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(ii) keeping the equation in levels and transforming the instruments to differences. In specifying
the set of valid moment conditions and instrument sets, patterns with finite memory of distur-
bances, of latent regressors and of the measurement errors are discussed. Focus is on examining
how the potential instrument sets which satisfy both the rank conditions for the instrumented
variables and the orthogonality conditions for the composite errors and disturbances, change when
the model’s memory pattern changes. Sometimes the joint occurrence of measurement errors and
long memories implies that the potential instrument sets becomes too small to make consistent
estimation possible. An application based on panel data for capital stock and output from Norwe-
gian manufacturing firms is presented.
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1 Introduction

For more than six decades it has been common knowledge that the occurrence of endoge-
nous right-hand side (RHS) variables correlated with the disturbance in a static regression
equation biases Ordinary Least Squares (OLS) estimators — the ‘simultaneity problem’.
Similar simultaneity biases arise if regressors are mis-measured or if, in a dynamic equa-
tion, lagged endogenous regressors and a disturbance with memory occur concurrently.
Specifically, inconsistency of OLS follows if (a) in a static equation random measurement
errors affect the regressors in a static equation and if (b) in a dynamic equation lagged en-
dogenous variables occur jointly with autocorrelated disturbances. In the (a) case — unless
extraneous information, say parameter restrictions or valid instrument variables (IVs) for
the error-ridden regressors, exists — coefficients cannot be identified from uni-dimensional
data (cross-section or time series data). In the (b) case, consistent estimation can be
ensured by using lagged values of the exogenous, and sometimes also values of the lagged
endogenous variables, as I'Vs.

If panel data are available the situation may be more favourable. This basically is
due to the fact that its two-dimensional variation can serve to alleviate the identification
and simultaneity problems, because linear data transformations can be performed along
one dimension, for instance to eliminate heterogeneity, and still one data dimension is left,
making the construction of valid I'Vs possible. Such ideas have been explored for panel data
models in the (a) case in Griliches and Hausman (1986), Wansbeek and Koning (1991),
Bigrn (1992, 1996, 2000), Wansbeek and Meijer (2000, section 6.9), Wansbeek (2001)
and Bigrn and Krishnakumar (2008, Section 10.2). For the (b) case, ways of ensuring
consistency when using panel with finite time series length are discussed in Balestra and
Nerlove (1966), Anderson and Hsiao (1981, 1982), Sevestre and Trognon (1985, 1996),
Holtz-Eakin et al. (1988), Arellano and Bond (1991), Ahn and Schmidt (1995), Blun-
dell and Bond (1998), and Arellano (2003, Chapters 7 and 8). For uni-dimensional data,
consistent IV estimation of static errors in variables models is discussed in Fuller (1987,
Sections 1.4 and 2.4), among others. Grether and Maddala (1973), Pagano (1974), and
Staudenmayer and Buonaccorsi (2005) discuss distributed lag models for pure time se-
ries combining errors in variables and serially correlated disturbances. Maravall and
Aigner (1977), Maravall (1979) and Nowak (1993) discuss identification problems for such
models.

This paper sets out to elaborate Generalized Method of Moments (GMM) to handle the
joint occurrence of random measurement errors and autoregressive mechanisms in panel
data. Simultaneity in panel data is discussed in Bigrn and Krishnakumar (2008, Section
10.3) and will not be dealt with here. Motivating examples easily come to mind. One is
a partial adjustment, or an equilibrium-correcting mechanism for a firm’s capital-labour
ratio motivated by an error-inflicted labour/capital service price ratio. Another is an au-
toregressive household consumption function or savings function with poorly measured



income and net wealth. A third example is an autoregressive equation explaining individ-
ual wage rates by noisy measures of ability, education achievement or work experience.

Our specific attention will be given to the estimation of linear, autoregressive equations
from balanced panel data with additive, random measurement errors (errors in variables,
EIV) by the GMM. We show that it is possible to estimate such equations consistently
while eliminating fixed and unstructured individual heterogeneity in two different ways:
(A) Keeping the equation in its level form and using x-values (or y-values) in differences
as IVs for the level z-values. (B) Transforming the equation to differences and using z-
values (or y-values) in levels as IVs for the differenced x-values. The errors do not need
to be white noise, which — although quite often assumed — may be unrealistic. (In the
following ‘error’ will be used as synonymous with ‘random measurement error’.)

A notable point is that GMM estimators valid for non-memory situations can be mod-
ified to account for finite memory of errors or disturbances by modifying the IV set. This
memory pattern will be represented by moving average (MA) processes. The essence of
this modification is to reduce the IV set in such a way that all IVs ‘get clear of” the memory
of the error process, in order to ensure that the IVs and the errors/disturbances are still
uncorrelated (the orthogonality condition), while ensuring fulfilment of the claim that the
IVs be correlated with the variables for which they serve as IVs (the rank condition). Cer-
tain extensions of static EIV models to finite memory cases are discussed in Bigrn (2000,
2003). The present paper sets out to extend these ideas more thoroughly from static to
autoregressive models.

The paper proceeds as follows. In Section 2 five related time series models with mea-
surement errors and their OLS biases are considered to fix ideas, before in Section 3 the
panel data model is presented and examples related to the literature are described. The
GMM principle, without particular reference to the present panel data setting, is described
in Section 4, for later reference. In Section 5 focus is on the orthogonality and rank con-
ditions and the valid IV sets. Section 6 elaborates GMM estimation for an ARMAX-EIV
equation in levels and for its first-differenced version. Similarities and dissimilarities be-
tween implementing the GMM principle in an ARX panel data model without errors and
in a static EIV model for panel data are synthesized in Section 7. An application based on
panel data for capital stock and output from Norwegian manufacturing firms is presented
in Section 8. It illustrates the on the one hand the effect of the transformation from levels
to differences and the implied changes in the instrument set and how the instrument sent
and the coefficient estimates change when memory pattern of the latent regressor and the
error elements changes. Section 9 concludes.

2 Measurement error biases in time series models

Before considering the measurement error problem in a dynamic panel data context and
possible solutions to the estimation problem, we illustrate the corresponding problem for



pure time series models by five examples. One is a static model, the other are dynamic.
Three examples relate to univariate models, the others contain exogenous variables. The
models differ with respect to the memory pattern and serve to illustrate how dynamics

and measurement errors may interact in creating bias when using OLS regression.

