially, one just needs to control for the interaction of a period-two indicator and the poly-

nomial in D; one uses to estimate switchers’ counterfactual trend.

5 Extensions
5.1 No stayers

So far we have assumed that P(S = 0) > 0, meaning that there are units whose treatment
does not change over time. We now show that when this is not the case, the WAOSS can
still be estimated, provided there are quasi-stayers, meaning units whose treatment “barely”
changes between periods 1 and 2, a requirement we formalize below. The AOSS can also still be
estimated without stayers and with quasi-stayers, but we conjecture that the resulting estimator
will converge at an even slower rate than the estimator of the WAOSS we propose below, so we

do not consider it here.

To identify the WAOSS without stayers, we use a DID estimand comparing movers and quasi-
stayers with the same period-one treatment. This requires that there be no value of the period-
one treatment D such that some movers but no quasi-stayers have that value, as stated formally

below.

Assumption 9 (Support condition without stayers) P(S = 1) =1 and for alln > 0, P(S, =
0|D1) > 0.

Assumption @ implies that for all n > 0, P(S, = 0) > 0. This formalizes our requirement that
there be quasi-stayers: for any 7, including very small ones, there must be a strictly positive
proportion of units whose treatment changes by less than 7. Because S, < S for all n > 0,
Assumption@ is weaker than Assumption In particular, it does not require that P(S = 0) > 0.

Theorem 6 If Assumptions[1, [, and[9 hold,

_E [sgn(AD) (AY — lim, o E(AY| Dy, S, = 0))]

> E[[AD]

Theorem [6] shows that without stayers, d, is identified by a limiting regression-based estimand
similar to that in @, except that movers are compared to quasi-stayers with the same baseline

treatment, letting quasi-stayers’ AD go to zero, to ensure that in the limit, their outcome
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evolution only reflects the effect of time and not the effect of their treatment change. Without
stayers, 0o could also be identified by a limiting propensity-score-based estimand. However,
while we can rely on an existing statistical result to study the asymptotic distribution of an
estimator of the limiting regression-based estimand in Theorem [, we are not aware of a similar
result for a limiting propensity-score-based estimand. Accordingly, we only consider the limiting

regression-based estimand.

To estimate dy, remark that ds is a simple function of E(AY"), E(AD) and the more complicated

term

0y := E |sgn(AD) h{g E(AY|Dy, S, =0)|.
n

Let g(u,dy) := E[Yy — Y1|Dy — Dy = u, Dy = d;]. Under regularity conditions, we have 0, =
E[g(0, Dq)]. Thus, 6y corresponds to the marginal integration of the nonparametric regression
function ¢ with respect to the distribution of D;. We then follow |Linton and Nielsen| (1995)

and consider a plug-in estimator where g is estimated by a local linear estimator. Specifically,
E]\(U, dl) = BQ(U, dl) with
Au,d ,Au,d ,Au,d ‘= ar min ky, (AD; — u)ky,(Dy; — d
(Bo(u, dv), r(u, dr), B2(u, dy)) g(ﬁoﬂh&)eRg; b ( )k, (D1 1)
x (AY; = By — B1AD; — 52D1i)2 )

where ky(t) := k(t/b)/b, k is a kernel function and by, by are bandwidths. Then, we let § :=
Ly sgn(AD;)g(0, Dy;) and the estimator of d, is finally

1 n )
32: 51 i:rleYz !
=y AD;

n

We conjecture, following Linton and Nielsen (1995) or Corollary 2 in Kong et al. (2010), that
0y is asymptotically normal but with a nonparametric rate of convergence corresponding to a

univariate nonparametric regression.

5.2 Discrete treatments

While in this paper we focus on continuous treatments, our results can also be applied to discrete
treatments. In Section 4 of their Web Appendix, de Chaisemartin and D’Haultfoeuille, (2020])
already propose a DID estimator of the effect of a discrete treatment. The plug-in estimator of
09 one can form following Theorem [4] and using simples averages to estimate the non-parametric
regressions or the propensity scores is numerically equivalent to the estimator therein. This paper
still makes two contributions relative to [de Chaisemartin and D’Haultfceuille| (2020) when the
treatment is discrete. First, the estimator based on Theorem [I]was not proposed therein. Second,

with a discrete treatment taking a large number of values, the estimator in |de Chaisemartin and
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D’Haultfoeuille, (2020) may not be applicable as it requires finding switchers and stayers with
the exact same period-one treatment, which may not always be feasible. Instead, one can follow
Theorem [4], using a parametric model to estimate the regressions or the propensity scores entering

the estimands in that theorem.

5.3 More than two time periods

In this section, we assume the representative unit is observed at 7" > 2 time periods. Let
(D1, ..., D7) denote the unit’s treatments and D, = Supp(D,) for all t € {1,...,T}. For any
t € {1,...,T}, and for any d € D; let Y;(d) denote the unit’s potential outcome at period t
with treatment d. Finally, let Y; denote their observed outcome at t. For any ¢t € {2,..., T}, let
Sy = 1{D; # D;_1} be an indicator equal to 1 if the unit’s treatment switches from period ¢ — 1
to t. Let also Sy, = 1{D; > D;_1} be an indicator equal to 1 if the unit’s treatment increases
from period ¢ — 1 to ¢, and let S_; = 1{D, < D;_1} be an indicator equal to 1 if the unit’s

treatment decreases.

