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Abstract: This paper studies patterns of structural change in production networks for intermediate goods
(input-output network) and new capital goods (investment network) and how these changes impact the ag-
gregate growth rate of the economy. In each network, the fraction of production coming from goods sectors
(e.g. manufacturing) has been declining over time, with a corresponding rise in the fraction of production
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study these changes within a multi-sector neoclassical growth model that admits a balanced growth rep-
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framework allows us to study the growth contribution of each production network. We find that, relative
to intermediate inputs, “effective” productivity gains in the production of investment goods were gaining in
importance over the period 1980-2010, while this pattern reversed in 2010. Our framework highlights that
these patterns are in part driven by an exogenous component—direct relative productivity gains in specific

sectors—and an endogenous component—structural change in the two endogenous production networks.
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1. Introduction

Production networks—the distribution across sectors of the production and purchases of goods used in
production—play a central role in shaping economic fluctuations and growth.! However, with changes in
technology and the organization of production (innovation, automation, outsourcing, etc.) these production
networks also change over time. In this paper, we study structural change in production networks and its
implications for economic growth.

We focus on the impact of structural change occurring in two production networks, the input-output
network of intermediate inputs and the investment network for new capital. We start by documenting how
these production networks have changed over time in the U.S. We find that from 1947 to 2019 there has been
a significant reduction in the amount of both intermediates and investment produced by goods sectors (i.e.
manufacturing), offset by a significant increase in production of intermediates and investment by service
sectors. These changes are large and have occurred within many sectors. In particular, the production of
both intermediates and investment has become more concentrated in professional/technical services and
information services. We also document that these changes are observed in other high income countries.

Given that the shift in production networks towards services coincides with the well-known pattern of
structural transformation in consumption expenditures, we study these changes using an extension to the
multi-sector neoclassical growth model, which has been commonly applied to study structural transforma-
tion.” In our model, each sector produces output using a combination of capital, labor, and intermediate
goods. Output in each sector can be used for consumption, investment, or intermediates. Intermediates and
investment in each sector are constructed from a bundle of intermediates or investment goods purchased
from different sectors in the economy. Critically, the combination of intermediate and investment goods is
modeled as a constant elasticity of substitution function, meaning that changes in relative prices (induced by
changes in technology) can generate changes in the composition of intermediates and investment production
(i.e. changes in production networks).

We characterize the assumptions that are needed for our model to admit an aggregate balanced growth

'Among many possible examples, see Acemoglu, Carvalho, Ozdaglar and Tahbaz-Salehi (2012), Acemoglu, Ozdaglar and
Tahbaz-Salehi (2017), Bagaee and Farhi (2020), Baqaee and Farhi (2019), Bigio and La’o (2020), Foerster, Hornstein, Sarte and
Watson (2019), and vom Lehn and Winberry (2022).

2For a survey of that literature, see Herrendorf, Rogerson and Valentinyi (2014).



path which coexists with structural change in production networks. Along the balanced growth path, the
aggregate growth rate of the economy depends on a weighted average of the growth rates in sectors en-
gaged in the production of investment and intermediate goods. Since we use CES aggregators, a critical
assumption necessary for the aggregate balanced growth path is that technical change in at least one sector
is non-constant as in Herrendorf, Rogerson and Valentinyi (2021) (henceforth HRV).? We provide empirical
evidence to validate this and several of the necessary assumptions for the balanced growth path. Further,
the balanced growth path allows for the aggregate capital stock and aggregate quantity of intermediates to
grow at different rates. These differences reflect potentially different growth rates in intermediates-specific
and investment-specific technical change. We show that the relative price of intermediates to investment can
provide a simple heuristic to assess the relative importance of each type of technical change in the aggregate
rate of growth.

With this balanced growth representation, we calibrate the model to obtain the best fit to structural
change observed in the data. This exercise sheds new light on several features of growth and structural
change. We find that recent growth has been increasingly driven by TFP growth in sectors producing in-
termediate goods. This suggests that production networks play an increasingly important role in shaping
economic growth, which, for example, may be relevant for economies emerging from supply-chain issues
during the COVID-19 pandemic.

Finally, we observe that although a balanced growth path representation is tractable and convenient for
studying these long run patterns, it also necessarily abstracts from significant heterogeneity across sectors,
such as the intensity with which they use different intermediate and investment inputs in production. As a
result, we plan to also solve a perfect foresight transition path exercise for the U.S economy which allows
for greater heterogeneity across sectors and a more empirical realism for a larger number of sectors. We
expect to find that our main conclusions continue to hold and are likely even stronger in this exercise, with

growth becoming increasingly intermediates-oriented over time.

Related Literature. Our paper is at the intersection of two large literatures—the study of production net-

works as propagation mechanisms for economic fluctuations and growth and the study of long-run structural

3This assumption is a departure from the framework considered in Ngai and Pissarides (2007), who show that with constant
TFP growth rates in each sector, the multi-sector neoclassical growth model cannot have structural change in the production of
intermediate goods along the balanced growth path.



transformation from manufacturing to services. Many papers in the production networks literature have em-
phasized the role of static production networks for shaping fluctuations. The large literature on structural
change has focused on multi-sector models that either abstract from production networks (or treat them
implicitly in a “value added” specification) or do not allow for these networks to change over time. Our
contribution lies in studying the intersection of these two phenomena.

While a significant literature has focused on how production networks play important roles in prop-
agating short-run fluctuations over the business cycle, there has also been significant attention given to
the role of production networks, particularly the input-output network, in shaping long-run growth.* Our
paper is closely related to Ngai and Samaniego (2009), who focus on how technical change in sectors pro-
ducing intermediate goods can impact the composition of long run growth, particularly the role played by
investment-specific technical change, as described in Greenwood, Hercowitz and Krusell (1997).> Similarly,
the balanced growth path of our model highlights how composition of aggregate economic growth depends
on the growth rate of technical change in all sectors producing investment and intermediate goods. Our work
is also closely related to recent work by Foerster et al. (2019), who study a multi-sector model with fixed
production networks, and show the important role played by production networks, particularly the invest-
ment network, in determining which sectors’ TFP growth has the largest effect on aggregate growth. They
also consider growth accounting exercises, analyzing which sectors have contributed to economic growth in
the postwar period, with a particular focus on the recent slowdown in per capita GDP growth. While they
study the impact of a static production network for changing patterns of TFP growth across sectors, we focus
instead on the impact of changes to the intermediates and investment production networks on the patterns of
TFP growth over time.

While comparatively little attention has been paid to structural change in production networks over
time, we are not the first to observe these patterns. Berlingieri (2013) documents the rising importance of
the professional/business services sector in the production of intermediate goods and notes it may be tied
to a rise in outsourcing. Galesi and Rachedi (2019) observe a similar pattern and study how changes in the

composition of intermediate goods may matter for the effectiveness of monetary policy in recent decades.

4See, for example, Ngai and Samaniego (2009), Moro (2012), Moro (2015), Foerster et al. (2019), and Duarte and Restuccia
(2017).
>This channel can also be generally observed in Ngai and Pissarides (2007).



vom Lehn and Winberry (2022) document changes in the U.S. investment network over time, though focus
on the propagation impacts of a fixed network for changing business cycle patterns over time.

HRV is closest to our paper in that it embeds structural change in investment at the two-sector level
(effectively, a simple investment network) into a standard model of structural change and studies the joint
implications of structural change in consumption and investment. In their framework, consumption and
investment are measured in “value-added” terms, where the input-output networks are implicitly embedded
in measurement. In contrast, we explicitly model the investment production network. We also study a
larger number of sectors and focus on the commonality of sectors where both intermediates and investment

production is growing and consider non-balanced growth implications of the model.

2. Data & Empirical Evidence

Our study of structural change focuses on two production networks—the production and purchases of
intermediate goods (the input-output network) and the production and purchases of new capital goods (the
investment network). These networks are measured as matrices, where element (7, j) of the matrix reports

the total expenditures by sector j on goods or services that were produced by sector 4.

2.1. Data

Our primary data source for measuring these production networks in the U.S. are the Make and Use
Tables from the BEA Input Output Database, which contains data for each sector on the value of gross
output, value added, intermediate input purchases from each other sector, and final uses (consumption,
investment, etc.) for each sector’s production.® The database begins in 1947 and we study patterns running
through 2020. For measuring the investment network, we also use data from vom Lehn and Winberry
(2022), who use BEA Input Output and BEA Fixed Assets data to construct a time series of the investment
network that covers a similar time frame and level of sector detail; we extend their data to run through

2020.7 Additional details regarding data sources and measurement of these production networks is available

SThis data includes imported intermediates, consumption and investment. We do not attempt to remove these because our
primary interest is in the sectors producing inputs to intermediates and investment and not in the country of origin for production.

7As we note in Appendix A, we modify the investment network as constructed in vom Lehn and Winberry (2022) by utilizing
the Make Table to map commodities produced into the sectors producing them. The investment network in vom Lehn and Winberry



Table 1: Average Share of Intermediates and Investment Production: Avg. 1947-2019

% of Prod. % of Prod.
Goods Producing Sectors (NAICS Codes) Int. Inv. Service Producing Sectors (NAICS Codes) Int. Inv.
Agriculture, forestry, fishing and hunting (11) 5.2 0.0 Wholesale trade (42) 54 37
Oil and gas extraction (211) 3.0 03 Retail trade (44-45) 1.8 1.3
Mining, except oil and gas (212) 1.2 03 Transport and warehousing (48-49, minus 491) 55 0.9
Support activities for mining (213) 01 20 Information (51) 42 538
Utilities (22) 23 05 Finance and insurance (52) 71 041
Construction (23) 1.7 36.2 Real estate (531) 44 17
Wood products (321) 1.3 0.5 Rental and leasing services (532-533) 1.2 0.0
Non-metallic mineral products (327) 1.5 0.1 Professional and technical services (54) 49 97
Primary metals (331) 44 041 Management of companies and enterprises (55) 2.8 0.1
Fabricated metal products (332) 38 12 Administrative support and waste services (56) 3.1 01
Machinery (333) 1.6 8.7 Educational services (61) 02 0.2
Computer and electronic products (334) 22 65 Health services (62) 0.2 01
Electrical equipment manufacturing (335) 11 13 Arts, entertainment and recreation services (71) 0.4 0.1
Motor vehicles manufacturing (3361-3363) 3.0 87 Accommodation services (721) 05 0.0
Other transportation equipment (3364-3369) 1.4 4.4 Food services (722) 09 0.0
Furniture and related manufacturing (337) 03 11 Other private services (81) 1.5 0.1
Misc. manufacturing (339) 08 12 Federal government (n/a, but incl. 491) 1.0 05
Food and beverage manufacturing (311-312) 4.4 0.1 State and local government (n/a) 13 08
Textile manufacturing (313-314) 1.8 03
Apparel manufacturing (315-316) 0.6 0.0
Paper manufacturing (322) 23 0.0
Printing products manufacturing (323) 11 05
Petroleum and coal manufacturing (324) 26 01
Chemical manufacturing (325) 42 04
Plastics and rubber products (326) 1.6 0.1

Notes: The table reports the average share of total intermediate and investment production by 43 consistent sectors. Individual
components may not exactly sum to totals due to rounding. Sectors are classified according to the NAICS-based BEA codes, with
2007 NAICS codes listed in parentheses. Government sectors as defined by the BEA do not have naturally corresponding NAICS
codes. See Appendix A for details of the data construction.

in Appendix A.