EXAMPLE 1: A sTATIC EIV EQUATION WITH MEMORY IN ERROR AND DISTURBANCE:
The first example is a benchmark case where a static regression equation has a memory
in either the latent regressor &, the measurement error ¢; or the disturbance v;:

Yt = B& + vy,
Ty =& + e,
U Ee) =) =E@) =0,

E(ﬁtftfs) = 055(5), E(Utvtfs) = Juu(s), E(etetfs) = 0’66(5)7 &t Lo Loy,
L symbolizing ‘orthogonal to’. For simplicity we assume that the latent ‘structural’ vari-
able, 1, has zero expectation, and omit the intercept from the equation. It is well known

that if neither of ¢ and v; has a memory [auu(s) =0e(s) =0, s=1,2,... ], then the plim of
the OLS estimator of 3 is [see, e.g., Fuller (1987, p. 11)]

(2.2) 3= _ gk

rxr

where k, often denoted as attenuation, is
o
(2.3) = —20
Tec(0) T Tee(o0)
If there is memory in (v, €), (2.2)—(2.3) still holds and the OLS residuals converge to

(2.4) er =y — By = B(1—k)& — ket + vy,

which shows that the discrepancy between the asymptotic OLS residual and the distur-
bance equals e; — vy = B[(1—k)& — ke;]. The autocovariance of this asymptotic residual is

(25) COV(et, et_s) = ﬂQ[(l - k)zo&(s) + kQUEé(S)] + Uuu(s), S = 0, ]., 2, e

This gives the following conclusion: Even if the disturbance v; is white noise, OLS induces
not only attenuation [k € (0,1)], but also spurious serial correlation in residuals as long
as the latent regressor or the error is autocorrelated. This was pointed out for a related
example by Grether and Maddala (1973).

EXAMPLE 2: AN AUTOREGRESSIVE MODEL WITH WHITE NOISE ERROR:
The second example is a simple time series model without any covariate:

Yt = My Tt €,
6 ~1D(0,02), & ~I1ID(0,02), E(u)=0, & Le,

(2.6)



where ¢(L) = ¢1L + ¢oL%2 + ... ¢pLP, L being the backshift operator. All values of z satis-
fying 1—¢(2) =0 are assumed to lie outside the unit circle, so that p, and y, are stationary
variables. For simplicity we assume that the latent variable p; has zero expectation and

omit the intercept from the equation. It follows that the observed, error-contaminated
variable y; follows the ARMA (P, P)-process:

(2.7) ye = o(L)ys + € + 6 — d(L)es.

Obviously, OLS estimation of this equation is inconsistent for the parameters of ®(L).
This kind of model and procedures for consistent estimation are discussed, mostly under
the additional assumption of normality of the errors, in Pagano (1974) and Staudenmayer
and Buonaccorsi (2005).

EXAMPLE 3: AN ARMA(1,1) MODEL WITH A WHITE NOISE ERROR:
The next example is an ARMA (1, 1)-process for a latent variable i, observed with a white

noise error 0;:

(ML
1—L

My = Y1 + v + )\’Ut_l — U = %’Ut = |:]. +

(28) Yt = My + 5,5,
E(uo) =0, v ~1D(0,62), & ~1ID(0,02), v L 6.

] Vt, |’Y| < 17

It follows that the observed variable y; is generated by

14+AL
(29) Yt = 1_7L’Ut + (St.
Hence,
2\ _ 2\ 2 _ _ 2 2
E(/*Lt) = Ouu = (1+X )va E(:ututfl) = Ouu) = [’Y(H‘X ) + )‘]UW
where NN

Taking the plim of the OLS estimator of v, ¥ = [Y_, v,y _11/[>_; v71], gives

(2.10) 5= Tyy) _ Tun(y Y13+ A
. = = = 2
Sy Tt o5 14N+ L

o3

where o, = var(y), Tyy(1) = cov(ys, yr—1). Hence, the bias in 7 is affected by both the
model’s MA parameter (A # 0) and its error variance (03 > 0). Since
2
2 e A2 %
Fy Z 7 ’}/ Z 0_12]7
assuming A >0, the attenuation of OLS may (partly) be counteracted by the memory of
the MA part of the equation’s disturbance.



EXAMPLE 4: AN ARMA(1,1) MODEL WITH AN MA(1) ERROR:
The next example also is an ARMA(1,1)-process, now with the error process extended to
an MA(1) process, which increases the complexity of the memory structure:

Ky =Yy F U F AV = = %Um vl <1,

(2.11) Yt = iy + 0 + Yor1,
E(,u()) = O, Vg ~ ”D(0,0’g), 5t ~ ”D(0,0’g), Ut L (5t.

It follows that

14+ )AL
(2.12) "

B 1—~L

vy + (14+9L)dy,

showing that y; is generated by an ARMA(1,2) process, 1—~L being a common factor in
the lag polynomials for y; and §;. We further obtain

E(f) = o = (14x%)03, E(petty—1) = 0ppy = [YA+HX3) + Nos

Taking the plim of the OLS estimator of v, ¥ = [Y_, y,y,_1)/[>_; v7_1], gives the following

generalization of (2.10)
2

o
Y+ +A+y =2

Oyy Opp + (1+¢2)U§ 2 2 Ug

(108 +(1+4) %

v

Table 1: EXaAMPLE 4: VALUES OF 4 = plim(}y) IN BOUNDARY CASES

03=0 03>0,1=0 03 >0,1#0 oj=0,,1=0 oi=0s,9#0
A=0, - Yol oy +os(1-9%) v y+p(1=2")
(X= 7/(1—’72)2) 2 2 2 2 2 2 2 2 2 2
oytos(1=77)  oy+os(1+97)(1-77) 2—y 1+(1497)(1=77)
v=0, A Moo Ao +1pos A A9
(=) 1+2% (14X 405 oZ(1+2A) 405 (1+4°) 24+)° 24+ X2 +4p°
>(\:_6Y)7 0 0 1/10§ 0 P
X= o2+ o} (1+9%) 2+

Now, the bias of OLS depends on both A and %, the first-order parameters in the MA
processes for the equation’s disturbance and error, respectively. Table 1 summarizes the
expressions for 4 in 15 boundary cases, 1) =0 corresponding to Example 3.

If, in particular, v=0, when writing the equation as

Yy = UZ‘ + 5:, U;:Ut—F)\Utfh 5::57&‘*'7#51‘,71,
7 becomes a variance-weighted average of the autocorrelation coefficients of v; and 67,

which are, respectively, p = A\/(1+A?) and p} = ¢/(1+1?):

var(o}) i + var(67)p3
var(vy) + var(d;)

5= (v=0).



EXAMPLE 5: AN ARMA(1,1) MODEL WITH EXOGENOUS VARIABLE AND WITH MA(1) ERRORS:
The final time series example extends Example 4 by including in the ARMA(1,1)-process
an exogenous, error-ridden regressor, givng an ARMAX model. Both errors are MA(1)
processes. The model is:

e =Yy + B + v + Avgq, vl <1,
Yt = MUy + 515 + wét—b
T =&+ e+ o6,

(2.14) B _f 0ees), 5=0,1,2;
E(é-t) - 07 E(fté—t—s) - 0’ s 2 3’

E(wo) =0, v ~1ID(0,02), & ~1ID(0,0%), e ~ 1ID(0,02),
ft _L”UtJ_(St J_Gt.

These assumptions imply

E(uf)+(1+¢?)of, s=0,

(2.15) E(yii—s) = § Elpup_1)+os,  s=1,
E(uety—2), s =2,
Oge(0) + (1+¢2)o?, s=0,
(2.16) E(w@y_y) = { Oeeqry 90 s =1,
Tee(2) §=2
(2.17) E(@i_gy—r) = E(§_p&i—+), 0=0,17=0,1,2.
From (2.14) it follows that
(2.18) = 1_5%& + ?_r’?tvt,
(2.19) Y = b 4 AL ﬁ(1+¢L)€t+(1+wL)5t.