In this section, we will assume that the assumptions made in the paper, rather than just holding
for t = 1 and t = 2, actually hold for all pairs of consecutive time periods (¢ —1,¢). For instance,

we replace Assumption (1| by the following condition.

Assumption 10 (Parallel trends) For all t > 2, for all d € Dy_y, E(AY(d)|Dy—1 = d, Dy) =
E(AY(d)|Dy-1 = d).

To preserve space, we do not restate our other assumptions with more than two periods.

Let
51 — Yi(Dy) — Yi(Dyn)
1t D Dt )
) — E(K(Dt> K(Dt 1)|S+t =
2+t E(Dt Dt,1’5’+7t _ 1) )

E(Yi(Dy—1) = Yi(Dy)|S- = 1)

5 _ pum
2t E(Dt—l - Dt|S—,t - 1)

Theorem 7 If Assumption[10] and generalizations of Assumptions|2J to more than two periods

hold,
St - 1) .

i P(S;=1) 5, :i P(S;=1) s <AYt — E(AY;|D; 1, S = 0)
t=2 ZZ:2 P(Sy=1) ' t=2 ZZ:Q P(Sy=1) AD,
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Theorem 8 1. If Assumption and generalizations of Assumption [4 and Point 1 of As-
sumption [T to more than two periods hold,
ZT: P(S+,t - ].)E(ADt'SJﬁt - ].) 5
2+t
=2 5—2 P(Sik = 1)E(ADy[S4p = 1) "
T

L P(Sei= 1) (ADSii=1)  E(AY — E(AY[Dy 1,8 = 0)[Ss, = 1)
= Yo P(Se k= DE(AD|S = 1) E(ADy|S;; =1)
— S t= 1‘Dt 1) P St
= i (S+t =1)E(ADy|S;=1) E(AYy]S4 =1) - (AYt P(gt =0[D¢—1) P Eq+t D) ‘St _ 0)
t=2 Zk 2 (S+k = 1) (ADk‘S-hk - 1) (AD|S+,t - 1)

2. If Assumption and generalizations of Assumption [4 and Point 2 of Assumption [7 to

more than two periods hold,

. P(S_y=1E(-AD|S_, =1)

>

0o
ST L P(S_p = D)E(-ADS_p=1) "

_ T P(S_;=1)E(-AD{S_;=1) E(AY;— E(AY|D; 1,8 =0)|S_;=1)
ST L P(S_p=1E(—=ADS_p=1) E(ADyS_; =1)

& P(S.=DE(-ADS_, =1)  EAYIS =1) - B (A Rameesd 5O |s, = 0)
= Yk P(S_k = 1)E(=AD|S_ ) = 1) E(AD|S-; =1) '

Theorems [7] and [§] are straightforward generalizations of Theorems [I] and [ to settings with
more than two time periods. Note that we propose different weights to aggregate the AOSS and
WAOSS across time periods. For the AOSS, the weights are just proportional to the proportion
of switchers between ¢t — 1 and ¢. For the WAOSS, the weights are proportional to the proportion

of switchers times their average treatment switch.

A regression-based estimator following the first point of Theorem [8 can be computed as follows.
First, one restricts the sample to periods 1 and 2, and to stayers and switchers in whose treatment
increased. Then, one computes our regression-based estimator in that subsample, using the same
syntax as that given in the last paragraph of Section in the paper. Then, one repeats the
same procedure, restricting the sample to periods 2 and 3, to periods 3 and 4, ..., to periods
T — 1 and T, and replacing D; by D,_;. Finally, one aggregates the estimators computed for
every pair of consecutive time periods, using the sample equivalents of the weights in the first
point of Theorem [§] A regression-based estimator following the second point of Theorem
can be computed similarly, restricting the sample to stayers and switchers out for each pair of

consecutive time periods.

5.4 Testing for pre-trends

With several time periods, one can test the following condition, which is closely related to
Assumption [10}
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Assumption 11 (Testable parallel trends) For allt > 2,t < T—1, for alld € Dy_1, E(AY;(d)|D;—1 =
d, Dt7 Dt-i—l) - E(An(d”Dt_l - d)

To test that condition, one can compute a placebo version of the estimators described in the
previous subsection, replacing AY; by AY;_q, and restricting the sample, for each pair of con-
secutive time periods (¢ — 1,t), to units whose treatment did not change between ¢t —2 and t — 1.
Thus, the placebo compares the average AY;_; of the t — 1-to-t switchers and stayers, restricting
attention to t — 2-to-t stayers. The placebo we propose generalizes that in |de Chaisemartin and
D’Haultfoeuille, (2020) to applications with a continuous treatment. Finally, note that in appli-
cations with no stayers, it is less straightforward to propose placebo estimators of our parallel
trends assumption. The actual estimator already does not converge at the parametric rate. A
placebo would compare the average AY; 1 of t — 1-to-t switchers and quasi-stayers, restricting
attention to t — 2-to-t quasi-stayers. This placebo may converge at an even slower rate than
the actual estimator, unless a strictly positive proportion of units are ¢ — 2-to-t — 1 stayers or

quasi-stayers.