Our data provides consistent coverage of 43 NAICS-defined sectors of the economy, including agricul-
ture and government; Table 1 lists each of the 43 sectors and their corresponding NAICS codes.® We con-
sider evidence both at this level of disaggregation, as well as at a more aggregated two-sector level. When
we aggregate to two sectors, we define “goods” sectors as all agriculture, mining, utilities, construction and
manufacturing sectors (25 in total) and define “’services” as all remaining sectors (18 in total).

To visualize the average distribution of producers of intermediate and investment goods, Figure 1 plots

(2022) does not distinguish between commodities produced and industries producing them. While this adjustment is necessary to
more accurately represent the network structure of production, its quantitative impacts on the measured investment network are
minor because the Make Table is largely diagonal.

8More recent vintages of the BEA Input Output database allow for greater sectoral detail, but given our interest in structural
change over the long-run, we focus on these 43 sectors, which can be observed for all years of the data.
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Figure 1: Heatmaps of Average Scaled Production Networks, 1947-2020
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Notes: Panel A shows the input-output network for intermediate goods while panel B shows the investment network for new capital
goods. Each (i,7) element in the matrix shows the fraction of total expenditure by sector j (columns) coming from producing sector i
(rows).

a heatmap of the average input-output network (panel A) and investment network (panel B) from 1947-
2020. To focus on the sectors which are particularly important producers, the heatmap follows a common
convention in the networks literature and scales each column so that the rows sum to 1; thus each entry (7, j)
in Figure 1 represents the share of total expenditures in sector 5 produced by sector ¢. This scaling abstracts
from information regarding the distribution of expenditures across sectors; however, this information is
implicit in the average share of total intermediates and investment produced by each sector from 1947-2020,
reported in Table 1, and we incorporate this information when assessing structural change in these networks.

Both the input-output and investment network are fairly sparse; for any given sector, the majority of
investment and intermediates are purchased from a small set of sectors.” For the investment network, the
distribution of investment producers is fairly similar across sectors—most sectors purchase investment goods
from a collection of prominent investment hubs. However, for the input-output network, there is much more
sector-specificity as to which sectors are important intermediates suppliers. In particular, we observe that

goods sectors play a larger role as intermediates producers for other goods sectors and services sectors

vom Lehn and Winberry (2022) provide additional discussion of these investment hubs and explicitly contrast the sparseness
of these two networks using eigenvalue centrality measures and the skewness of weighted outdegrees.



similarly play a larger role as intermediates producers for other services sectors. This includes a non-
trivial diagonal component in the network, suggesting that within-sector production of intermediate inputs

is important for many sectors.

2.2. Structural Change in Production Networks

Our primary interest with these production networks is to understand how the producers of interme-
diates and investment goods have changed over time. To measure structural change in these production
networks, we compute the share of total production value (measured in current dollars) in intermediates or
investment that was produced by each sector.!” We then measure changes in this share of production from
1947 to 2019."" Each sector’s share of total production reflects the role that sector plays in the production
of intermediates or investment goods for each purchasing sector (as visualized in Figure 1), as well as the
distribution of intermediates or investment spending across those purchasing sectors.

Figure 2 plots the difference between in 1947 and 2019 in the share of total production value coming
from each sector in the input-output network (upper panel) and the investment network (bottom panel). Each
network has seen significant structural change over this time period, with a significant increase in the share
of production coming from services sectors (green bars) and an offsetting decrease in the share of production
from goods sectors (red bars). For intermediate goods, the largest increases in production share are in infor-
mation services, finance/insurance, real estate, professional/technical services, and administrative support
services; the largest decreases occurred in agriculture, primary metals, food and beverage manufacturing,
and textile manufacturing. For investment, the largest increases occurred in professional/technical services,
information services, and wholesale trade; the largest decreases are in machinery, construction, and motor
vehicle manufacturing.

Given that changes in these production networks are primarily characterized by a shift in production

from goods to services sectors, we aggregate the data to two sectors, goods and services. This allows us to

!0That is, in each year, we take the unscaled version of the matrices plotted in Figure 1, sum along all columns to compute total
production of intermediates or investment by each sector, and then compute each producing sector’s fraction of total production
value.

! Although our data runs through 2020, we compute these long differences through the year 2019 to avoid any unusual end point
with the onset of the COVID-19 pandemic in 2020. More generally, using changes in a moving average of the share of production
done by each sector generates similar results. We report the entire time series of changes at a more aggregated level (goods and
services) in Figure 3, and for selected sectors at a more detailed level in Appendix A.



Figure 2: Changes in Production Share of Intermediates and Investment: 1947-2019
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Figure 3: Trends in Production Share of Consumption, Intermediates and Investment, Goods vs. Services, 1947-2020
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Notes: Each plots the fraction of total spending on consumption, intermediates and investment produced by the goods sector (blue,
solid line) and the services sector (red, dotted line). A full listing of which sectors are included in the goods and services sectors can
be seen in Table 1.

document how the share of production of intermediate and investment produced by each broad sector has
changed over time. Figure 3 plots the time series of the fraction of total production value of consumption,
intermediates, and investment produced by goods and services.'?

While there is heterogeneity in the level of how much production comes from the services sector across
consumption, intermediates, and investment, the trends in these shares over time are similar. Services has
long produced the majority of consumption expenditures, whereas it has only become the majority of inter-
mediates production since 1990 and still produces a minority of all investment goods. But for each final use
of output, the fraction produced by the services sector is rising over time. These changes are substantial in
magnitude, with the services share of investment and consumption rising by around 20 percentage points
and the services share in intermediates increasing by nearly 35 percentage points.

This rising services share in the production of intermediates and investment reflects two changes. First,
changes within sectors generate a rising services share, as each sector reallocates its spending on interme-
diates and investment away from goods sectors to services sectors. Second, changes in the distribution of

total spending on intermediates and investment across sectors, increases the share of production by services,

given that total spending by services sectors has risen over time and the intensity of services usage is higher

12Both our measures of investment and consumption production by each sector are more consistent with the “final expenditure”
approach in the structural change literature, as we focus on final producers of consumption and investment and do not incorporate
input-output relationships in the measurement of consumption or investment production (as in the “value added” approach of
Herrendorf, Rogerson and Valentinyi (2013)). However, to measure these final expenditures, we use income side data measured in
producer’s prices, not purchaser’s prices from final expenditures. Later in this section, we discuss structural change in consumption
and investment value added and how structural change in intermediates production affects these measures.

10



Table 2: Shift-Share Decomposition of Services Share of Production of Intermediates and Investment

Decomposition

1947 2019 A within between

Intermediates 0.33 0.67 0.34 0.19 0.15
(55%) (45%)
Investment 0.19 0.38 0.19 0.19 -0.00
(100%) (0%)

Notes: The table reports the shift-share decomposition described in equa-
tion (1) for the production share of services. Individual components may
not exactly sum to totals due to rounding.

among services sectors (primarily for intermediates).'?

We quantify the importance of these two channels for structural changes in production networks in two
ways. First, we do a shift-share decomposition of the services production share to isolate changes occurring
within and between sectors. Define I, to be the total expenditure on intermediates (or investment) produced
by services (s) in year ¢ and I; to be total spending on intermediates in year . Changes in the fraction of total
intermediates spending being produced by services, Servy = Is/I; can be decomposed into changes in the
share of intermediates spending on services within each purchasing industry j, Servj; = Ijt/I;;, and the
importance of industry j’s spending on intermediates as a fraction of all intermediates expenditures, wj; =

I;/1;. This decomposition can be expressed using the standard formula for a shift-share decomposition:

AServ, = Z (w;AServj) + Z (Ser’ujijt) (1)
j J

within between

where Ax = w9019 — x1947 is the change in  and T = (2019 + Z1947)/2 the average of x in the two periods
1947 and 2019. We perform the decomposition using spending patterns across all goods and services; results
using all 43 sectors are similar, and are available in Appendix A.

The results of this decomposition are presented in Table 2 for changes in the services share of production

BFor this discussion, we focus solely on intermediates and investment, because for consumption, there does not exist a “be-
tween sector” component to structural change, since final users of consumption are households, who are not naturally identified as
connected to a particular production sector.

11



Figure 4: Within Sector Changes in the Services/Goods Share of Production, Intermediates and Investment, 1947-2020
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(blue, solid line) and the services sector (red, dotted line). A full listing of which sectors are included in the goods and services sectors
can be seen in Table 1.

in intermediates and investment between 1947 and 2019. For investment, all changes over time in the
services production share are due to changes within sectors; for intermediates, the within sector component
contributes roughly half of the change over time.'* This evidence accords with the production network
patterns shown in Figure 1, which showed stronger heterogeneity across goods and services sectors for
how intermediates are produced, and thus a larger role for between sector changes in the services share of
production.

The second way we illustrate the relative importance of within and between sector changes is to plot the
service share of intermediates and investment expenditures within both goods and services sectors in Figure
4. The increase in the service share of production is observed within goods and services sectors for both
intermediates and investment. However, the within-sector changes in the production of intermediates have
been much smaller in goods than in services, whereas the magnitude of within sector changes across goods

and services sectors is similar for the services share of investment production.'> We address both within and

'“As seen in Appendix A, when this decomposition is done using heterogeneity across all 43 sectors, still roughly 75% of
the changes in investment are attributed to within-sector changes. The within-sector change component for intermediates is only
slightly lower, still accounting for about 50% of the change.