1—7L$t 1—'yLvlt B 1—~L
Since |y| < 1 ensures invertibility, the last equation is equivalent to
(2.20) Yt = YYt—1 + Bre + wy,

The plims of the OLS estimator of (3, ) and of the ‘IV estimators’ obtained by using,

respectively, [1] z;—1 as IV for y;—1, [2] x4—2 as IV for y;—1, and [3] x4—1 as IV for x, are
given by

. FOLS 1 [ E(@Ry)  Elgy ) ][ B
l0L8): Jous | = [y e | e ]
V1) (V] [ E@eap-1) E@ye ) ][ E@am) |

L gt _ L E(@y7y) E(z7) 1L E(z,y) |’
[IV2]: - 71‘/2 - - [ E(zyoyi-1) E(my 1) | [ Elmiayy) |

L prvz i | E(z_omy) E@%) 1L E(zyy) |’
[IV3)] : | ’_Z?;z ] _ B Elwayi1) | [ B |

| B8 i | E(yiymy)  E(zp_qzy) | | E(z_1yy) |




However, in cases [1], [2] and [3] the IVs may be invalid. In the Appendix it is shown that

E(&me) = BA(y),
(2.22) E(&p—1) = B(U&(l)Jﬂya&(g)),
B(&itu—2) = Bogem),

E(§t—11) = BlyA(7y) + C’gg(l)]a

(2:23) E(&—211) = BIY’A(v) + Voeer) T 055(2)]7
E(f) = 22[A0) +70ge 1) +720ce ) + (1202,
(2.24) E(upe—1) = 1%2 VA +0 e (1) F70 )+ [V(1+xP) + Ao,
E(uetty—s) = 1255107 A0) 4700y + e z)] + 1(1+X) + Ao,
where

A(y) = Ugg(o)+7055(1)+72055(2)’

Combining (2.15)—(2.17) with (2.22)—(2.24) the plims of the four sets of estimators can be
derived. We find that not only [OLS], but also [IV1], [IV2] and [IV3] differ from [y, G]’.

Consider, to fix ideas, as a simpler example where the latent exogenous variable & has no memory, i.e.,
Oce(1) =0ge(2) =0. Then the regressors are orthogonal and we have

E(thytq) = E(&tﬂtfl) =0, E(wtyt—2) = E(£tﬂt—2) =0, A(’Y) = 0¢¢(0)-

The plims of the four sets of estimators are

82 2 2 2
ors _E@iay) _ 1529 T FAov+905 66 E(@w) B
E(yi_1) 200 0)(1HX2)03 + (1492)0? E(z?)  oeeo)+(1+92)a2’
,_yIVI _ E(zi_1ys) _ 5’7‘756(0) _ BIVl _ E(zeye) _ 5056(0)
E(zi—19—1) Boee(o) E(xf) U§§(0)+(1+¢2)027
fyIV2 _ E(z,_oy¢) _ 572‘7&(0) _ BIV2 _ E(z.y:) _ ﬂa&&(ﬂ)
E(m_oy—1)  Broeco) E(z?)  oeeoy+(1+¢?)o2’

2 2 2 2
_IV3 _ E(y:—1y:) _ %7056(0)"_[7(1"")( )+ Aoy +os ZIV3 _ E(z¢_1y:) _ B0ee(0)

E(yi_1) f%za&(o)(l—FX?)J%—k(l—l—wQ)ag ’ E(z,_q12) po?

All estimators of 3 are inconsistent. For -, the estimators [IV1] and [IV2] ensure consistency. This reflects
on the one hand that not all ‘IV sets’ are valid since they are not orthogonal to wy, confer (2.20)—(2.21).
On the other hand that the orthogonality of z; and y:—1 implies that an inconsistency of the  estimator
will not infect the v estimator and wvice versa.

Examples 1 through 5 serve to demonstrate that for dynamic time series models the
bias in OLS estimation — and frequently also in IV estimation — induced by the occurrence
of (measurement) errors and the bias induced by its memory are ‘intermingled’. At the
one extreme, for a static regression equation with error-ridden regressor [confer Grether
and Maddala (1973) and Example 1] a memory of the errors may induce spurious serial
correlation in OLS residuals. At the other extreme, OLS estimation of an error-ridden AR



equation where both the disturbance and error are white noise processes, is biased as well
[confer Example 3 with A=0].

Since panel data have a cross-sectional dimension added to the time dimension, and
since it is known that this added dimension may improve the possibility for identification
and consistent estimation [see Bigrn (2000)], the following question arises: How should we
proceed to estimate regression coefficients in AR, ARMA or ARMAX models with EIV
consistently and efficiently taking advantage of the cross-sectional dimension added to the
time dimension of the data? The focus of the rest of the paper will be on this problem.

3 An ARMAX-EIV model for panel data

We now consider a panel data model with individual heterogeneity which is, formally, an
extension of Examples 2-5 in Section 2. First, the scalar regressors (£, 1) and error in the
regressor (0) in the time series models are extended to vectors (&, u) and &, respectively.
Second, the orders of the MA parts, i.e., the memory of the errors and disturbances as
well as the memory of the latent exogenous variables can take any finite values.

Assume that N (> 2) individuals, indexed by i, are observed in T' (> 2) periods, indexed
by t, and consider the following dynamic equation system for panel data with errors:

(3.1) it = 0 + & B + pip—1 A + uy, Al <1,

(3.2) Yir = Hit + Vit,

(3.3) g = &t + Mt

(3.4) & Luy Lvy Loy, i=1,...,N; t=1,...,T.

where «; is a fized effect, specific to individual 4, (u,;,,&;;) are latent variables, (y,;, q,;)
are their observable counterparts, (v;,,m;,) are errors, u; is a disturbance, and (A, 8’, k)
are constants. Boldface letters denote vectors, rows for variables, columns for coefficients.
Unlike standard errors-in-variables models, where the errors are contemporaneously un-
correlated white noise, we allow (u;, Vi, ;) to have finite memory equal to (N, N,, N77>’
respectively. This would for instance follow if

Uit = Vit + Zg:“l Vi t—s0s, vie ~ 11D(0,02),
Vit = Ot + o1 Oit—sts, Sit ~ 1ID(0,03),
N, .
Nit = €it + o1 €iit—s Py, €t ~ 11D(0, X¢), i=1,...,N; t=1,...,T.

Finally, we let &;; have an N¢-period memory, which would for instance follow if
N,
Eit = Cur T 251 Cipshss Capees CNet ™ ”D(Maa Ect)-

Allowing for memory of errors is an interesting extension of a standard AR-EIV model
in several practical situations. One motivation may be that y or g include a stock variable,
i.e., of finished goods in a manufacturing firm or of fixed production capital constructed

from on cumulated flows, in which case (measurement) errors tend to vary cyclically.



For a flow variable the motivation may come from improper periodization of economic
transactions, for example sales, investment, cash-flow and income, which may create serial
correlation — often negative — between errors which are close in time. Another motivation
may be that the level variables rather than being stationary may be integrated of order
P (say) with white noise measurement errors. When differencing P times to make the
observed variables stationary, the resulting errors become MA (P) processes.