5.5 Allowing for dynamic effects

In this subsection, we allow for dynamic effects. The results below generalize those in |de Chaise-
martin and D’Haultfceuille| (2022)), who allow for dynamic effects, but require that groups’ period-
one treatment take a finite number of values. Here, we assume that groups’ period-one treatment
is continuously distributed. Though this is not of essence, to ease exposition we require that the

representative unit’s treatment can never get lower than their period-one treatment:
Assumption 12 (Lowest treatment at period one) For allt, Dy > D;.

It may be the case that Assumption |12 fails, for instance because for some units, the treatment
is at its lowest at period one, but for other units the treatment is at its highest at period one.
In that case, one can split the sample in two, and compute the estimators based on the results
below in the first subsample, and the negative of those estimators in the second subsample.
There may also be some units that have a treatment higher than their period-one treatment at
some time periods, but a lower treatment at other time periods. One may have to discard such
units, as the dynamic treatment effects of those units may conflate together effects of increases
and decreases of the treatment, and may not be interpretable, see the discussion of Assumption
5 in de Chaisemartin and D’Haultfceuille| (2022) for further details.

For all d € Dy x ... x Dr, let Y;(d) denote the potential outcome of the representative unit
at period t, if their treatments from period one to T" are equal to d. This dynamic potential

outcome framework is similar to that in Robins| (1986). It allows for the possibility that the
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outcome at time t be affected by past and future treatments. Let D = (Dy,...,Dr) bea 1 x T

vector stacking the representative unit’s treatments from period one to 7.
Assumption 13 (No Anticipation) For all d € Dy x ... x Dr, Yi(d) = Y,(dy, ..., dy).

Assumption requires that the current outcome do not depend on future treatments, the
so-called no-anticipation hypothesis. |Abbring and Van den Berg (2003) have discussed that as-
sumption in the context of duration models, and |Malani and Reif| (2015)), Botosaru and Gutierrez
(2018), and Sun and Abraham) (2021)) have discussed it in the context of DID models.

Let F' = min{t : D; # D;_1} denote the first date at which the representative unit’s treatment
changes, with the convention that F' = T'+1 if their treatment never changes. For all d € Dy, we
let d = (d, ...,d) denote a 1 x T vector with coordinates equal to d. We also let Dy = (Dy, ..., Dy)
denote a 1 x T vector with coordinates equal to Dy, the unit’s period-one treatment. We make
the following assumptions, which generalize Assumptions (1| and [4| to settings with more than

two time periods and dynamic effects.

Assumption 14 (Parallel trends, allowing for dynamic effects) For all t > 2, for all d € Dy,
E(Yi(Dy) = Y 1(D1)|D) = E(Y;(D1) = Yi_1(D1)|Dy).

Assumption 15 (Support condition, allowing for dynamic effects) For allt > 2,0 < P(F = 1),
and for all t' > t, the support of Dy|F =t is included in that of D1|F >t —1+4+: 0 < P(F =
t|1D1) =0< P(F>t—1+4+/0|Dy).

Assumption [I5| requires that the probability that the representative unit never changes its treat-
ment be strictly positive. When that condition fails, results below still hold, till the last period

where the probability of having never changed treatment is still strictly positive.

Theorem [9 below generalizes Theorems [7] and [§] to allow for dynamic effects. Let
60 =E (Yr_140(D) = Yp_1(D)|F <T —(+1).

The effects 0, identified in Theorem [9] correspond to the non-normalized event-study effects o,
studied in [de Chaisemartin and D’Haultfoeuille| (2022)). We refer the reader to that paper for

further details on those effects and their interpretation.

Theorem 9 If Assumptions and[15 hold, for any ¢ € {1,...,T — 1},
de
3 T—fl P(F =1t)
t=2 Zg:_zz“ P(F = k')
T—0+4+1 P(F — t)

= Zi—’:g—}—l P(F — ]{f) t—1+ t—1

P(F=t|D;) PF>t—1+1)
_E(“‘“"_Yt_l)P(F>t—1+€|D1) PF—1) ‘F>t—1+£>>. (12)

E(Yy14—Yi1—E(Yi1p—You|Dy, F>t—1+0|F=t) (11)
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shows that with a continuous period-one treatment, d, is identified by a regression-based
estimand, while shows that it is also identified by a propensity-score-reweighting-based esti-
mand. Those estimands generalize the estimands proposed in|de Chaisemartin and D’Haultfceuille

(2022) when the period-one treatment is discrete.

The non-normalized event-study effects compare, in period t — 1 + ¢, the actual outcome of
units whose treatment changed for the first time ¢ periods ago to the counterfactual outcome
they would have obtained if they had instead kept their period-one treatment from period one
to t. Assumption ensures that those effects can be interpreted as effects of increasing the
treatment, but they may aggregate together the effects of many different treatment trajectories.
de Chaisemartin and D’Haultfoeuille, (2022)) also propose normalized event-study estimands,
that equal weighted averages of the slopes of the potential outcome function with respect to
the current treatment and its lags. Those normalized event-study effects are also identified by

regression-based and propensity-score-based estimands similar to those in Theorem [9

A regression-based estimator following Theorem [J] can be computed by the did_multiplegt_dyn
Stata command. To do so, the syntax is:

did_multiplegt_dyn Y G T D, dynamic({) controls((X}_, 1{t = t'}pr.r,(D1))i<i<i,) »
where ¢ is the number of event-study effects one wishes to estimate. Essentially, one just needs
to control for the interaction of time fixed effects and the polynomial in D; one wishes to use to
estimate switchers’ counterfactual trend. To estimate normalized event-study effects, one just

needs to add normalized to the previous command.