5In Appendix A, we provide added detail about which sectors have seen the largest increase in the share of their intermediates
and investment spending on services production.

12



between sector channels for structural change, including sectoral heterogeneity in the intensity of services
usage as intermediate inputs and investment in quantitative applications of our model in Section 6.

Finally, we analyze the importance of changes in the input-output network for “value-added” measures
of structural change in consumption and investment. As explained in Herrendorf et al. (2013), a value-added
approach to measuring sectoral production of consumption and investment focuses not only on the sectors
who produce the final good or service, but the network of sectors contributing intermediate goods needed to
produce that final good. Value-added vectors of sectoral production of consumption and investment (denoted

in current dollars), ¢V and xV4, are constructed using input-output data using the following equations:

cVA=v(I-T)lc (2)

xVA —v(I-T)"'x (3)

where ¢ and x are vectors of final production of consumption and investment, respectively, by each sector,
I is the identity matrix, v is a diagonal matrix of the share of value added in gross output in each sector,
and I is a matrix of input-output relationships, where the (7, j)th element of I" is the ratio of intermediates
purchased by sector j from sector i to the total gross output in sector j.'® The BEA Input Output database
has information sufficient to compute all of these objects.!” The matrix (I — I')~! is commonly referred
to as the total requirements matrix, or Leontief inverse, and captures the full chain of direct and indirect
contributions of each sector to final production of consumption and investment goods.'®

Given this construction of value-added consumption and investment, structural change in consumption
value added or investment value added can occur because of changes in v, reflecting changes in the ratio
of value added to gross output in each sector, changes in (I — I')~!, reflecting changes in input-output
networks, or changes in c, reflecting changes in the final producers of consumption or investment goods. To

decompose the importance of each of these changes, we consider a counterfactual exercise where we allow

'5That is, the (, j)th element of T is the (, j)th entry of the scaled input-output network presented in Figure 1 multiplied by
the ratio of total spending on intermediates to total gross output in sector j.

"We first compute all of these objects at the 43 sector level, and then analyze structural change at the 2 sector level, aggregated
up from consumption value added and investment value added constructed at the 43 sector level.

80ur definition of the total requirements matrix takes as given that we have already properly adjusted both the intermediate
input payments and final uses (consumption, investment) in the Use Table by the Make table to account for which sectors produce
which final commodities; details of how we construct these objects are available in Appendix A.

13



Table 3: Decomposing Structural Change in Services Share of Value Added Measures of Consumption and Investment

Services Share of: 1947 2019 A % of Total

Consumption Value Added 0.60 0.83 0.23

Final Prod. only 060 0.76 0.16 70%

Input-Output only 0.60 0.70 0.11 46%

VA share only 0.60 058 -0.02 -6%
Investment Value Added 0.35 053 0.18

Final Prod. only 035 048 0.13 71%

Input-Output only 035 045 0.10 54%

VA share only 0.35 0.32 -0.03 -20%

Notes: This table reports the share of value added based consumption and in-
vestment produced by the services sector and how this changes over time due to
changes in each component of the value added measure (as seen in Equations
(2) and (3)). Changes generated by each of the three components—final produc-
ers (“Final Prod. only”), the Total Requirements Matrix (“Input-Output only”), and
value added shares of gross output (“VA shares only”)—are computed by holding
fixed all other components at their values in 1947 and varying one component at
a time. The “% of total” column refers to the change in each component divided
by the change in total consumption or investment value added. Because of the
non-linear nature of the decomposition, the total of each individual component
will not sum to the actual total.

only one of each of these three components to vary over time and hold fixed the two other components at
their values in the initial year of our data, 1947. Since the construction of consumption and investment value
added is non-additive in nature, the contributions of each of these three terms will not necessarily sum to 1.

Table 3 presents the contribution of each of these three forces to the change in the share of consumption
value added and investment value added produced by the services sector between 1947 and 2019. We find
that the contribution of changes in the input-output network account for roughly 45-55% of the rising share
of services production of consumption and investment value added. This total contribution is potentially
slightly inflated because the contribution of each component sums to more than the total change in the
services share of consumption and investment value added. However, if we compute the contribution of
changes in the input-output network as a fraction of the sum of changes in each component, we still find that
input-output changes account for 40-50% of structural change in consumption and investment value added.

Appendix A contains additional empirical results regarding structural change in production networks,
include a time series of expenditure shares for sectors whose production share of intermediates or invest-
ment has risen or fallen the most and detailed results on where within-sector changes in purchases from

services sectors have been the largest. We also use data from the World Input Output Database (Timmer,
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Dietzenbacher, Los, Stehrer and De Vries (2015)) and show that these changes in production networks are
not unique to the United States, but are observed more broadly throughout other high income nations in

Europe and Asia.

3. Model

This section describes a multi-sector extension of the neo-classical growth model with intermediate in-
puts in production and network production of investment. The model is a discrete-time generalization of
HRV with N production sectors and extensions to account for production networks in intermediate inputs.
We first consider a general version of the model, but discuss additional assumptions and restrictions neces-

sary for a balanced growth path in Section 4.

3.1. Technology

For each sector j, gross output, @, is produced using capital, K, labor L, and a bundle of interme-
diate goods M; according to the following Cobb-Douglas production function:
0; +1-0;\Y ; 1—ay;
Qi = At (K L3 ™) My ™, @)
where Aj; is exogenous TFP in sector j.

The intermediates bundle for each sector, My, is produced by an “intermediates bundling” sector for

sector j, which aggregates intermediate goods from all sectors using a CES technology:

€Mj

1
€M a1

1 € . € .
Mj = A% ZW]\//M]MJ Mith] ) (5
i

where €); is the elasticity of substitution between sectoral inputs in the production of intermediate goods
for sector j, w;; € (0,1) (with ZZ wprij = 1) determines the relative importance of inputs from each sector
in producing intermediates, M;;; represents intermediate inputs used in sector j from sector ¢ at time ¢, and
Aé\f represents exogenous intermediates-specific technical change for sector j. Although a Cobb-Douglas

specification for bundling intermediate goods is common in many multi-sector growth models, we allow for
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a CES specification to allow for the study of structural change in the input-output network.'® We specify the
bundling of intermediate goods as a separate sector with its own technical change to allow for relative price
movements in intermediate goods compared to the implied price index using the price of final goods in each
sector.

Capital is sector-specific and evolves according to a standard law of motion, with depreciation rate ; in

sector j:

Kjty1 = (1= 6;)Kjt + Xji. (6)

Investment, X, is produced in an “investment bundling” sector for sector j’s capital with the following

aggregation technology:

Y ex;j—1\ ¢ X);—1
— AX €Xj €Xj

Xjt = Ajt Zinj Xijt ) )

i

where €x; is the elasticity of substitution between sectors in the production of investment in sector j and
wxj € (0,1) (with ), wx;; = 1) determines the relative importance of inputs from each sector in producing
investment. A])-i represents exogenous investment-specific technical change for sector j’s capital good.
Again, the specification of investment production as CES allows for structural change in the production of
investment and the presentation of a separate “bundling” sector allows for movements in the relative price

of investment.

3.2. Preferences

There is an infinitely lived representative household with preferences given by:

> BU{CHLY), ®)

t=0

Johnson (2014), Boehm, Flaaen and Pandalai-Nayar (2019), Atalay (2017), Carvalho, Nirei, Saito and Tahbaz-Salehi (2021),
Miranda-Pinto (2021) and Miranda-Pinto and Young (2022) also allow for a CES structure over intermediates in the context of
studying short-run fluctuations.
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where 0 < 8 < 1is the discount rate and C; is the consumption good produced by sector j. We assume

that the period utility function, U ({Cjt}évzl) follows a log CES structure, with

el
1 ec—1

-
U{C) =In | | Y wdico,© : )
J

€

where ec represents the elasticity of substitution between consumption goods and w¢; € (0,1) determines
the relative importance of consumption goods from each sector in aggregate consumption. Our framework
abstract from preferences over leisure; we assume the household inelastically supplies one unit of labor each
period.

Alternatively, household preferences could be specified with a PIGL indirect utility function, as intro-
duced to the structural change literature in Boppart (2014). However, as can be seen in the next section,
along the balanced growth path, the form of household preferences have no impact on either the growth rate
of GDP or structural change in production networks.?’ Given this result and the focus of our paper, we keep
the structure of household preferences is simple as possible and adopt the more tractable log CES case as

our baseline.?!

3.3. Equilibrium

We study the competitive equilibrium of this economy with representative profit-maximizing firms in all
markets. The price of final output in each production sector j is denoted by Pj;; the price of the intermediates
bundle is given by ij‘tj . The household owns the capital stock and accumulates capital in sector j by
purchasing new investment goods from the investment bundling firm for sector j at price P])t( . The household
rents sector-specific capital to each sector j at a rental price Rj;. Since labor is common to each sector and
freely mobile, there is a single wage paid to the household, denoted by W;. We provide a full listing of

equilibrium conditions in Appendix B.

However, the aggregate balanced growth path derived in the subsequent section is identical under PIGL preferences where we
restrict the number of sectors in preferences to two, because the PIGL specification only allows for two distinct income elasticities.
Results available upon request.

2'More recently, Comin, Lashkari and Mestieri (2021) consider structural change under a non-homothetic CES preference struc-
ture. However, as shown in their paper, this specification is only consistent with a balanced growth path (or “constant growth path”)
ast — oo.
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In equilibrium, each labor, capital, intermediate bundling and investment bundling market clears. Addi-

tionally, market clearing for final production in each sector, j, implies the following relationship:
Cjt+zMjit+Zint = Qjt. (10)
i i

This resource constraint for final output implies that each sector’s final good can be used as consumption for
the household, or an input to intermediate and investment bundles for all other sectors.

Given constant returns and competitive markets, it is straightforward to show that the price indices for

the bundle of intermediate goods, P]]y , and the bundle of investment goods, Pj[t, will be given by:

1 l—enrs 1—enj

P = (Z wnrij Py > (n
Jjt j

' 1

1 1— . l—er

Pii =% (Z wxij Py ““) : (12)
Jt i

Furthermore, straightforward manipulation of the first order conditions for each sector’s production can

generate the following expression for the price of the final good produced by each sector j:

A —0;)a; 1—aj
p, = L (R \P (W R B (13)
Jt Ajt Hj()éj (1 — ej)aj 1 _ a; .