As illustrated in Bigrn (2000, Section 2.b) [see also Bigrn and Krishnakumar (2008,
Section 10.2.2)], an IID property for latent regressors would have been detrimental to
identification of slope coefficients in a static panel data model. It is important to allow
for some memory of &: “---in order to ensure identification of the slope coefficient vector
from panel data, there should not be ‘too much structure’ on the second order moments
of the latent exogenous regressors along the time dimension, and not ‘too little structure’
on the second order moments of the errors and disturbances along the time dimension.”
[Bigrn (2000, p. 398)]. Therefore N¢ > 1 is an important assumption of the model.

By eliminating p;; and &;; from (3.1)—(3.3) we obtain

(3.5) Yit = & + @B + Yit—1A + wir,

(3.6) Wit = Wit + Vit — Vig—1A — Ny 0.

A one-period differencing which eliminates the fixed individual effect, yields

(3.7) Ayit = AgyB + Ayipr—1 A + Awi,

(3.8) Awit = Auit + AVit - AVi,tflA — Anitﬁ'

Solving (3.5) and (3.7) by an infinite number of backward substitutions, we get
(67} ) s

(3.9) Yit = T + 2o NGB + Wi,

(3.10) Ayit = D 2o N[AG; 4B + Awip—].

It is evident that (yit, q; 14, Witre) and (Ayi, A, 41, Aw;zyg) are correlated for some
(1,0) and uncorrelated for others. Examining this is needed to delimit orthogonality
conditions and valid IVs for GMM estimation of (3, ). This is the topic of Section 5.
Special cases of this model, some familiar and some not much discussed in the liter-
ature — ARX and ARMAX being acronyms for AR and ARMA models with exogenous

variables, respectively — are:

(i) Static EIV model with memory in errors & disturbances: A=0.
(i) Static EIV model, no memory in errors & disturbances: A=0;05,=1s=0;¢,=0, s=1,2,....
(iii)) ARMAX model with no errors: 02=0, Xe=0.
(iv) ARX(1) model with no errors: c3=0, Be=0, 05=1,=0, ¢, =0, s=1,2,... .
(v) EIV-ARX(1) model, no memory in errors: 0s=1,=0, ¢,=0, s=1,2,... .
Cases (i) and (v) include Case (ii), and Case (iii) includes Case (iv). Case (v) will be
discussed as an example in Section 5.

How does this model relate to the literature? Case (ii), and to some extent the more
general Case (i), is discussed in Griliches and Hausman (1986), Wansbeek and Kon-
ing (1991), Bigrn (1992, 1996, 2000), Wansbeek (2002) and Bigrn and Krishnakumar (2008,



Section 10.2). Case (iv) resembles cases discussed in Balestra and Nerlove (1966), Ander-
son and Hsiao (1981, 1982), Sevestre and Trognon (1985, 1996), Arellano and Bond (1991),
and Arellano and Bover (1995). Holtz-Eakin et al. (1988) consider case (iii) as well as a
generalization of Case (iii) which allows for higher-order autocorrelation, although in a
bivariate context. The extension of this higher-order model to include errors with no
memory is discussed in Holtz-Eakin et al. (1988, pp. 1376-1377). Finally, by modifying
the specification of the dynamic behaviour of the latent regressor vector, given in (?77),
allowing for cross-sectional dependence this model could also include elements from the
literature on factor models for panel data, see, e.g., Pesaran (2006, 2007).

Throughout we will assume that the time series length T is finite. If T — oo were
allowed, we could take advantage of the repeated measurement property of panel data
to construct consistent estimators, since our assumptions in conjunction with the law
of large moments imply plimy_,..(g.;—&.;) = 0, plimp_, o (§ot — fit) = plimp_, o (1¢) =
plimg_, . (w.;) = 0, etc., subscript -t denoting averages specific to period ¢. This solution
to the measurement error problem — which may be of limited practical interest since
the transformation eliminates all between-individual variation in the data, which often
dominates — is elaborated for static measurement errors models in Bigrn (2000, Section 3)
[see also Bigrn and Krishnakumar (2008, Section 10.2.4)], and will not be expanded for
the more general model considered here.

4 Generalities on GMM estimation in a linear model

Before elaborating estimation of (3,7) by using GMM on (3.5) or (3.7), we recapitulate
for later reference, the essentials of the method when applied to a linear equation.
Assume that we want to estimate the (K x 1) coefficient vector 3 in the equation

(4.1) y=2z0 +e¢,

where y and € are scalars and @ is a (1xK) regressor vector (which may well include lagged
values of y). There exists an IV vector z, of dimension (1 x G), for (G > K), satisfying
the orthogonality conditions

(4.2) E(z'e) = E[2/(y — o)) = 0ci1.

J]=

From n observations on (y,x, z), denoted as {y;, x;, zj}j:’f, we define the vector valued

(G x 1) function of corresponding empirical means,

to be considered the empirical counterpart to E[z’(y — x3)] based on the sample. The
essence of the GMM [see, e.g., Davidson and MacKinnon (2004, Section 9.2)] is to choose
as an estimator for 3 the value which brings g, (y,x, z;3) as close to the zero vector
0,1, as possible. GMM solves the estimation problem by minimizing a distance measure
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represented by a quadratic form in g, (y, x, z; 3) for a suitably chosen positive definit (GXG)
weighting matriz W, i.e.,

(4.4) By = Bonn (W) = argminglg,, (v, @, z: 8) W ,g,,(y, =, z; B)].
All estimators obtained in this way are consistent, and the choice of W, determines the
estimator’s efficiency. A choice which leads to an asymptotically efficient estimator of 3,
is to set W, equal (or proportional) to the inverse of (an estimate of) the (asymptotic) co-
variance matrix of 1 > j—1 Zj€;; see, e.g., Davidson and MacKinnon (1993, Theorem 17.3)
and Harris and Matyas (1999, section 1.3.3).

If € is homoskedastic, with variance o2, the appropriate choice is W, = 0—2[ y ] e 1
The resulting estimator implied by (4.4) is

~ . ) B
(4.5)  Bomwm = Bommlyz(22;725%5) ']
= [(32;252,)(32;252;) 7 (0, 25m,)] (S 22, (32,252,) 71 (32, 255)].

If €; has an unspecified heteroskedasticity, we first construct residuals €; from (4.5), consid-
ered a first-step GMM estimator, and replace W, by [n =2 Z] G ]] 1. see White (1984,
sections IV.3 and VI.2). Inserting this into (4.4) gives

(4.6) BGMMzﬁz'MM[”Q( ]z;%z]) g
_ 1 1 /
_[( )(Z] J ] J) ( Z]wj)] [( )(Z] 7 j ]) (Z]z]yj)]
The latter, second—step GMM estimator, is in a sense an optimal GMM estimator in the
presence of unspecified heteroskedasticity of €;;.
The validity of the orthogonality condition (4.2) can be tested by the Sargan-Hansen

statistic [confer Hansen (1982), Newey (1985), and Arellano and Bond (1991)], correspond-
ing to the asymptotically efficient estimator ,BG MM:

_ = 2 1
(4.7) T = (262 (2,256 2;) 7 (22,27€)-
Under the null, J is asymptotically distributed as y? with a number of degrees of free-
dom equal to the number of overidentifying restrictions, i.e., the number of orthogonality

conditions less the number of coefficients estimated under the null.