6 Future work

In future work, we will use our results to revisit [Fajgelbaum et al.| (2020) and Deschénes and
Greenstone, (2007)).

7 Proofs

Hereafter, Supp(X) denotes the support of X. Note that under Assumption [2| one can show
that for all (t,t') € {0,1}?, E(Y;(Dy)) exists.

7.1 Theorem {1

The result is just a special case of Theorem [2] under Assumption [5| o
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7.2 Theorem [2

First, observe that the sets {5, = 1} are decreasing for the inclusion and {S = 1} = U,50{5, =
1}. Then, by continuity of probability measures,

11{101 P(S,=1)=P(S=1) >0, (13)
1

where the inequality follows by Assumption E] Thus, there exists n > 0 such that for all
n € (0,n), P(S, =1) > 0. Hereafter, we assume that n € (0, 7).

We have Supp(Dy|S, = 1) € Supp(D:|S = 1) and by Assumption [ Supp(D;|S = 1) C
Supp(D4|S = 0). Thus, for all (di,ds) € Supp(D1,Ds|S, = 1), di € Supp(D:]S = 0), so
E(Yrg(dl) — }/i(d1>’D1 = dl,S = O) = E(ng(dl) — }q(dl)‘Dl = dl,DQ = dl) is well-defined.

Moreover, for almost all such (dy, ds),
E(Ya(dy) = Yi(d1)|Dy = di, Dy = dp) =E(Ya(dy) — Y1(dy)| D1 = dy, Dy = dy)

where the first equality follows from Assumption[l] Now, by Point 2 of Assumption [2 [Ya(Dy) —
Y5(D1)]/AD admits an expectation. Moreover,

g <Y2(D2)A_DY2(D1) S, = 1)

B <E(Y2(D2) — Yi(D1)|Dy, Dy) — E(Ya(D1) — Yi(D1)[ Dy, Ds)

AD

5,-1)

_p (EAYIDy, Dy) — BQAY|D, S =0)[ _

N AD m

_ _(AY —E(AY|Dy, S =0)|,

_E< - S, = 1), (15)

where the first equality follows from the law of iterated expectations, the second follows from
, and the third again by the law of iterated expectations. Next,

& =Pr(S, =1|S=1)E [%(DQ)A_D%(D” S, = 1] +E [(1 - Sn)%(DQ)A_D%(Dl) S = 1] .
Moreover,
| 5 [(1_ SU)E(DQ)A—DMDJ s—1l|l<rla-s,) 13<D2>A—D13<D1> ‘ g 1]
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where the second inequality follows by Assumption . Now, by again, lim,o(1 —S,)Y =0
a.s. Moreover, (1 — S,)Y <Y with E[Y|S = 1] < co. Then, by the dominated convergence
theorem,

. Yo(D2) = Ya(D) | o] _
im B l“ Sn) AD S=1=0
We finally obtain
o Yo(D2) = Yao(D1) |,
51—17%%1E[ AD Sy =1]. (16)

The result follows by combining and 0

7.3 Theorem [3

Let AY =Yy — Vi, AD = Dy — Dy, (D)) = E[(1 — S)Y|Dy], po(Dy) = E[1 — S|D1]. In what
follows we let p(D1) = (u1(D1), p2(Dy)). From Theorem [l the parameter &; is characterized

o= [gp (s -so0-0)

by the condition:

Define:

9(Z,6, 1) = ASD (AY - ’;;Egg) — S5,

where Z = (Y1, Ys, Dy, D). Also define:

L) =~y = (D) = 220

We verify conditions 6.1 to 6.3, 5.1(i) and 6.4(ii) to 6.6 in Newey| (1994). Following his notation,
we let o = (110, 120)” and d19 represent the true parameters, and g(Z, u) = g(Z, d10, t)-

Step 1. We verify condition 6.1. First, since S is binary E[(S — E[S|D;])?|D;] = V[S|D;] <
1/4. On the other hand, E[((1 — S)AY — E[(1 — S)AY|D,])?|D;] < E[AY?|D;] < co by part
2 of Assumption [6] Thus, condition 6.1 holds.

Step 2. We verify condition 6.2. Since p (d;) is a power series, the support of D; is compact
and the density of D; is uniformly bounded below, by Lemma A.15 in Newey| (1995) for each K
there exists a constant nonsingular matrix A such that for PX(d;) = Axp®(d;), the smallest
eigenvalue of E[PX(D;)PX(D;)'] is bounded away from zero uniformly over K, and P¥ (D) is
a subvector of PE*1(Dy). Since the series-based propensity scores estimators are invariant to
nonsingular linear transformations, we do not need to distinguish between PX(d;) and p*(d;)
and thus conditions 6.2(i) and 6.2(ii) are satisfied. Finally, because pix(d;) = 1 for all K, for
a vector 7 = (1,0,0,...,0) we have that ¥'p*(d;) = 4, # 0 for all d;. Since Ag is nonsingular,
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letting v = A"y, v/ P*(dy) = 7' Ax' PX(d,) is a non-zero constant for all d; and thus condition
6.2(iii) holds.