Finally, we describe the equilibrium conditions that dictate structural change in production networks.

Manipulating first order conditions for the intermediates and investment bundling sectors, the share of ex-

penditures by the bundling sectors for sector j on inputs purchased from sectors ¢ can be written as:

v PuMj P; e
x _ PuXij P e
Sijt = Pj)fth = Wxij (Aﬁpg)t(> . (15)

M

The share of intermediates (investment) expenditures by sector j on sector ¢’s products is defined as s,

(sfj(»t), and depends on the relative prices of each sector’s final output and the scale and elasticity param-
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eters in the bundling sectors. Empirically, sf\ft (sX,) corresponds to a column j in the scaled input-output

ijt
(investment) network plotted in Figure 1. Thus, given movements in relative prices across sectors, there can
be structural change in production networks, depending on the interaction of these price movements with
production parameters.

The overall composition of intermediate good and investment good production across sectors will also
depend on the distribution of intermediates and investment spending across sectors. That is, the aggregate

shares of intermediate good and investment good purchases that are produced by sector ¢ (defined as sf‘f and

sft( , respectively) are thus given by:

M
ZE Mkt sl (16)

k

X
Z = p,gg s (17)

Changes in sf\t" and sft( over time (like those plotted in Figure 2) thus reflect both changes in production
processes within sectors (changes in s% and sfj(»t) and changes in the composition of spending across all
sectors. As our shift-share decomposition in Section 2.2 reveals, both margins of adjustment appear empiri-

cally relevant in practice, at least for the production of intermediates.

4. Balanced Growth Path

We now consider the joint evolution of economic growth and structural change along an aggregate
balanced growth path (ABGP). We do this in three steps. First, we describe necessary assumptions for the
existence of such a path and the implications of these assumptions for prices, technology and aggregate
quantities. We later relax some of these assumptions for some of our quantitative exercises in Section 6.2.
Second, we state a proposition establishing the existence and nature of the ABGP. Finally, we describe the
economic implications of the ABGP, including the joint dynamics of economic growth and structural change

in production networks.
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4.1. Assumptions and Model Implications

The general setup presented in the previous section allows for heterogeneity in sectoral production func-
tions and in the bundling of investment and intermediate goods. While considering this heterogeneity is
interesting, it also generates different capital and labor intensities across sectors that are only consistent
with a balanced growth path in the limit of the economy (see for example, Acemoglu and Guerrieri (2008),
Alvarez-Cuadrado, Van Long and Poschke (2017), or Alvarez-Cuadrado, Van Long and Poschke (2018)).22
Thus, the key assumptions needed for establishing the existence of a balanced growth path entail imposing

homogeneity in production functions across sectors and in the bundling of new investment.

Assumption 1. The parameters of the sectoral production functions are the same across all sectors, i.e.

aj = aand 0; = 0 for all j.

Assumption 2. The parameters governing the evolution of capital—both parameters of the investment
bundling sectors and the depreciation rate—are the same for all sectors j, i.e. 0; = 0§, wxi; = wx;
and €x; = ex for all j. Furthermore, technical change in each sector’s investment bundling is the same,
ie. A% = A,

With these two sets of assumptions, we see from equation (12) that the price of the price of new in-
vestment will be equated across sectors, i.e. Pj)t( = P;X. Furthermore, since the parameters governing the
evolution of capital are equated across sectors, this implies capital is no longer sector-specific, but is com-
mon across sectors with a single rental rate, i.e. Rj; = I;. The collective implication is that, as seen from
equation (13), the relative price of output in sectors, j and k, depends only on sectoral TFP differences and
differences in the price of the intermediates bundles in those two sectors:

& — AZt/ (Pi]tw)lia (18)

P; MY
’ Ajt/ (P]t )
Given these manipulations, the Lemma 1 relates relative prices of final output in each sector to the price

of intermediates and investment bundles:

ZHowever, Herrendorf, Herrington and Valentinyi (2015) argues that many of these features only have second order impacts on
quantitative patterns of structural change.

20



Lemma 1. Given assumptions 1 and 2, the price of sector j’s product relative to the price of the bundle of

intermediates in each sector, Pfy , and to the price of the bundle of investment, PtX , can be written as:

Py _ BY !
YA, 1
t J
& — Bl!)f/[ (20)
=
Pit A]t
1 1
o Ay enri—1) e _ X jex—1)ex—1
where Ajo = s, B = AYf (St A=) and B = AX (Lpw A )™
J
Proof. See Appendix B. O

Given the above relationship between relative prices and technology, BtX and B% represent investment-
specific and intermediate-specific TFP. In each case the expression contains an exogenous component, A;X
or Ag‘{[ , and an endogenous component constructed from the sum of adjusted sectoral productivities, A;,
weighted in proportion to that sector’s role as a producer of investment or intermediates. These adjusted sec-
toral productivities capture both direct advances in technical change at sectors producing final investment or
intermediates, as well as indirect advances in technical change, captured in the prices of intermediate goods
used to produce final investment or intermediates. This second component is endogenous as movements
in these adjusted sectoral productivities indicate changing relative prices of the inputs to the bundle of in-
vestment and intermediates, and will evolve as these relative prices change over time. This component is,
of course, further endogenous because it yet contains the endogenous prices of each sector’s intermediates
bundle. In general, without further assumptions, we cannot solve for the price of intermediates in closed
form; however, later in this section, we consider a special case where a closed form representation exists.?

Finally, given the above assumptions and relationships, we derive an expression for aggregate GDP in

this economy. Nominal sectoral value added in sector j is defined as nominal sectoral gross output minus

BMore specifically, if we take as the numeraire the aggregate investment good (which we do later on), the price of the interme-
diate bundle in sector ¢ is given by:

1 1
Ape ex—1\ ex—1 " Aws emi—1\ T—enm;
pM _ !
T ay (Z“’“ (=) i =

This produces a system of N non-linear equations which can be solved to obtain price of each intermediates bundle. However,
without further assumptions, this system of nonlinear equations does not have a closed form solution.
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expenditures on intermediates:

Pj, Vit = PiQjr — BM M, 1)

where Vj; represents real value added in sector j and Pj‘t/ Thus, aggregate GDP, Y;, denoted in units of
the numeraire, is given by ¥; = ) . P){Vn We take the aggregate investment good as the numeraire in the
economy.

With these definitions, the following lemma presents a closed form expression for aggregate GDP in the

economy:

Lemma 2. Given Assumptions 1 and 2, aggregate GDP, denoted in units of the numeraire (the aggregate
investment good), is given by:

Y=Y Py Vi = AK{ (22)

1
where Ay = 125 (1 — a)é (th> “and K; = Zj K. Furthermore, the following aggregate equilibrium

conditions hold:

Ry = A K (23)
Wi =(1—0)AK? (24)
Proof. See Appendix B. O

Lemma 2 provides a closed-form representation of aggregate GDP that follows the same production
structure as sectoral value added. Importantly, the implicit aggregate TFP term, .4; only depends on ag-
gregate investment-specific TFP, BtX . Thus, aggregate growth only depends on technical change in the
production of investment, either directly at final producers of investment, or at their intermediate suppliers

(reducing the price of the intermediates bundle for investment producers).’*

2*This is a consequence of making aggregate investment the numeraire. If instead, aggregate consumption is the numeraire, as
in Greenwood et al. (1997), then technical change in consumption production can matter for aggregate growth as well (although at
the cost of being inconsistent with the Kaldor facts—see Duernecker, Herrendorf and Valentinyi (2021)). More generally, defining
aggregate GDP as in (22), implies that the traditional Hulten’s Theorem (Hulten (1978)) will not hold for this economy, because
movements in output prices have first-order implications for aggregates. However, in Section 7, when we consider off-balanced
growth path exercises, we consider a measure of aggregate GDP which is not sensitive to the choice of numeraire and for which
Hulten’s Theorem holds for aggregate productivity.
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4.2. An Aggregate Balanced Growth Path

We adpot the same aggregate balanced growth path (ABGP) definition as in Ngai and Pissarides (2007)
and HRV, where all aggregates (denoted in units of the numeraire, the price of aggregate investment) must
grow at a constant rate. This means that K;, Y;, W}, R;, and X; will grow at a constant (though not neces-
sarily equal) rate. Total consumption expenditures are defined in units of the numeraire, E; = ). P;;Cj,
and thus E; also grows at a constant rate along the ABGP.

For any variable X4, the gross growth rate between time periods ¢ and ¢ 4 1 is defined as ’Yi)-(u = Xgl .

Along the ABGP, we drop the time subscripts for variables growing at a constant rate. With these definitions,

we state the following proposition.

Proposition 1. Assume that Assumptions 1 and 2 hold and that 7{4 > 1725 Vt. An aggregate balanced

growth path exists where

K X Y E w

K =y¥ =y Ao (25)

I
2

1
2

1
—
2

and v® = 0 if and only if v is constant.
Proof. See Appendix B. 0

Furthermore, the balanced growth path exhibits capital deepening with respect to intermediates, v >
M, if the growth rate of investment-specific TFP is greater than the growth rate of intermediates specific
TFP, v 3" > 8",

Given the aggregate production function derived in Lemma 2, the result for the aggregate growth rate
of the economy is unsurprising. As in the one-sector growth model, the economy’s aggregate growth rate

purely depends on the growth rate of aggregate TFP. The requirement that 7{4 > 172‘5 is standard, and holds

for most reasonable parameter values.>
Explicitly modeling the production networks of intermediate and investment goods provides a number
of insights. First, aggregate TFP, A;, only depends on technical change that increases the production fron-

tier for investment, either through directly expanding production at final investment producers or through

reducing costs of intermediate inputs for final investment producers. Technical change in sectors that solely

2 For example, with annual depreciation of about 10% and annual discounting at a 3% real rate, this condition would require that
7 —1>0.9/(1/(1+0.03)) — 1 = —0.073 or that aggregate TFP growth exceeds -7%.
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produce consumption goods has no bearing on the growth rate of aggregates along the ABGP. This result is
similar to the one in Ngai and Pissarides (2007), when the multi-sector growth model is extended to allow
for intermediate goods.