5 Orthogonality conditions, rank conditions and instruments

When delimiting the set of potential IVs for GMM estimation for our panel data model, we
need to examine which variables or variable transformations satisfy jointly the rank condi-
tions for the I'Vs — the requirement of being correlated with the vector of variables needing
IVs — and the orthogonality between the IVs and the composite errors/disturbances of
the equation. The problem is how to implement this general idea and how to figure out a
principle for IV selection which is useful for computer programming.

A question of particular interest is: how will the potential IV set change when the
model’s memory pattern changes? The solution adopted here is to operate on index sets
to keep track of the lag and leads of the actual variables.

11



Index sets for the lead/lag indicators

We first define index sets for the lag/lead indicator 7. Let in general, Z,4g denotes the
index set for 7 which ensures the variables o and 3 to be orthogonal and S. 45 the index set
for 7 which ensures the variables v and § to be correlated. For our problem the following
index sets are of particular interest [where the instruments are specified before e, and,
respectively, the composite disturbance and the instrumented variable after.]:

((1) ZA(I'”LU = {T : COV(qu R wlt) 0}

(b) Zpayew = {7 cov(AyZ t+7,wzt) =0},

(c) Zgerw = {7 :cov(g;4r, Awir) = 0},
(d) Zyernw = {7 : cov(yitsr, Awy) = 0},

(e) Sngeq = {7 V(qu',Hﬂ q;t) # 0},
(f) Sayeq = {7 :cov(Ayirir,q;) # 0},
(g) SAqoy(fl) = {T : COV<Aqi,t+T7 yiﬂf—l) 7é 0}7
(h) SAyoy(—l) = {7— : COV(Ayi,t+Tv yi,tfl) ?é 0},
() ng = AT COV(Qi,t+T: Aq;) # 0},
(4) Syeng = {7 :cov(yitir, Agy) # 0},
(k) Squy(—l) = {7— : COV(qi,t+T? Ayi,tfl) 7& 0}’
(1) Syery(-1) = {7 :coV(Yitrr, Ayir—1) # 0}.

The sets (a-b) and (e-h) relate to, respectively, the orthogonality conditions and the rank
conditions for IVs valid for the RHS variables of (3.5). The sets (c-d) and (i-1) relate to,
respectively, the orthogonality conditions and the rank conditions for IVs valid for the
RHS variables of (3.7). These index sets can be derived from five index sets involving only

(y, g, w) variables in levels:

(51) Zqow = {T : Cov(qi,t+‘rvwit) = 0}’
Zyew = {7 :cov(Yittr, wir) = 0},
Speq = {7 COV((Iz t+T?qn) 0},

(5.2) Syeq = {7 :cov(y, t+T7ta) 0},
Sqey = {r: (Qi,t+rayit) # 0}.

The relationships are as follows:

Zchw = Zqow U Zq(—l)owa

(53) ZAy(—l)ow = Zy(—l)ow U Zy(—l)owa
Zquw = Zqow U Zqow(—l)7

Zy(—l)ko = Zy(—l)ow U Zyow(—l)v

Sageq = SgeqU Sq(fl)-q?

SAy-q = SyquSy(—l)w
Sagey(-1) = Sqey(=1) U Sg(=1)ey(-1):
(5.4) Sayey(-1) = Syey(—1) USy(-1)ey(-1);

Sqeng = Sqeq USqoq(—l)’
Syeng = SyeqU Sy-q(fl)7
Sqeny(-1) = Sqey(—1) Y Sgey(-1);
yeAy(—1) — Sy-y(—l) U Sy-y(—l)'
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The crucial point in delimiting valid IV sets for & = (g;;, yit—1) and Az = (Agyy, Ayit—1)
will be to construct intersections of the relevant pairs of Z and S index sets from (5.3)
and (5.4), which we simplify as follows:
(55) Zazew = ZLzew U Zz(—l)owa

Zrernw = ZzewU Zxow(—l)a

SAqoa: = Sqo:}c U Sq(—l)o:ca
(5.6) Sayer = Syer USy(1)ers

Squm = Sqox U Sqoaz(—l)a

SyoAa: = Syo:v U Syo:(:(—l)‘

We have:

GENERAL PRESCRIPTION:

1. The index sets Z Azew N SAger aNd Z Ayew N Sayes delimit the T-values for
Ax; ¢y, which give valid IVs for the RHS variables in (3.5).

2. The index sets Zzoepw N Sqens and Zyepw N Syenr delimit the T-values for
xi 4+ which give valid IVs for the RHS variables in (3.7).

The index sets thus obtained depend on the length of memory parameters (Ng, Ny, Ny, V).
Below we consider first the general case and next the more transparent case without

memory of errors and disturbances.

Potential IVs in the general case

It follows from the model setup that
(1=AL)yis = a; + &8 + wir,
Qi = &yt + Mg
Wit = wit — N5
where
Wit = Uit + Vit — Vg1
Let (Ng, Ny, Ny,) and (Nag, Naw, Naw) be the memory of, respectively, (g;;, wit,wi) and
(Ag;s, Awjt, Aw;t) . They can be expressed by means of (Ng, Ny, Ny, N;) as follows:
Ny = max[Ne,N,],

N, = max[N,,N,+1],
(5.7) Ny = max[Ny,N,+1,N,],
Nag = Ng+1 = max[Neg+1,N,+1],
Naw = Ny+1 = max[N,+1,N,+2],
[

Naw = Ny+1 = max[N,+1,N,+2, N,+1].
From (5.1)—(5.2) we obtain
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ow — : > ,
(58) gq {T ‘T| N77+1}

yow = {7:7 < —(Nu+1)},
Sgeq = {7:]7| < N},
(5.9) Syeqg = {7:7 > —N¢},
Sqey = {7:7 < Ne}.
These equations can act as a generator of potential sets of instrumental variables for GMM
estimation of (3.5) and (3.7). They can be used for constructing
q-1Vs for Aq and Ay,
y-1Vs for Aq and Ay,
Agq-1Vs for g and vy,
Ay-1Vs for q and y.
We shall not discuss all cases in detail in the following, but confine attention to the
following example, derived from (5.8)—(5.9), in combination with (5.3)—(5.4) lead to

ZAqow = {TITQ[—Nnan_F]_]}’
Zagow =TT < —(Not D),

(5.10) Zpy—1yew = {7:7 < =No},
Zgasw = AT (N 1), Nyl
Zyko = {TZTS _(Nw+2)},
Zy—tyerw = {7:7 < —(Not+1)},
S Ageq = {r: =N, <7< N,+1},
SAyoq = {T T > _Nf}a

(5.11) Say(-1)eq = {T:7 = —(Ne—1)},
Sgeng = {7: ~(Ng+1) <7< N},
Syeiq = {r:7>—(Ne+t1)},
Sy—1eaq = {T:7 2 —Ne}.