Step 3. We verify condition 6.3 for d = 0. Since p”(d;) is a power series, the support of D,
is compact and the functions to be estimated have 4 continuous derivatives, by Lemma A.12 in
Newey| (1995) there is a constant C' > 0 such that there is 7 with Hu — (p®)w ’ < CK™®, where

in our case a = s/r = 4 since the dimension of the covariates is 1 and the unknown functions

are 4 times continuously differentiable. Thus, condition 6.3 holds.

Step 4. We verify condition 5.1(i). By part 3 of Assumption [6] p120(D1) = E[1 — S|Dy] =1—
E[S|D1] > 1—cp for some constant ¢y >0. Let C'=1—cys. For g such that || — ol < C/2,

9(Z, 1) = 9(Z; o) = L(Z, 11— pro, 10, o)
‘AD‘ Z;Eg % Z;gggﬂ B uzo(lpl) <H1(D1) — pao(Dr) — leggg(m(l)l) - H20(D1))>|
< Lm0y (1D~ (D) XD 1 D1) 1))
< i 21+ o cl*)2| / |p20(D1)]) max {1 (D) — so(D)| . l1a(Dy) — pian(D)]}2
< i 2(1+ |M10(D5)2| / |p20(D1)) = ioll

where the first inequality follows from Assumption [5] and the second inequality follows from
Lemma S3 in the Web Appendix of de Chaisemartin and D’Haultfoeuille| (2018). Thus, condition
5.1(i) holds.

Step 5. We verify condition 6.4(ii). First, E[(1 + |p10(D1)|/ |pa0(D1)])?] < oo. For power
series, by Lemma A.15 in Newey (1995), (a(K) = Sup|y—q er H@’\pK(:IJ)H < OK'2 50 setting
d=0,

K3
n

G(K) ((K/n)'? + K=) < CK ((K/n)'* + K~) = C ( + K" a) 0

since« =4 >1/2, K"/n — 0 and K — co. Finally,

ViG(K)? (5 + k) < onvak? (v ko) = ¢ <ﬁ+ \/E> 0

since K"/n — 0 and for a = 4, K% /n = K'?/n — co. Hence condition 6.4(ii) holds.
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Step 6. We verify condition 6.5 for d = 1 and where |u[; = sup|y<4es ‘8>‘,u(:17)H. Since
E[(1+ |pao(D1)] / |120(D1)])?] < o0,

215000 = |5+ s (D) = 22y )

< C(l_ch) (1 1 |HaolDy) ) ;-

fi20(D1)
Next, the same linear transformation of pX as in Step 2, namely P¥ is, by Lemma A.15 in

1/2
Newey| (1995)), such that ‘PkK‘d < CKY?2d As a result, (Zk ’P,f(‘j) < CK'?. Then, for

d=T,
1/2 -

(Z\P,ff) (1/K+K‘Q) < CK® (\/?ﬁLK‘O‘) :C<\/K+K3‘Q) —0
A 1 n n n

since K7/n — 0 and K3 = K~! — 0 for a = 4. Thus, condition 6.5 holds.

Step 7. We verify condition 6.6. Condition 6.6(i) holds for

0(D1) = [=E[S/AD| D1}/ p20(D1)I(1, —pa0(D1)/ 2o (D1)-

Because the involved functions are continuously differentiable, by Lemma A.12 from Newey
(1995)) there exist mx and &g such that:

# [Joto) e 0] = o - e[ < K

and
b M“O(Dﬁ - WKPK(Dl)m = H“O - prKHiO < CK—*

were we recall that o = 4. Thus, the first part of condition 6.6(ii) follows from

nk {H(S(Dl) - §KPK<D1)H2] E MMO(Dl) - WKPK(Dl)‘ﬂ < CnK'%—0.

Next,

K K®

GK)*— < C— =0

n n

and finally
2
Co(K)2E [HMO(Dl) — (D)) } < CK>2 50

and

2
E [H(S(Dl) — & (D) } < CK™ 0.
Thus, condition 6.6 holds.
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By inspection of the proof of Theorem 6.1 in [Newey (1994), condition 6.4(ii) implies 5.1(ii)
therein, conditions 6.5 and 6.2 imply 5.2 therein, and condition 6.6 implies 5.3 therein. Then,
conditions 5.1-5.3 inNewey| (1994) hold, and thus by his Lemma 5.1,

\/152;9(2@'751& \/_ Z (Zis o) + a(Zi)] + op(1) —a N(0, V)
where
_q)_ E (5| Dy
(@) =50y (M0~ —moD)] __EGEID) gy iy

(1 —=.8) = p20(Dn) E[1 — S|D,]

and V =F [(g(Zi, o) + a(2;)) (9(Zs, o) + a(Zi))’}. Finally note that:

a 1
\/5(51 —510) Z S \/—Zg Zz,5107 = E[S \/_Z ZZ,LLO —f—Oé(ZZ')] +0P(1)

and the result follows defining vy = [g(Z;, wo) + «(Z;)]/E[S]. o

7.4 Theorem [

We only prove the first point, as the proof of the second point is similar and @— follow by
combining these two points. Moreoer, the proof of is similar to the proof of Theorem (1] so it
is omitted. We thus focus on @ hereafter.