However, our aggregate balanced growth path differs from that of Ngai and Pissarides (2007), who
argue that endogenous structural change in production networks is not possible along the aggregate balanced
growth path. The key distinction between our two frameworks that allows for structural change in production
networks along the balanced growth path is that we do not require that all exogenous technical change terms
grow at a constant rate. In fact, as discussed in more detail in HRV, at least one of the exogenous technical
change processes must grow at a particular non-constant rate in order to satisfy the necessary and sufficient
condition that v remains constant. Imposing constant growth in all exogenous technical change terms
would restore the result of Ngai and Pissarides (2007). We discuss structural change and its relationship
with the aggregate growth path in more detail in the following section.

We emphasize that Proposition 1 requires no restrictions on the intermediates bundling processes across
sectors; the balanced growth path admits arbitrary heterogeneity in the input-output network. However,
with heterogeneity in the bundling process for intermediates across sectors, it is not possible to separate out
in closed form the contribution of the direct and indirect portions of investment-specific TFP growth. The
following assumption and subsequent lemma consider a special case in which such separation is possible,
allowing for a separate assessment of the contributions of technical change at final investment producers and

technical change at intermediate suppliers of investment producers to aggregate growth.

Assumption 3. The parameters of the intermediates bundling sectors are the same for all sectors j, i.e.

whrij = wxi and €y = ey for all j and that technical change in each sector’s intermediates bundling is

the same, i.e. A% = A,{V[

Lemma 3. Assume that assumptions 1-3 hold. Then the implied aggregate technical change term, A
l—« 1
can be written as Ay = 195 (1 — a)éBtX (BM)™=", where B} = A} <Zk w%AZ’;“_l) M and

1
B = A (Zk wi(Afol) X' Further, with a single investment good and a single intermediate good,

the relative productivities in investment and intermediates are equal to the inverse ratio of relative prices,

BX pM PM (4 he choi . h ,
B~ px — i (given the choice of aggregate investment as the numeraire).
Proof. See Appendix B. O
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Abstracting from heterogeneity in intermediates bundling allows us to write aggregate technical change
purely in terms of exogenous technical change processes and to separate out direct technical change in
investment production, B;X, from technical change in intermediates production, B}. In the empirically
reasonable case where o ~ 0.5, and thus A; BtX BM | the result of Lemma 3 implies that movements
in the relative price of intermediates to investment can provide information about which source of technical
change—intermediates or investment—is playing a larger role in the aggregate rate of growth.”® We provide
evidence on how these relative prices have evolved over time and what this implies for sources of technical

change in Section XX6.

4.3. Implications of Balanced Growth for Structural Change and Growth Rates

A key feature of the ABGP is that it allows for structural change in production networks while the
aggregate growth rate of the economy remains stable. Because of assumptions 1 and 2, the share of each
sector’s intermediates or investment production in the aggregate (equations (16) and (17)) can be rewritten

as:

BM 1—enm;

Jt
5; Wi | == ; (26)
Z Zk PMMkt Jt Z Zk Mkt J A%Ait
~ l—ex
BX
Si)t( = Wwx; Atxitlezt (27)

Because the ABGP admits arbitrary heterogeneity in the input-output network, the structural change
expression for intermediates remains fairly involved, depending both on within sector patterns of structural
change (which may be heterogeneous across sectors) and the overall composition of the buyers of interme-
diates. However, in the case of investment, because assumptions 1 and 2 imply that each sector’s production
technology is identical and that there is a single investment good used for all sectors, structural change is

identical across all sectors (i.e. sft( = 5%, V§). Therefore, the ABGP rules out the composition channel for

15t

structural change in the investment network. However, as observed in Table 2, this channel played a minimal

25We also note that in this special case, it is straightforward to show that along the balanced growth path, the quantities of capital
and intermediates need not grow at the same rate and that neither the aggregate price or quantity of intermediates need grow at a
constant rate. Along the balanced growth path, total spending on intermediates grows at the same constant rate as the aggregate

capital stock, i.e. Y& = fytp MM ‘but the price and quantity of intermediates may grow at non-constant rates over time.
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role for structural change in the investment network.

More generally, structural change in production networks will play a role in the overall structural change
observed in GDP and employment, the empirical patterns of which have been discussed extensively in the
literature. As structural change in these quantities are not the primary focus of our paper, we relegate a
discussion of the role that structural change in production networks play for these to Appendix C.

Importantly, structural change in production networks will play a role in shaping the composition of
the aggregate growth rate of the economy. For illustrative purposes, we discuss the special case where
assumption 3 holds, implying no heterogeneity in intermediates bundling technologies. This special case
helps build intuition for the role that structural change plays in shaping the aggregate growth rate, however,
in our quantitative exercises, we do not impose these simplifying assumptions.

1 X M\ o) 10

In this special case, along the ABGP, the growth rate of aggregates is given by ('yA) =0 = ('th ('th ) “ > .
The dependence of the aggregate growth rate on both v/ * and VB ™ establishes a direct connection between
the aggregate growth rate and structural change in production networks. With some straightforward algebra,

these two aggregate growth rates can be expanded as follows:

1
M M _ M-l
W= (Zs%_mﬁ)w 1) (28)
7

1
ex—1

W=t | s (29)

i
These expressions establish that, in addition to the production share parameters on capital (¢) and value
added («), the growth rate of aggregates depends on four components: growth in exogenous technical
progress in intermediates (%{‘M), growth in exogenous technical progress in investment (7;4){), and two
weighted sums of technical progress in each individual sector ¢, where the weights are determined by the
composition of intermediates production (sf\t/[ ) and the composition of investment production (sft( ). Of

course, the very definition of the ABGP implies that ¥ is a constant; thus structural change in production

networks will not impact the growth rate in the long run.>’ But the composition of the growth rate may

“"However, in exercises in Section 6 where we depart from the assumptions necessary for the balanced growth path, structural
change in production networks could lead to a change in the aggregate growth rate of the economy. We revisit that possibility with
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depend on potentially differential rates of technical change in intermediates and investment production.

Before moving to measurement of these components of economic growth, we make two points about
how the CES structure for intermediates and investment will matter for the composition of economic growth.
First, the distribution of intermediates and investment expenditures across different producers of these goods,
sf\f and sff , will obviously matter for the aggregate growth rate expression above. Particularly, the corre-
lation between this distribution and the distribution of TFP growth rates in each sector, 7{? will matter for
economic growth. For example, if the share of intermediates expenditures is high on sectors experienc-
ing rapid technological change, then this will lead to faster economic growth coming from the endogenous
portion of intermediates technical change. The underlying share parameters wjs; and wx; in the CES ag-
gregators for intermediates and investment will thus be important for shaping the composition of economic
growth.

Second, as relative prices change with different rates of technical change across sectors, the distribution
of intermediates and investment expenditures will change over time. The rate of this change will depend
on the elasticities of substitution in the CES aggregators for intermediates and investment, €;; and ex. We

establish this formally with the following lemma.

Lemma 4. Assume that assumptions 1-3 hold. Further, assume that TFP growth in each sector is constant
over time and that the initial values of TFP are all normalized to unity. Holding all other parameters
fixed, the growth rate of the endogenous component of intermediates, (EZ sf‘t{l(v{“)w *1) w%l is weakly
increasing in €pr. The same result holds for the growth rate of the endogenous component of investment; all

other parameters fixed, it is increasing in €x.
Proof. See Appendix B. O

The higher is the elasticity of substitution in either intermediates or investment, the faster the CES
bundle of each sector’s TFP growth will grow. The intuition for this result can be seen from considering
the limiting cases for these CES functions of growth rates when sector TFP growth rates are constant over
time. For example, if €); < 1, implying the gross complements case, then as ¢ — oo, the growth rate of

the endogenous component of intermediates technical change will converge to the slowest TFP growth rate

those exercises.
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among producers of intermediates.?® This is because movements in relative prices induced by differential
rates of technical change will ultimately cause sf\f to converge to one for the slowest growing sector. In
contrast, in the gross substitutes case (i.e. €jr > 1), this growth rate will converge to the fastest TFP growth
rate, as all expenditures ultimately become concentrated on this sector. Because the growth rate in the limit
is increasing in the elasticity of substitution and the rate of convergence to that limit is increasing the further
away the elasticity of substitution is from one, the result of the lemma obtains.?

A key implication of Lemma 4 is that if €5y > ex and the initial distribution of expenditures is identical
across intermediates and investment (i.e. S%I = sfg Vi), then the growth rate of the endogenous component
of technical change in intermediates will be larger than the growth rate in the endogenous component of
investment, implying potentially significant changes in composition in the aggregate growth rate along the
balanced growth path. Given the empirical evidence already presented, the assumption of s%[ = 856 Vi is
unlikely to hold, and heterogeneity in the input-output network will imply additional richness than what
is characterized in Lemma 4. Nonetheless, differential elasticities of substitution between intermediates
and investment imply rates of structural change and endogenous changes in the components of aggregate

growth. Further exploration of these parametric differences and their implications for long run growth

requires quantitative analysis, which is the focus of Section 5.

5. Measurement, Calibration and Structural Change

We now measure the exogenous technical change processes in the data, estimate the parameters of
the CES bundling technologies and evaluate the model’s fit to observed patterns of technical change in

production networks.

ZNote that this need not be the slowest TFP growth rate among all sectors, as not all sectors need contribute to the production of
intermediate goods.

We note that the restrictions that TFP growth be constant in each sector are sufficient conditions to prove this result, but not
necessary. The necessary and sufficient condition is that the covariance across sectors in the log-level of sectoral TFP and the
growth rate of sectoral TFP raised to the power ¢ — 1 have the sign of ¢ — 1 in all time periods. For sufficiently small variations in
growth rates in each sector over time, this is likely to hold. Further discussion is available in the proof in Appendix B.
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5.1. Measuring Technical Change

There are three types of exogenous technical change to be measured—exogenous technical change
in each sector’s production (sectoral TFP), exogenous technical change in the production of intermediate
goods, and exogenous technical change in investment goods. We describe how we measure each of these in
turn.