We find:

1. EQ. IN LEVELS, IVS IN DIFFERENCES:
Potential 1Vs for q;;:

Ag; 1y, for 7 € (Z agew N Sageq) == T Z[—Ny, Ny+1] and 7 €[Ny, Ny + 1]
(Index set empty if Ne <Ny)

Ayitsr for 7 € (Zayew N Sayeq) = 7€ [~ Ne, —(Nyy+1)]
(Index set empty if Ne <N,+1).

2. EQ. IN DIFFERENCES, IVS IN LEVELS:
Potential 1Vs for Aqy;:

Qi iy for 7 € (Zgepw N Sgeng) = 7 E[—(Ny+1), Ny|, 7€ [—(Ng+1), Ny
(Index set empty if Ng < N,)

Yuter f0r 7€ (Z e 1 Syesg) = 7€ [~ (Ne+1), —(No+2)
(Index set empty if N¢<N,+1).
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We see that

(a) Increasing N¢ = Potential IV set is extended.

(b) Increasing N,, => Potential IV set is diminished.

(¢) Increasing N,, => Potential IV set is diminished.

(d) Increasing N,y = Effect on potential IV set indeterminate.

A sufficiently large set of potential IVs exists only if the latent regressors have a sufficiently
long memory, while the disturbances and errors in the endogenous variable have sufficiently
short memories. The reason why an increase in the memory of the errors in the exogenous
variables has in indeterminate effect is due to the fact that an increase in this memory in
general increases the memory of both ¢ and w. Some of these potential IV sets may be
empty, depending on the (N¢, Ny, Ny, N,,) configuration.

The box above, intending to indicate potential IVs for the two versions of the equation,
do by no means suggest that all prescribed IVs should be used in practice. Their number
and the hence the number of orthogonality conditions may be unduly large, depending on
the values of N and T. ‘Weak instruments’ — in particular when level values are taken
to serve as IVs for differenced ones — is a problem often addressed. Recently, Rood-
man (2009) has characterized ‘instrument proliferation’ as ‘an underappreciated problem

. in the application of difference and system GMM’. Aspects of the problem, inter alia
related to small-sample bias and to estimation efficiency, are also discussed by Altonji and
Segal (1996) and Ziliak (1997).

The case with no memory of errors and disturbances

Let us examine the simpler case where the latent regressor §;, has a finite memory equal
to Ng, while the disturbances and errors have no memory. This implies N, =N, =N,=0
and hence Ny=N¢, N, =N, =1. This is the case denoted as case (v) in Section 3.
Using (5.1)—(5.2), it follows that

Zogow = {r:7#0},

Zyew = {7:7 < =2},

Sgeq = {r:7] < Nﬁ}a

Syoq = {7_ . T 2 —N§}7

so that (5.10)—(5.11) are simplified to

Zpgew = {7:7#0,1},
Z Aye T < —2}
12 yow - ’

(5.12) Zgerw = {7:7# —1,0},
Zyko = {’7' T § —3},
Snageqg = {7:—Neg <7 < Ne+ 1%,
S Ave :T > —Ne}

5.13 yed &b

(>:13) Sgeng P —(Ne+1) <7 < Ne},
Syeng = {7:7 > —=(Ne+1)}.

Il
—_
\]

I
—
R
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and hence

1. EQ. IN LEVELS, IVS IN DIFFERENCES:
Potential 1Vs for q;;:

Ay, for 7 € (Zagew N Sageq) = 7= —Ng, ..., =2, -1 & 2,3,..., Ng+1,
Ay 47 for 7 € (Zayew N SAyeq) = —Ne <7< -2,

2. EQ. IN DIFFERENCES, IVS IN LEVELS:
Potential 1Vs for Agq;,:

Qitrr for T € (Zgerw N Sgeng) = 7= —(Neg+1),...,-3,-2& 1,2,..., Ng,
Yittr fOr T € (Zyko N Sy.Aq) - —(Ng—i—l) <r<-3.

6 GMM estimation of equations in levels and in differences

In this section, relying on the exposition in Section 4, we elaborate on the GMM estimation
of equations in levels and in differences. Let @ = (gy, yiu—1) and v = (8, \) and write
Equations (3.5) and (3.7) as, respectively,

(6.1) Yit = oG + Tty + Wi,

After stacking by periods,

Yi1 Q; i1 w;1
Yi2 67} Ti2 Wi2
= |t :

YiT 67} LT wiT

Ayin Az Awjo

Ayig A:Big sz‘fﬂ

. = . Y + . )
Ay Az, Aw;r

the equation systems read, in compact notation,

(6.3) Y = o; + Xy +wp,,
(6.4) Ypi = X piY + wp;.

We use as IV for x;; in the equation in levels, (6.1), in general, a vector in differences

written as

(6.5) Zpi() = QAxit,
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where Q) is a suitable selection matrix and use as IV for Az;; in the equation in differences,

(6.2), in general, a vector in levels written as

(6.6) ZLit—1) = Pri—12i,

where P, ; is a suitable selection matrix. The IV matrix for the matrix X; in (6.3)
therefore becomes

!/
(6.7) Zpi = : [?(2) . :
0 0 - ap

Likewise, the IV matrix for the matrix X p; in (6.4) becomes

wii(()z,l) /0 . g
T
(6.8) Z,, = _ L(3,2) '
0 0 o wi(T,T—l)

The GMM-estimator corresponding to the first-step GMM estimator (4.5), for the
equation in levels and for the equation in differences then become, respectively

(6.9) o= X1 Zpil 2o ZpiZpi) i Zpi X il
XA X1 Zpl2i ZpiZ pi T i Z byl s
(6.10) Ao =i X0 Z > Z 1 Z 1) 1 Z i X il

<A XDiZpil [ Z1iZ 1) X Z 1y pil )
They are obtained by minimizing, respectively, the quadratic forms

(6.11) (& i wZpillaz Y Z0iZpi) i Z pidwiil,
(6.12) [% > wbiZLiHﬁ > ZiiZLi]_l[%ZiiA’wDi]

If w;; has an unspecified heteroskedasticity, which can be due to heteroskedasticity of
at least one of (ug,vit,n;;), we obtain (asymptotically) more efficient GMM-estimators
by the following procedure: First, form residuals vectors from (6.3) and (6.4), respec-
tively, denoted as wy; and wp;, respectively. Next, replace in (6.9) Y., Zp,Zp, with
> Z W W1, Z p;, and replace in (6.10) Y. Z],Z;, with Y. Z ], p,Wp; Z,;, The re-
sulting estimators, which exemplify the second-step estimator (4.6), are, respectively

(6.13) Yo =A{Ci XL Zpl[>i Zpiw w1, Z | MY Zpi X ]}
X {2 X i Z pl 12 ZDi@LiaiiZDi]il[Zi Zpiyrilts
(6.14) o =12 XpiZ i[> Ziiﬁ’m@/mzu]*l[zz' Z X pl} !