For all d; € Supp(D;|S; = 1), by Point 1 of Assumption [7, di € Supp(D;|S = 0). Thus,
E(AY|Dy = dy,S = 0) is well-defined. Then, using the same reasoning as that used to show
above, we obtain

E(}/Q(dl) - Y1<d1)‘D1 - dl,S+ = 1) = E(AY|D1 = dl,S - O)

Now, let Supp(D;|S; = 1)¢ be the complement of Supp(D;|S; = 1). For all d; € Supp(D;|S =
0) N Supp(D,|S; = 1)¢, P(Sy = 1|D; = dy) = 0. Then, with the convention that E(AY|D; =
dl,S+ == 1)P(S+ = 1|D1 = dl) = O,

E(AY|D, =d,, S = 0)P(Ss = 1|D; = dy)
—E(Ys(d)) — Yi(d)|Dy = dy, S, = 1)P(S+ = 1|D; = dy).

Combining the two preceding displays implies that for all d; € Supp(D;|S = 0),

E(AY|Dy =dy, S =0)P(S, = 1|Dy = dy)
—E(Ya(dy) — Yi(dy)|Dy = dy, S, = 1)P(S, = 1|Dy = dy).
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Hence, by repeated use of the law of iterated expectation,

P(S, =1Dy) P(S=0) |,
g (AY P(S = 0Dy) P(S, = 1>|S - 0)

=K

E[Ya(Dy) = Yi(Dy)|Dy, Sy = 1)];(5;:_01"5? If((si_zof)|s = 0)

P(S.=1|D;) 1-S
P(S=0[D1) P(S; = 1))

E

P(S, = 1|D
E[Y3(Dy) — Y1(Dy)|Dy, S = 1) (5 =1] 1>>

[0
) (E [Ya(Dy) — Y1(Dy)| Dy, Sy = 1)
E o

S
BD) = A(DIDL 5. = D e )
-

E (Ya2(D1) = Y1(D1)|S4 =1).

The result follows after some algebra. g

7.5 Theorem [5

We prove the result for the propensity-score-based estimator and drop the “ps” subscript to
reduce notation. Let py(d) = E[Sy|Dy = d], po(d) = E[1 — S|Dy = d|, us(d) = E[S_|Dy, = d|
and py (Dy) = E[AY (1 —S)|D;]. The logit series estimators of the unknown functions p;(d) are
given by ;(d) = A(P%(d)'#;) where A(z) = 1/(1+ e*) is the logit function and

0= Z(S A(PK(DIZ)/A ))PK(DIZ)
for Sj; equal to 1—-.5;, S;4 or S;_. Under Assumption there exists a constant 7; x that satisfies:

(1) 7

=0(K™“
- ()

and we let pj; x = A(P¥(Dy;)'m; k). We suppress the n subscript on K to reduce notation and
let p1j; := pj(Dn;) and fij; := f1;(Dy;). Under Assumptionpart 1, Lemma A.15 in Newey] (1995])
ensures that the smallest eigenvalue of E[PX(D;)P¥(D,)'], is bounded away from zero uniformly
over K. In addition, |Cattaneo| (2010) shows that under Assumption [8} the multinomial logit

series estimator satisfies:

s K
i — mill, = O(K™), ||1&; — 7kl = Op ( — K “/2)
A K .
;= 1l = Op (C(K) (\/:—l—K +1/2))
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where ((K) = supge; HPK(d)H Newey| (1994) also shows that for orthonormal polynomials, ((K)
is bounded above by C'K for some constant C, which implies in our case that ||f; — ;]|

Op (K (\/g + ot 2)) Throughout the proof, we also use the fact that by a second-order
mean value expansion, there exists a 7; such that:

fji — wjie = AP (D) 75) — AP (D1i) 'y )
= AP (D) 'm5,) P (D) (5 — mj.00) + A(PX (D)7, (PF (D) (75 — my.0))?
where both A(z) and A(z) are bounded.

We start by considering the do, parameter and omit the “ps” superscript to reduce notation.
Recall that

N 1 M4
dop = ——————— AY;S; AY;(1 - S; )
= i AD;Siy zz: { T ( )Mzz}
Thus,
A 1 1 Iulz
doy — 03y ) = —— - — AY;S; AY;(1 0o E[AD 1).
Vil =820 = gy Jm S AT - AN = S5~ FIADS.I |+ opl)
Define: N
V, = AY;S,; — AY;(1 - s»ifﬁ — by, E[ADS,].
2
Let 194 ; be the influence function defined in the statement of the theorem. Using the identity:
1 1 1 4 1 -
c——=——(b=b)+ —(b—Db)?
A b —0)+ b?b( )

we have, after some rearranging,
1 1
— E Vi =FE[ADS,]- — g ;
\/ﬁ - [ +] \/ﬁ ,‘ ¢2+1
= § : (() - Y> (fii — pai)

Hai H2i
J25T;
Z (AY;(1 — fyi) =5 (fl2i — H2i)
22
- —= Z AY;(1 (s — i)’
IMQZIUQZ
z - SZ) ~ 7
4+ — 7(#11‘ - Mli)(ﬂzz‘ - Mzz‘)
\/_ Z M%z’
1 -5, . N
Z ) M 1i — Mu)(ﬂ% - M2z‘)2
i M?z:ugl
,U/Yz

\/— Z Z+ ,Ulz)

,UY,Mu ~
_TZ 2, (1= Si — f1ai).
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which we rewrite as:

1 1 !
ﬁ zi:‘/; = E[ADS,]- ﬁ Xi:¢2+,z' +;A]’,n

where each A;, represents one term on the above display. We now bound each one of these

terms.