First, we follow the procedures of vom Lehn and Winberry (2022) and measure sector-level productivity
as the Solow residual of real gross output net of the primary inputs, constructed in log differences from

equation (4):
A]D(Ajt) = Ahl(th) - ajHjAln(Kjt) — Oéj(l - Gjt) In th — (1 — O[j) In th. (30)

Our measures of real gross output, real intermediates and employment are taken from the BEA GDP by In-
dustry database and the real capital stock is constructed using the perpetual inventory method using sectoral
real investment, implied depreciation rates and initial values of the capital stock from the BEA Fixed Assets
Database. Values of the production parameters are assigned using evidence on cost shares observed in BEA
Input Output data — «; using the ratio of nominal value added to nominal gross output in each sector and
1 — 60, using the sectoral share of compensation in value added.’® We normalize the level of Aj; tobe 1in
1947. When we only consider two sectors, we aggregate sectoral TFP using a Tornqvist index with weights
of each sector’s share of gross output.

Second, to measure exogenous technical change in the production of intermediate and investment goods,
we follow HRV and use a Tornqvist index approximation to measure exogenous technical change indepen-

dent of the parameters of the CES function.?! Specifically, this implies that exogenous technical change in

O As in vom Lehn and Winberry (2022), we allow «;, 5, and §; to vary over time in measurement, to more precisely isolate
changes in technical change from changes in the production technology or depreciation rates. For the growth rate of TFP in any
two years, we use the average of cost shares or implied depreciation rates for those two years. This implies that our measurement
is inconsistent with our model, where these parameters are fixed over time. However, if we hold these parameters fixed, the impact
on our measures of sector-specific TFP is negligible.

31Specifically, for two time periods ¢ and ¢t — 1, we first take a log first order approximation of the bundling equation about
the values in time period ¢, and use that approximate equation to construct log differences between periods ¢ and ¢ — 1 (which
causes terms involving the approximation point to drop out). Then, we construct the approximation again, however, about the
values in time period ¢ — 1, and again construct log differences. Averaging these two approximations together yields the Tornqvist
approximation.
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intermediates and investment is measured as:

Aln(AN) = Aln(Mjp) = WA In(M;jt) (31)
i gt At
Py Xy
Aln(A%) = Aln(X;) — Y L AIn(X,;) (32)

P Xjt

Py Mt d Py Xt

where A In(X;) indicates the log difference in X between time periods ¢ and ¢t—1 and —5; and —%
PN M, PX X1

are
the averages of those ratios in periods ¢ — 1 and . We measure real intermediates and investment spending
in each sector, M;; and X;, using BEA GDP by Industry and BEA Fixed Assets data. Measures of the real
inputs to intermediates and investment purchased from each sector, M;;; and X;;;, are constructed using
the (7, j)th entries of the input-output and investment networks, deflated using the implicit price index for
gross output in sector 7. Aggregated series of technical change, either for the whole economy in balanced
growth exercises or at the two sector level, are constructed using a Tornqvist index with either shares of total

intermediates spending or investment spending used as weights.

5.2. Calibration

* Describe calibration of non-CES parameters

* Describe estimation of CES structure parameters using first order conditions and basic OLS
* Present results for just 2 sectors vs. all 43 sectors

* Emphasize differences in estimation when using full variation and within-sector variation

» Estimate separate elasticity of substitution parameters for each sector and describe heterogeneity in

those elasticities (particularly in goods vs. services for intermediate goods)
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Equipment Investment: Goods/Services Prices. The equipment investment price index for goods and ser-
vices is constructed using a Tornqvist index where the prices come form NIPA investment prices (NIPA
Table 5.5.4) and the weights are constructed from the BEA’s PEQ bridge scaled by the BEA’s make table
(more detail at some point).

Panel C of Figure 7 shows the price indexes for the goods and services sector. Panels A and B show how

we impute missing price data and fix a level jump due to re-classification in 2009.
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Figure 5: Sectoral Price of Investment: 1947-2020
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Figure 6: Sectoral Price of Investment: 1947-2020

A. All Investment Prices

All Investment Price indexes
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Figure 7: Sectoral Price of Equipment Investment: 1947-2020
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Just a silly graph below:

Figure 8: Where is the Value of Key Investment Goods Made? 1947-2020
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B. Services
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Notes: The figure highlights expenditures on three example commodities (autos, computers, and medical equipment) within highest
spending industries. Panel A reports the portion of value “made” in goods industries, while panel B reports the portion “made” in
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5.3.

Structural Change

Present fit estimates and time series for two sector trends
Present bar chart fit estimates akin to Figure 2 for the full 43 sector estimates

Be clear that estimation is of course designed to fit these, but degree of fit in the time series is encour-

aging overall for a relative prices story for structural change in production networks

Discuss misses in the 43 sector estimates (computer equipment manufacturing, for example) — comes

from single elasticity of substitution setup.

6. Growth Accounting with Structural Change

6.1.

6.2.

Balanced Growth Path Accounting

Present technical change in intermediates and investment and describe how these have evolved over

time (including how much of each is endogenous vs. exogenous)

Present estimates of the relative importance of intermediates and investment technical change and

how those evolve over time.
Compare estimates under different elasticity estimates.

Analyze what forces drive things — mix in sectors producing intermediates and investment and their
TFP growth, magnitudes of initial shares, differential elasticities (Relate back to Lemma 4 on differ-

ential elasticities), etc.

Compare results to a simple measure of relative price of investment to intermediates and highlight

similarities and rising importance of intermediates specific technical change since 2010.

Discuss validity of assumption regarding constancy of growth in composite technical change

Unbalanced Growth Accounting

Previous exercises had some restrictions: (1) may not actually be on BGP. Structural change only

affected composition of growth on BGP; could matter more generally in an unbalanced growth path.
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(2) Assumption of homogeneous production networks and complementarities in those networks is
strong. Significant heterogeneity could matter — for example, which sectors are the intermediate
producers to investment is the type of connection that matters most (see for example, Foerster, Sarte

and Watson (2011))

* Solve an unbalanced growth path exercise with heterogeneity in production networks and comple-
mentarities where agents have perfect foresight over future TFP growth (use algorithm from Maliar,

Maliar, Taylor and Tsener (2020))

» Key insight for accounting is that contribution of intermediate goods to growth depends on parameter

a; set o = 0 for counterfactuals to isolate relative components of technical change.

7. Robustness

* Discuss choice of numeraire — we use investment to preserve constant K/Y ratio along BGP. But that

choice is not innocuous (see Duernecker et al. (2021)).

* Present alternative balanced growth representation with price of aggregate consumption as numeraire.
This will allow non-investment/intermediates producer sectors’ TFP to matter for aggregate growth...
but shouldn’t change things too much (Ngai and Samaniego (2009), for example, find that once inter-
mediate goods are accounted for, more than 90% of growth comes from investment-specific technical

change.

* Discuss how you can use these two representations as a way to approximately think about growth

slowdown and what matters for that (compare to findings of Foerster et al. (2011)).

8. Conclusion
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Appendix A.1. Measurement Details

Our primary data sources for measuring production networks and related data are the BEA Input-Output
database, specifically, the time series of Make and Use tables from 1947-2020, and the time series of the
investment network generated in vom Lehn and Winberry (2022). The Make and Use tables from the
BEA Input Output database can be downloaded at the BEA’s website here: https://www.bea.gov/
industry/input-output—accounts-data; data from vom Lehn and Winberry (2022) containing
the time series of the investment network can be found here: https://doi.org/10.7910/DVN/
CALDHX. These data provide details for 43 NAICS-defined sectors of the economy, including agriculture
and government; Table 1 lists each of the 43 sectors and their corresponding NAICS codes. More recent
vintages of the BEA Input Output database allow for greater sectoral detail (and it is possible to construct
more detailed investment networks for recent years), but given our interest in structural change over the
long-run, we focus on these 43 sectors, which can be observed for all years of the data.

We use the Make and Use tables from the BEA to measure input-output relationships in the following
way. The core of the Use table is a square matrix that reports intermediate input expenditures by different
sectors (organized along columns) on specific commodities (organized along rows). These commodities are
named and assigned NAICS codes based on which sectors are major producers of the given commodity,
but more than one sector may be involved in the production of a given commodity. The mix of sectors
which produce a given amount of each commodity are observed in the Make table, which is a square matrix
reporting commodities along columns and the amounts of each commodity produced by each sector along
rows. Our final input-output network combines the data from these two tables, using the product of the
Make matrix and the Use matrix detail on intermediate input payments.3?

The investment network data from vom Lehn and Winberry (2022) reports the matrix of sectoral spend-
ing and production of new investment; see that paper for construction details. We follow those construction
details provided to extend the investment network through the year 2020. However, the raw investment ma-
trix from vom Lehn and Winberry (2022) is still organized with commodities along each row, not sectors,

and needs to also be adjusted using the Make matrix. Thus, the final investment network data we use is the

32 Formally, the final input-output matrix in any given year is the matrix product of a scaled Make table, where each column is
scaled by its sum (thus summing to 1) and the unscaled Use table.
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product of the Make matrix and the investment network data from vom Lehn and Winberry (2022).33

The Use tables from the BEA also contain information on the final uses of each commodity produced,
including consumption. To measure structural change in consumption, we construct final consumption
produced by each sector as the product of the Make matrix and the private final consumption vector in the
Use table.>* The Use table also has information on the final use of each commodity as new investment,
however, we use sums of the data from the investment network (which is closely tied to this figure) to
compute total production of investment by each sector.

Finally, we make note of how we use data from the BEA Make and Use tables to construct value added
measures of consumption and investment (as described in equations (2) and (3). As noted above, the final
vectors of consumption and investment are available from the Use tables and the investment network data.
To compute the fraction of value added in gross output for each sector, we use data in the Use table on
nominal value added and nominal gross output for each sector. To compute the total requirements matrix,
or Leontief inverse, we simply scale our final input-output data (adjusted by the Make matrix) by the total
gross output of each sector (as opposed to the total spending on intermediates), which gives us the matrix
T'. Because we initially adjust both final consumption and the input-output data by the Make matrix, the
formulas in equations (2) and (3) look slightly different from those reported in Herrendorf et al. (2013),

however the methods are identical.”

Appendix A.2. Additional Detail on Section 2 Results

In this subsection, we report three additional empirical results: time series detail for sectors whose
production share of investment or intermediates has increased or decreased the most, detail on how the
services share of intermediates and investment is changing within all 43 sectors in our data, and the shift-
share decomposition for the share of services in the production of investment or intermediates using data

from all 43 sectors.

3 Formally, the final investment matrix in any given year is the matrix product of a scaled Make table, where each column is
scaled by its sum (thus summing to 1) and the unscaled investment network data.