X {22 X piZ pill>oi ZWpwp Z )" > Z1iypil}s
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Testing of orthogonality conditions

The testing of the orthogonality conditions can, by using (4.7), be carried out for, respec-
tively, the level equation and the equation in differences, in the following way:

(6.15) T =i wi, Z > Zpw W, Z ) Y Zpw ),
(6.16) Ip =i wh Z i[> Z 1w Z 1) Y Z 1w ).

Under the respective null hypotheses, J; and Jj, are asymptotically distributed as X2
with a number of degrees of freedom equal to the number of overidentifying restrictions,
i.e., the number of orthogonality conditions less the number of coefficients estimated under
the null.

Non-stationarity and the intercept

The treatment of the level equation’s intercept when using the orthogonality conditions of
the form (4.2) with z constructed from differences as in (6.5) and (6.7), needs a comment.
When g;;, and y;; are stationary in the mean, then E(Az,) =0, so that the equation’s
intercept will be annihilated in the moment equations used in the GMM. If, however,
mean stationarity is relaxed so that E(Ax;,) # 0, which may be reasonable in may practical

situations, we get
E[(Az;,) wy]| =E[(Azy) "y, ] —E[(Azy,) |c—E[(Azy) @]y = 0,
denoting the intercept in the level equation as c. Utilizing E(w,,) =E(y;)—c—E(x;)y =0

to eliminate ¢, we obtain:

E [(Aa”z‘t)/[yit_E(yit)H —-E [(Axit)/[wit_E(mit)H v =0.
To implement the latter orthogonality conditions in the GMM procedure for the equation
in levels, IVs in differences, we could therefore replace E(y;,) and E(x;,) by zeros if mean
stationarity can be assumed and by corresponding global or period specific sample means
otherwise. Illustrations will be given in Section 8.

7 GMM in AR models versus in EIV models: A synthesis

We can now survey [A] the common properties and [B] the discrepancies in the way the
GMM is applied for pure autoregressive panel data models and for static panel data mod-

els with regressors measured with errors:
[A] The common features are basically six:

First, GMM exploits orthogonality conditions and rank conditions, which jointly delimit

of potential IVs.

Second, the equation when expressed in observed variables can be transformed to differ-
ences in order to eliminate heterogeneity, either fixed or random assumed to be correlated
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with regressors.

Third, GMM estimation can be performed on the equation transformed to differences with
IVs in levels, or on the equation in levels, using IVs in differences. It is important that at
least one of the two are in differences to get clear of the nuisance created by the individual
effects. In the equation is kept in levels and there is reason to assume that the latent
regressor is non-stationary in the mean, the level variables should be measured from their
(global or period specific) means to compensate for this.

Fourth, in choosing level variables to serve as IVs for an equation transformed to differ-
ences, we select values for periods other than those occurring in defining the differences.
In choosing variables in differences for inclusion in an IV set for an equation in levels, the
periods represented by the levels are excluded. GMM estimation can proceed in one step
or in two steps, the second step serving to improve the estimator’s efficiency by adjusting
for disturbance or error heteroskedasticity of unspecified form.

Fifth, when memory of the errors or disturbances are allowed for, the valid IV set should
be reduced. Its essence is to reduce the I'V set such that all IVs ‘get clear of” the memory
of the error process, in order to ensure that the IVs and the errors/disturbances are still
uncorrelated (the orthogonality condition), while ensuring fulfilment of the claim that the
IVs be correlated with the variables for which they serve as IVs (the rank condition).

Sizth, the validity of the orthogonality conditions can be tested by the Sargan-Hansen
test. The quality of the instruments entering the GMM can be assessed by R? criteria.

[B] The discrepancies are basically three:

First, for the pure autoregressive panel data model, only lagged endogenous and exoge-
nous variables can serve as IVs. Their validity can be inferred from the model’s memory
pattern. For the pure static measurement error panel data model, lagged and leaded val-
ues of endogenous and exogenous variables can serve jointly as IVs, provided that certain
additional conditions are satisfied.

Second, the pure autoregressive model has a memory pattern which rationalizes both the
orthogonality condition and the the rank condition for the IV set. The static measurement
error panel data model has no such memory pattern for its structural variables. There-
fore, the validity of the rank condition must be postulated as a supplement, imposing mild
restrictions on the temporal properties of the latent exogenous variables. The mized model
considered in the present paper can be view as taking an intermediate position.

Three, for the pure static measurement error panel data model, (leaded or lagged) y-values
can serve as IVs for other ys. For the pure autoregressive panel data model, no y-values
can serve as ['Vs for other ys.

19



8 An application

In this section, we present preliminary results from a simple application of the approach
described in Sections 5 and 6 to data from the Pulp and Paper industry in Norway: N =61
firms are observed in 7'= 10 consecutive years (1984-1993). We consider a relationship
between an assumed endogenous measure of capital stock in machinery (k) and an assumed
exogenous measure of output (z) — both log-transformed. The capital-output relationship
may be considered a prima facie example in the present context, for two reasons: First,
it exemplifies very well dynamic modelling with panel data, in a case where it may be
disputed whether to express the equation in levels or to transform it to changes — confer
the acceleration principle in business-cycle theory versus the constant capital coefficient
(elasticity) assumption which occurs in several theories of economic growth. Second, both
capital stocks and output flows are notoriously difficult variables to measure properly.

Results for a static logged capital-logged output equation in levels with IVs in differences
are given in Table 2. In panel A only the latent regressor ¢ is assumed to have a memory,
in panel B both £ and the error elements have a memory. Four versions of the results are
reported, arranged as a 2 x 2 classification: (a) based on the untransformed level data
(columns 1, 2, 5, 6) versus based on level data measured from their annual means to
compensate for possible non-stationarity in the expectations (columns 3, 4, 7, 8): and (b)
using only zs as instruments (columns 1, 3, 5, 7) versus using both xs and ys as instruments
(columns 2, 4, 6, 8). Four memory configurations are considered: (N, Ny, Ny, N¢) =
(0,0,0,2),(0,0,0,4),(1,1,1,4) and (2,2,2,4), respectively. Results for a corresponding
AR(1) equation in levels with IVs in differences for a similar 2 x 2 classification are given
in Table 3.

Sargan-Hansen J-test-statistics for IV-error orthogonality, with corresponding p-values,
are reported for each set of results. Finally, ‘quality indexes’ based on R2s for the IVs
are given: Traditional R2s for the IVs in differences. In addition are given modified R%s
obtained from the Pesaran-Smith (1994) criterion, denoted as PS R2.

From the results in Table 2 we note that for the static equation, using level observa-
tions measured from year means, and hence relaxing mean stationarity of the regressor,
we get estimates of the capital elasticity 8 exceeding one, while using non-demeaned ob-
servations, and hence imposing mean stationarity, the estimates become smaller than one.
Allowing for increased memory of the latent regressor, but no memory of the errors and
disturbances reduces the standard errors and improves overall IV quality, as indicated by
the R? measures. Introducing a one period memory in the errors-disturbances, retaining a
four-period memory of the latent regressor, has a small impact on the coefficient estimates,
but reduces the IV quality somewhat.