Term 1. For the first term, we have that:

AYi(1-5;)

1
Sy
" \/ﬁz< i

AYj(1 - S))

1 i
S Vn Z ( Hai
1 AY;(1 - S;
Ly (s
\/ﬁ i 24
= Ay + Aiop.
Now, by a second-order mean value expansion,

AY,(1-5;)  pyi

L (2N =5 i\ A pE (D Y APE (DY (e —
All,n - \/ﬁ ; < [1; M21> A(-P (Dlz) 7T-],K)-P (Dlz) (7TK 7TK>

L AVl =5) _ 1vi) §(pK(DY#) (PX (D) (e — 7))
'Hm§< : )Mpum>w<mmK %))

2 Hai

= A1+ Ar12-
Next note that

|[A1110] < ||k — 7k||

1 %
|\/ﬁ 2 ( pai
Now, [|#x — x|l = Op ((/K/n+ K~+1/2)). Let
Ui = (Uil, UIK)/ = (

We have E[U;| = E[E[U;|Dy;)] = 0 and

(AYi(l — Si)

2
E U] <E ™
]

<CE [HPK(DU)

AY(l — Sz) _ My
i H2i

AY(1=S) _ pys
i 2

2
Wy
) o

H2q

My N
) (Mli - Mli)

My N
- ) (/Mi - Mli,K)

H2q

My
- ) (Mu,K - Nu)

H2i

) A(PE(Dy) 7 ) PE(Dy;).

|

=CF [trace{PK(Du),PK(DM)}}
=(C' x trace (E [PK(DM)PK(DU),D

—CK,
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since the polynomials can be chosen such that F [PK(DU)PK(DM)’} = Ik, see Newey| (1997),
page 161. Hence,
)2

EU/U})]

2

E =L

L=

5=
(]
=

[z

J

SRS

e

<
I
—
S
@\

M=
S

S|

I
—_— =~
S0
T
N

I
™M=
[

Therefore, by Markov’s inequality,

A1, = Op (KW (\/ K + K“"“/Q)) .
n

Next,
| Av12,] SC\/E||7TK—7TK||2Z’()—MY ‘PK<D11')
n-y H2; H2i
K AY;(1 - S, ;
= Op [\/ﬁ ( + K—2a+1) E (‘(S) _ My 'pK(DM) 2)]
n H2; H2i

-or (i (£ 1029

where the first inequality follows by Cauchy-Schwarz inequality, the second by Markov’s inequal-
ity and the third by the same reasoning as to obtain . Hence,

Aan = OP (Kl/Q ( /5 +K—O¢+1/2)) +OP (\/EK <K + K—2a+1>) )
n n

Finally, for A5, we have that

AY(1 — S :
B [( z( Sz) N Ky
M2 H2i

) (,uli,K - Mli)

D1‘| :O

and

2

E

< Clpx — Ml“io = O(K%)

H (AYz'(l =S pvi
K2

i H2q

> (Hri e — pui)

and therefore

K K
Al,n:OP (K1/2 (\/Z+K_a+l/2)> +OP <\/EK (n+K—2a+1)> +OP(K_Q).
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Term 2. This follows by the same argument as that of Term 1 and we obtain:

K K
A27n =0Op (K1/2 (\/;4_ K—a+1/2)> 1+ Op <\/ﬁK (n + K—2a+1)> + OP(K_O‘).

Term 3. For the third term, since po; is uniformly bounded and fi, converges uniformly to po,

for n large enough

~ K o
sl < Vil = pells Z|AY 51 = 0 (VaK? (1 + K1) ).
Term 4. For the fourth term,

- . 11 Ko
[Agnl < Vol =l e — pall 5;2 |AY;(1 - S;)| = Op (\/ﬁKz (n K2 +1))

Term 5. For the fifth term, since puo; is uniformly bounded and [i, converges uniformly to us,

for n large enough
K 3/2
[Asal < Vil =l s = il g S IAYi(1 = 501 = 0p (vre () 57002,

Term 6. For the sixth term, let v5 x be the population coefficient from a (linear) series ap-

proximation to the function py (D;)/pe(D1). Then we have that

1 i , . 1 , R
Aﬁ,n = ﬁ EZ: <HJY - PK(DM) '76,K> (Si+ - ,uli) + ﬁ zz: PK(DM> '76,K(Sz'+ - Mu)

M2

— \/1% Z <NW - PK(DM)/%’,K> (Sit — firs)

H2i

because the last term in the second line equals zero by the first-order conditions of the logit

series estimator. Next, we have that

3 (0 D) S = ) = = 3 (2 (D) (51 = )

2 H2i

\/—Z <MYZ — PX(Dy)"vs K) (i — pas)

/'1’27,
= Ag1n + As2n-

Now, for Ag; ., we have that

E [(gz — PK(DM)/%,K> (Siy — t1i)

DJ| :0
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and
2
E

(Siv — pni)? < O(K™)

(M - PK(DU)/%,K)

M2q

so that
Ag1n = Op(K™9).
On the other hand, for Ags ,,, we have that

K
11— pull, = Op (mc (,/ h e K/))
11—« K 7&4’1/2 —Q
A6,n:OP \/EK g—l—K —|—K .