3% Again, formally, we use a scaled Make matrix for this multiplication. We do not include government consumption or make
adjustments for imports/exports in computing final consumption, though this would have minor impact on our results.

3We note that, in principle, one of the reasons why the total requirements matrix might change over time are because the Make
matrix has changed over time. However, we have explored counterfactuals holding the Make matrix fixed over time and found that
changes in this matrix are minor and have virtually no impact on value added measures of structural change.
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First, the four panels of Figure A.1 report the time series patterns sectors whose share of production
of intermediates or investment has increased the most (right panels) or decreased the most (left panels). As
reported in Section 2, for intermediate goods, the largest increases in production share are in information ser-
vices, finance/insurance, real estate, professional/technical services, and administrative support services; the
largest decreases occurred in agriculture, primary metals, food and beverage manufacturing, textile manu-
facturing, and paper manufacturing. For investment, the largest increases occurred in professional/technical
services, information services, and wholesale trade; the largest decreases are in machinery, construction,
and motor vehicle manufacturing. While there is certainly heterogeneity in the changes over time in each
of these production shares, we note that each sector’s changes in production shares appears to be part of a
gradual long run trend and not some permanent spike occurring in a particular year.

Second, in Figure A.2, we present bar charts showing the change in the services share of production
of intermediates (top panel) and investment (bottom panel) within all 43 sectors in our data between 1947
and 2019. Although there is significant heterogeneity in how much the services share of production of
intermediates or investment has changed in each sector, it is increasing in the vast majority of sectors.

Finally, in Table A.1, we report the shift-share decomposition (equation (1) and Table 2) where instead
of looking at within and between sector changes for just 2 sectors, goods and services, we decompose the
within and between sector changes in the services production share across all 43 sectors in our data. With
this additional detail, we see that changes in sectoral composition, the between component, explains a larger
fraction of the rise in the services share of production in both intermediates and investment. However, we
still see that the vast majority of the rising services share in investment production is occurring within sectors
(75%, as opposed to 100% in Table 2 ) and the within-sector component of the increase in the services share

of intermediates production is about half.

Appendix A.3. International Evidence

Appendix B. Equilibrium Conditions, Derivations and Proofs
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Figure A.1: Time Series Changes in Production Share of Intermediates and Investment, Additional Sector Detail
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Figure A.2: Changes in Services Production Share of Intermediates and Investment Within Sectors: 1947-2019
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Table A.1: Shift-Share Decomposition of Services Share of Production of Intermediates and Investment, 43 Sector Detail

Decomposition

1947 2019 A within  between

Intermediates 0.33 0.67 0.34 0.17 0.16
(51%) (49%)
Investment 0.19 0.38 0.19 0.15 0.05

(75%)  (25%)

Notes: The table reports the shift-share decomposition described in equa-
tion (1) for the production share of services, but with within-sector and
between-sector changes across all 43 sectors in our data. Individual com-
ponents may not exactly sum to totals due to rounding.

Appendix B.1. Full Listing of Equilibrium Conditions

Appendix B.1.1. Household Problem

The household’s problem is

ec
00 ec—1 | cc—
1
max E Btlog E wc/jeCCj;C ,
Cjt,Kjt4+1 P r

N
S.t. ZPthjt + Z]D])t( (Kjt-I—l - (1 - 5j)Kjt) <W;+ Z RjtKjt-
J Jj=1 J

The first order conditions for this problem, Vj, are

Bl 0 R+ Bl -5) .1
Ey  FEin J
1
Py C,\%c 1
E, (wCJ Cjt) Cy 2
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where total consumption, Cy, and total expenditures (denoted in units of the numeraire), F;, are given by:

cC

€C
Cr= | wiieo,©
j
Ey =) PyCj.
j

Appendix B.1.2. Production Firm Problem

The profit maximization problem for the representative production firm in sector j is given by

max Pth_jt - Wtth - RjtKjt - Pj])f/[th'

Lj,Kje,Mj¢

. 0; 71-0;\% ; 1—a;
where Qy; = Aje (K37 Ly, ™) My .

The first order conditions for this problem are

P, .
Wi = a;(1 - ej)iinﬁ
jt
PjiQjt
Ry = a0~
Jt 7Y Kjt
PiQ;
M t&jt
Pjt :(1_ ]) jwjt]-

Appendix B.1.3. Bundling Firm Problems

1 ec—1

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

For each sector j, there are two bundling firms: one that produces the intermediate good used by sector

J» M, and one that produces the investment (purchased by the household) for capital specific to sector 7,

th.

The profit maximization problem of the intermediates bundling firm for sector j is given by:

maXPjt th — -PitMijta
M;jt r
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where the bundle of intermediates used by sector j, M, is given by:

€Mj

1 MiTLN -1
Mj = A (Z Wty Mg ) : (B.3)
i
The first order conditions for this problem are, for each sector ¢:
1
17L M €N
Py = P (Aj) =0 <wMz~j M]> i (B.9)
ijt

Obtaining the expression for the price of the intermediates bundle sold to sector j, ij‘f ,

as reported in
equation (11), follows from solving the first order conditions for M;;;, plugging into the expression for M,
and solving for ij}g .

The profit maximization problem and first order conditions for the investment bundling are symmetric
and are given by:

X
max Pi Xji — E Py X
gt i

1

1— X €x;
Py =P (A}) (inj)(,jﬁ) ’ (B.10)

where the bundle of investment for capital specific to sector j, Xj; is given by:

1/ EXj_1 eXJ—l
Xjo = A% <Z Wi Xt ) : (B.11)
7

Similarly, the expression for the price of the investment bundle for sector j’s capital shown in equation
(12) can be obtained by solving the first order conditions for X, plugging into the expression for X ;, and

solving for Pff .

Appendix B.1.4. Market Clearing Conditions

In equilibrium, each labor, capital, intermediate bundling and investment bundling market clears. To
conserve on notation, market clearing is built into how the capital, intermediates and investment problems
have been written down. With the household inelastically providing unitary labor supply each period, labor

market clearing is simply given by > ; L;; = 1. That leaves market clearing for final production in each
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sector j, which is given by:

Cjt+ZMjit+Zint = Qj. (B.12)
J J
We also note that evolution of capital in each sector is given by the standard accumulation equation:
Kjt+1 = (1 _6j)Kjt+th- (B.13)

Appendix B.1.5. Sectoral Value Added and Prices

For each production sector j, constant returns to scale implies
WiLjt + Rj K + Pl My = PjyQje. (B.14)
Therefore, the accounting definition of nominal value added is simply
Py Vit = PpQje — Pl My = WiLy + Ry Ky (B.15)

To obtain real value added, we use a discrete time application of the Divisia index definition, which

differentiates the accounting definition of nominal value added holding prices fixed:

PV AnVj = PyQ;eAIn Qj — Py MjyAln My,
a;AInVy=AInQj — (1 —a;)AIn M

1
AlnVj = —AlnAj +0;AIn Ky + (1= 0;)Aln Lye.
J

Cumulating this expression yields that real value added is given by Vj; = A;? ng le; b5 36

3We have normalized the implicit time-invariant constant in cumulating this expression to 1.
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Finally, we can write the price index for value added in sector 7, Pj‘{, as follows:

PiQje — Py Mj;

PV =
Jt V]
N 1—ay N
PV ((“‘;}@”ﬂ) g w) - ry (5 )” v
Vit
s M -1 L 1
=P (P =) (25 1)
1 170‘]'
i 0 [ pl K
= ! (1 - O‘j) K th
L —a Pj

1

where we use the fact that Q;; = Vﬁ] M jltfaj and the fact that M;; = (%) E Vit (from the first
it

order conditions for intermediates, shown in equation (B.7)).

Appendix B.2. Proof of Lemma 1

With Assumptions 1 and 2, we have:

P A/ (Pz‘]tw)l_a _ A

F Ajt/<Pﬁ4>l_a Aji

Ayt
(P
With this relationship, the lemma is straightforward to prove by manipulation of the expression for the

where A;; =

price of investment (equation (12), though now common to all sectors due to Assumptions 1 and 2):
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) Tex
17
P = @ (ZinPkt 6X>
k
1 Z Pkt 1—ex ﬁ
= Pji—~ Wxk ()
TAN\S Pt
1

~ l—ex l—ex
1 A
= Pji—~ E wxk | =2
’ A;‘,X k (Ak‘t

_ 1
l—ex

= jtf‘ithltX (Z WXk (Akt)ex_1>
k

Hence,
1
X 41X ©oyex—r) X
P Aje = Py A ZWXk: (Akt) .
k

1
Defining By (t) = AX (Zk kaAZfA) X" the result of the lemma obtains.
The proof for the price and technical change in intermediate goods follows identical steps as the above,

1
: DM — AM Aeni—1Y emi—1
with Bit = Ait (Zk ka‘iAk:t ) .

Appendix B.3. Proof of Lemma 2

Aggregate GDP, Y;, denoted in units of the numeraire, is given by:

Yi=> PYVy
7

where Vj; is real value added in sector ¢ and Pl-‘t/ is the price of value added in sector .
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As shown in Appendix B.1, sectoral real value added and its price, can be written as:

1
a5 0; 110,
— J J J
V]t—Aﬁ Kthjt

l—a;
l—la‘ aj]
J
O a1 | P.
‘Dj‘t/zl ! (1_aj)aj ]tM
Y Pii

Given Assumptions 1 and 2 (implying that a;; = « for all sectors), and these expressions for real value

added and its price, we can write aggregate GDP as:
Y, =) PiVy
i

1
B e! s AuPy \° (Ea\’ '
_zi:la(l_a)a <(]Dijtw)1—a> <th) L

Because of the common rental rate and wage, the capital to labor ratios will be equated across sectors,

and with an aggregate labor supply of 1, will simply be equal to the aggregate stock of capital, K; = ), Kj.

Further, from Lemma 1 and our choice of the price of investment as our numeraire, we have that (P’%\ij% =
it

Pitfll-t = BtX . With this, we can rewrite the above expression for GDP as:

Q=

« 1 /=
Yi= (- (BY)

(K" L

Y ()t (BY) K

11—«

= Athe

1

RNt
e = X\«
where At = m(l — Ol)a (Bt > .
. . - . . Pj1Y; . .
First order conditions for capital in each production sector give us [?; = Ga}(ti_:t. Using our expressions
J

for real sectoral value added and its price, as well as the result of Lemma 2, we can rewrite the this first order
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condition as:

= A K1

Applying the same algebraic steps to the first order condition for labor demand (equation (B.5)) gener-

ates the other equation in the lemma, W; = (1 — O)Ath .