Term 7. This follows by the same argument as that of Term 6 and we obtain

Az =Op (ﬂKla (’/5 + Ka“/?) + Ka) .

Collecting all the terms, if follows that under the conditions

K6 K4a—6
— =0,
n n

| Agzn| < Vi |PX — (PEY 'y

from which

— 00, «a>3

we obtain

Vn(day — 021) = \/— Z Yoy +op(1).

Setting o = 4, this implies

KG KlO
— =0, — — o0.
n n
These conditions are satisfied when K = n” for 1/(4ae —6) < v < 1/6 or in this case 1/10 < v <

1/6.
By an analogous argument, we can show that under the same conditions

Vi, — ) fz

and the result follows by a multivariate CLT. Finally, notice that letting py_(d) = E[S_|D; = d|
and fi;;— = fi1_(D1;), and using that sgn(AD;) = S, — S;_, after some simple manipulations:
A 1

g - (255

H2;

¢2 z+0p 1)

which is analogous to 32+ replacing S;; by (S;y+ — S;—) and the denominator by Y-, |AD;|. Thus,

under the same conditions
\/_<52 \/—Z%H-OP 1)

where 1), ; is defined in the statement of the theorem.
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7.6 Theorem

First, remark that
Elsan(AD)(AY — (¥(D1) = Yi(D)]

52 =
E[|AD]]
Thus, it suffices to show that a.s.,

Fix n > 0. By Assumption [0} P(S, = 0[Dy) > 0. Thus, E(AY|D, S, = 0) is well-defined.

Moreover,

E(AY|Dy, 5y = 0) =E (Y2(D2) = Y2(D1)| Dy, Sy = 0)
+E (Ya(D1) = Yi(Dy)[ Dy, Sy = 0). (19)

Now, by Jensen’s inequality and Point 2 of Assumption [2]

|E (Y2(D2) = Y2(D1)| D1, Sy = 0)] <E([Y2(D2) = Ya(D1)| [D1, S, = 0)
<E (Y|Dy = Dy| | Dy, S, =0)
S?]E[ sup E <7|D1 = dl, DQ = dg) ‘Dl, Sﬁ = 0]
(dl,dz)ESupp(Dl,Dg)
<Kn (20)
for some K < oo. Next, by Assumption [1]

E(Yo(D1) = Yi(D1)| Dy, S, = 0) = E(Yz(D1) — Y1(Dh)|Ds)
=L (Y2(D1) - Yl(Dl)|D1>D2) .

Combined with —, this yields O
7.7 Theorem

Using the same steps as in the proof of Theorem [T, one can show that for all ¢t > 2,

St:]_>

B Y, - Y, 1 — E(Y;, =Y, 1|Di1, S, = 0)
ohe=F
D, — D,

This proves the result
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7.8 Theorem

Using the same steps as in the proof of Theorem [1, one can show that for all ¢ > 2,

o BO—Yialsie=1) - B(0 - V) TS e ls = 0)
2t E(Dt - Dt_1|S+,t - 1) ’
B (¥ = YialSoe =) — B (% = i) gy piseh| 9 = 0)

gt =

E(-Dt—l - Dt|S—,t == 1)

This proves the result

7.9 Theorem

We start by proving (11). For all ¢ <T — ¢+ 1, for every d; in the support of D:|F =t,
E(Yi =Y a|Di=d, F>t—1+/{) =E(Yi_14e(d1) — Yi_1(d1)| Dy = dy)
=E(Yi110(dy) = Y,1(dy)| Dy =dy, F=1t). (21)
It follows from Assumption that d; belongs to the support of Di|F = t, so E(Y; 140 —

Yi1|Dy = di,F >t —1+ () is well defined. The first and second equalities follow from
Assumptions 13| and [14] and the law of iterated expectations.
Then,
E(Yii =Y —EYi1pe —Yia|D, F>t—14+0)|F =t)
=E (Yot — Yo — EYici40(Dy) = Yii(D1)| Dy, F =t)|F =)
=E (Yio144(D) = Yi-1(D1) — E(Yi140(D1) = Yioa(D1) [ Dy, F = t)|[F =1)
E(E(Yi140(D) =Y, 1(D1) = Yio144(D1) + Yi1(D1)| Dy, F = t)|F = 1)
B (Vi14(D) = Yio1,e(Dy)|F = 1).
The first equality follows from (21)). The second equality follows from the definition of F' and
Assumption [I3] The third and fourth equalities follow from the law of iterated expectations.

This proves the result o
We now prove . It follows from the definition of F' and Assumption (13| that

E(Yi_14 = Yia|F =t) = E(Y,_14(D) = Y1 (D) |F = t).

Then,
P(F=tDy) PF>t—1+1Y)
P(F>t—1+/(Dy) P(F=t)
P(F =tD;) P(F>t—1+/Y)
P(F>t—1+/¢Dy) P(F=t)

E((Y;E—H-E_)/t—l) ‘F>t—1+£>

=F (E(Y%(Dl) — Y;g_g_l(Dl)|D1,F = t) ‘F >t—1+ E)

—E(Yi(Dy) — Yi (D)) F =1).
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The first equality follows from the law of iterated expectations and . The second equality
follows from the same steps as in the proof of Theorem 4] Combining the two previous displays

proves the result
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