Appendix B.4. Proof of Proposition 1

Given the if and only if statement in the proposition, we must prove both the necessary and sufficient
directions. We start with the necessary direction, showing if an ABGP exists, this requires that v is constant
and that Y& = 4% =Y = F = /W = (’y““)ﬁ

The requirement that v be constant follows immediately from the aggregate production function ex-
pression from Lemma 2, Y; = Ath . If Y; and K; grow at constant rates, that means that .4; must as well.
Thus, the remainder of this direction of the proof entails showing that the growth rates of Ky, Y;, Wy, X,
and E are all equal to (y*) T3 and that the growth rate of R; is zero.

Taking the Euler equation from the household’s problem (see Appendix B.1), we have that:

E
gl =B, =B (Riy1 +1-9) (B.16)

This implies that a constant growth rate in household expenditures implies a constant rental rate of capital,

R,, along the ABGP.
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Taking the ratio of first order conditions for capital in each sector, we have that:

Kjt . 0 Wt

— -t B.17
th 1—0 Rt ( )

With our assumptions of common parameters across sectors, capital to labor ratios are equated, and

since ) ; Lje = 1, we can write the aggregate capital stock, K, as Ky = % %. Since Ry is constant along
the ABGP, this implies that 4% = W,
From Lemma 2, we have that R; = HAth ~1. Taking the ratio of this simplified first order condition

for capital across time periods yields:

1

K, R 1-0
1 _ ( Rev1 A (B.18)
K Ry A
_1
ny = (’yA) 1=6 (B.19)
where the last step holds given the constant rental rate of capital along the ABGP.
Taking the ratio of the aggregate production function from Lemma 2 across time periods yields:
Yipr A (K’
= B.20
vi A UK (320
0 1
,YY _ ,Y.A (,YA) -6 (,.YA) -0 (B.21)

which thus implies v¥ = ~%.

Now, turning to the capital accumulation equation, if we divide by K;, we have:

Since vX is a constant, this requires that the RHS be constant, or in other words, v~ = 7.

The only remaining condition to verify here is that aggregate consumption expenditures, Fy, grow at the
same rate as aggregate capital. We can write GDP using expenditure side accounting as Y; = F; + X, since
all these aggregates are denoted in units of the numeraire. Since we know that 4 = v% = 4% and v is

constant, then v = ¥ = ~&_ This finishes the necessity direction of the proof.
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We now consider the sufficiency direction required for the proof. We now show that if v is constant,

1
then an ABGP exists. We do this by construction. We set 7% = 4X =¥ = F =AW = (fyA) -6 and we
set I?; to be a constant such that the Euler Equation holds:
Ry =277 = (1-19) (B.22)

27
g
1
Given our assumption that ('YA) 1=0 > ITZ‘;, this will produce a non-negative rental rate for capital.
Then, given an initial value of Ay, this value of R implies a unique value for K from (the rewritten first
order conditions). It is then straightforward to construct X to satisfy capital accumulation, given Ky and

~¥. Finally, we can determine the initial condition for expenditures, using the expenditure side accounting

relationship, with

Eo =Yy — Xo

= AoK§ — Ko (% — (1-9)).

Lastly, to show that transversality holds, we need that

Ky

= B.23
E 0 (B.23)

. t
limy oo B

Given that we have constructed the path such that v = ~% ,% will be a constant along this path and thus

the limit will be satisfied. Thus completes the proof in the sufficiency direction.

Appendix B.5. Proof of Lemma 3

Given the assumption 3, that the parameters of the intermediates bundling sectors are the same for all
sectors 7, 1.e. wyr;j = wx; and e€p7; = ey for all 5 and that technical change in each sector’s intermediates

AM we start by revisiting the result of Lemma 1. Assumption 3 implies

bundling is the same, i.e. A;‘f =

that there is now a single intermediate good in the economy, with a single price, P} . As a result, given our
Aje

W, we have that
J

definition of fiit =
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Py A Ai

Pi B Ajt - Ajt
Thus, we now have that B’% = B{V[ and by the same logic as the above and the proof of Lemma 1, we

have that:

B _pY
BM P

1 1
M — AM M pemi—1Y enmi—1 X — 2AX X pex—1)ex—1
where Bji’ = Ay (Zk Wiy Agp’” ) and B* = Aj (Zk wi Agp ) :

11—«
The final part left to show is that A; = 9~(1 — a)éBtX (BM) = . Given that, in the more general

1

case, A, = 2-(1 — a)i (Bf) * this amounts to showing that BYX = (BtX)a (BtM)lfa. Given the

-«

definition of B;X, we have that:

This completes the proof.

Appendix B.6. Proof of Lemma 4

We prove the result for intermediates and €, first; the result for investment with ex follows by the
symmetry of the CES functions.

For ease of exposition of the proof, we define g™ (e5y) as follows:
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1
ep—1
oM ear) = (z Mm)
7

Thus, the objective is to show that g™ (e)s) is weakly increasing in €,;. For ease of exposition, we also
suppress the A superscript on ’yﬁ and define y; = ;.

We observe that g™ (e)7) depends on € in two ways—both directly, as an exponent on 7{? and in the
exponent for the overall sum, but also indirectly, through its impact on sf\f_l, which is itself a function of
enr. Plugging in the definition for B} from Lemma 1 to the definition of sf\t/[ in equation (26), szj-\f_l can be

written as a function of exogenous values, including €,;:

emr—1
Ait—l

N . E]\/[—l
Zj WMJAjt—l

5%71(6M) = W

Our goal is to show that for any €; > e, g™ (1) > g™ (ez). We show this in two steps. First, we
define the function g((o,€eprr) = ( isf‘{[_l(a)'yf;”_1> EM%l We first show that for fixed o and €; > ea,
g((0,e1) > G((o,€2). The second step defines the function G(epr,0) = ( is%fl(eM)ygfl)ﬁ and
shows that §((e1, o) > g((e2,0). Then, given these two substeps, the final result follows from the following

sequence of inequalities:

gler) = gler,e1) > gler, e2) = g(er, €2) > gle2, €2) = g(e2) (B.24)

We note that the lemma makes two additional assumptions—that TFP in each sector is normalized to 1
initially and that the growth rate of TFP is held constant over time. These assumptions are not needed until

Step 2, and so we demonstrate Step 1 for the more general case without these additional assumptions.

Step 1: For €1 > €9, g(0,€1) > g(o, €2). This first step of the proof follows from an application of Jensen’s
inequality. Jensen’s inequality tells us that for any convex function, ¢(z), any real valued function h(x),
and any set of non-negative weights a; with Y . a; = 1, Y. a;p(h(x;)) > ¢(>_,; ash(z;)). The inequality is

reversed in the case where ¢(z) is concave.
€e1—1
First, begin with the case where ¢; # 1 and e5 # 1 and % > 1. Define ¢(x) = x<2~'. This function

€2

is convex because =1 > 1. Define h(z) = 22! and a; = s¥ (o).
ea—1 it—1

Jensen’s inequality thus implies the following result:
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€e1—1

62—1
(Zsm o)yE" ) =a<o,eg>f“s<28£‘f1< oW ) go,e) !

i

Exponentiating both sides of the inequality to the power —, which is a positive exponent, completes
the result for this case.

Ife; #1andes # 1and 0 < E;j < 1, then it must be that ¢; < 1. In this case, ¢(x) is now concave,

which reverses the above inequality. However, because €; < 1, the step of exponentiating both sides of the

1

inequality to the power —— again reverses the inequality and ensures the result holds.

Ife; #1and ey # 1and 0 > 61 1 ,then €2 < 1and €1 > 1, and ¢(z) is again convex and - 1 is a
positive exponent, so the result still holds.

Finally, consider the case where either e, = 1 or e = 1. Although g(e);) is undefined in this case,
we consider instead the limiting result, defining §(o,0) =[], ’y:t%’l(a). Here we apply Jensen’s inequality

using ¢(x) = In(x) and h(z) = 297!, If e; = 1 and €; > 1, then we have that:

(1 — 1) 1In(g(o, e1)) Zszt NG EACERY Zszt 1(0) In(7it) = (e1 = 1) In(g(0,0))

Dividing both sides by €; — 1 and exponentiating both sides of the inequality yields the result.
In the case where €; = 2 and €3 < 1, the same steps can be followed, replacing €; with €3, but now since
€2 < 1, the final step of dividing both sides by e2 — 1 will reverse the inequality, proving the result.

Thus completes step 1.

Step 2: For €1 > €2, §((€1,0) > §((e2,0). To prove this inequality, we show that Lgig ) > .

Taking the partial derivative, we obtain the following result:

di(err,o) 1, 2o Osiialen) 54
deyy o 1g(€M7U) Z dens it

= O’i]. (enr, o (Z Sit— 1%t 1ln (Z Sit— 1%15 ) (Z %1111(/1“)))

— 1 g(eM,J)Z_UCOV (ln(A ),V 1)

o—1
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o—1

where COV (In(Ay), 3 "') is the covariance between In(A;;) and 77 ') where probability weights
across sectors are defined by the shares sf‘{[_l. To be able to consistently sign this covariance term requires
assumptions of constant growth in each sector’s TFP and initial conditions with each sector having the same

level of TFP (i.e. A;p = 1). Those assumptions are sufficient conditions (though not necessary ones) for

157

knowing the sign of this covariance term will be the the sign of o — More generally, provided that this

covariance has the same sign as o — 1, the result will go through. Since we know that §(eps, )2~ > 0

9§(en,0)

L, this ensures that “5c.2— > 0. This completes step 2 of the
€M

and the entire expression is multiplied by —=,

proof.
Given the successful completion of steps 1 and 2, the proof for intermediates follows from the inequali-

ties in equation (B.24) and the proof for investment follows by symmetry.

37Assuming that ~y; is constant and that A;o = 1 ensures that In(A;;) = ¢1n(+;), which is an increasing function of ;. Thus,
if 77 ~1is a increasing (decreasing) function of +;, then the covariance must be positive (negative). The increasing or decreasing
nature of the function ~; ~! depends on the sign of o — 1.
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