The results for the AR(1) equation in Table 3 depart substantially from those for the
corresponding static equations. The A estimates are below, but close to, one, and since
the estimated B+ A are close to one in all alternatives, the results suggest substantial
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sluggishness in capital adjustment to output, cumulating to a long-run elasticity approx-
imately equal to one. Relaxing stationarity of the latent regressor, while including both
z-differences and y-differences among the IVs tends to increase the estimated short-run
elasticity § to significantly positive values.

The results reported in Tables 4 and 5 for similar capital-output equations written in
logged first-differences are somewhat mixed. Again, in panel A only the latent regressor
¢ (in level form) is assumed to have a memory, in panel B both £ and the error elements
have a memory, and again, four memory configurations are considered: (N,, Ny, Ny, N¢) =
(0,0,0,3),(0,0,0,4),(1,1,1,4) and (2, 2,2,5), respectively. Since, in view of (5.7), we must
have N¢—N,, >3 to ensure the IV set being sufficiently large for making GMM estimation of
the difference version of the equation feasible, N¢ is increased by one in the first and third
case relative to the values assumed in Tables 2 and 3. For the static equation in differences,
confer Table 4, no estimate of 3 exceed 0.02 and none turn out significantly positive. The
results for the differenced AR(1) equation in Table 5 depart substantially from those for
the level equation in Table 4, with A estimates in the range 0.3-0.5, departing significantly
from both 0 and 1.

9 Concluding remarks

In this paper, we have considered several GMM estimators that can handle jointly the
heterogeneity problem and the measurement error problem in static and dynamic panel
data models. These problems may be intractable when only pure (single or repeated) cross
section data or pure time series data are available. Estimators using either equations in
differences with level values as IVs, or equations in levels with differenced values as IVs
are useful. In both cases, the differences may be taken over one period or more.

GMM exploits certain orthogonality conditions and certain rank conditions, which
jointly delimit a class of potential IVs. We transform to differences in order to eliminate
fixed heterogeneity (or random heterogeneity which is correlated with regressors). GMM
estimation can be implemented in two ways: (a) on the equation transformed to differences
with IVs in levels, (b) on the equation in levels using IVs in differences. It is important
that at least one of the two are in differences to get clear of the nuisance created by the
individual effects. We can perform GMM estimation in one step or in two steps, the
second step serving to improve the estimator’s efficiency by adjusting for disturbance or
error heteroskedasticity of unspecified form.

For the pure ARMA model, only lagged endogenous and exogenous variables can be
IVs. For the static EIV model, lagged and leaded endogenous and exogenous variables
can both be valid IVs. For the mixed model considered here it is convenient to formalize
by letting index sets represent the leaded and lagged values of the observed endogenous
and exogenous variables which satisfy the orthogonality and rank conditions. The AR,
ARX, ARMA, and ARMAX models have a memory pattern which rationalizes both the
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orthogonality condition and the rank condition for the IVs. For the static EIV model, on
the other hand, a memory pattern which satisfies the rank condition must be postulated
as a supplement. The mixed model takes an intermediate position, showing that there is
a trade-off between the moving average orders of the latent regressors, the errors and the
disturbances. Long memory of errors or disturbances may make the number of valid IVs
insufficient. There is, however, an asymmetry between the memory of the errors of the
endogenous and of the exogenous variables in this respect.

Using levels as IVs for differences or vice versa as a general estimation strategy within
a GMM framework may raise problems related to ‘weak instruments’. Finding operational
ways of identifying such IVs among those utilizing essential orthogonality conditions to
reduce their potential damage in terms of inefficiency, are challenges for future research.
For the capital-output relationship example considered, the level version of the equation
with instruments in differences seems preferable to choosing the opposite strategy by a

wide margin.
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TABLE 2: STATIC EQUATION IN LEVELS. GMM WITH IVS IN DIFFERENCES
N = 61,T = 10. Standard errors in parenthesis.

R? = Standard R?. PS R?= Pesaran-Smith-corrected R2. J-test=Hansen-Sargan orthogonality test

A. Memory in latent regressor only

Memory: (N, Ny, Ny, N¢) = (0,0,0,2)

¢ stationary

¢ non-stationary

Memory: (N, Ny, Ny, N¢) = (0,0,0,4)

¢ stationary

¢ non-stationary

IVs in diff. s zs & ys s zs&ys s zs& ys s rs&ys
B= coef. of = 1.1750 1.1535 0.8700 0.7634 1.1627 1.1556 0.7815 0.7464
(0.0336)  (0.0215) | (0.0983) (0.0641) | (0.0311) (0.0206) | (0.0770)  (0.0559)

IV quality statistics:
R? 0.0427 0.1539 0.0703 0.1252 0.1080 0.2445 0.1369 0.2165
PS R? 0.0423 0.1532 0.0573 0.1059 0.1069 0.2430 0.1119 0.1854
J-test,p= 0.0919 0.2433 0.2532 0.3415 0.0839 0.9601 0.0946 0.9677

B. Memory in both latent regressor and errors

Memory: (N, Nu, Ny, N¢) = (1,1,1,4) Memory: (N, Nu, Ny, N¢) = (2,2,2,4)
¢ stationary £ non-stationary £ stationary £ non-stationary
IVs in differences s rs & ys s rs & ys s zs & ys s zs & ys
B= coef. of z 1.1670 1.1538 0.7628 0.7222 1.1788 1.1547 0.7273 0.6988
(0.0301)  (0.0207) | (0.0657) (0.0501) | (0.0292) (0.0212) | (0.0610) (0.0462)
IV quality statistics:
R? 0.1075 0.2327 0.1293 0.2031 0.0700 0.1971 0.0809 0.1543
PS R? 0.1065 0.2311 0.1088 0.1752 0.0692 0.1958 0.0695 0.1357
J-test,p= 0.1222 0.9437 0.1933 0.9537 0.4557 0.7138 0.5823 0.7444

TABLE 3: AR(1) EQUATION IN LEVELS. GMM WITH IVS IN DIFFERENCES
N = 61,7 = 10. Standard errors in parenthesis.

R? = Standard R?. PS R?= Pesaran-Smith-corrected R2. J-test=Hansen-Sargan orthogonality test

A. Memory in latent regressor only

Memory: (N, Nu, Ny, N¢) = (0,0,0,2) Memory: (N, Nu, Ny, N¢) = (0,0,0,4)
¢ stationary ¢ non-stationary ¢ stationary ¢ non-stationary
IVs in diff. s zs& ys s rs&ys s zs & ys s rs&ys
B= coef. of = 0.0216 0.0275 0.0317 0.0589 0.0074 0.0134 0.0219 0.0383
(0.0263)  (0.0164) | (0.0289) (0.0166) | (0.0101) (0.0090) | (0.0176)  (0.0145)
A= coef. of k_1 0.9857 0.9824 0.9668 0.9495 0.9952 0.9925 0.9711 0.9610
(0.0200)  (0.0140) | (0.0277) (0.0219) | (0.0081) (0.0077) | (0.0225) (0.0197)
IV quality statistics:
R? 0.0317 0.1472 0.0769 0.1256 0.0757 0.2321 0.1507 0.2155
PS R? 0.0317 0.1472 0.0768 0.1251 0.0757 0.2321 0.1505 0.2149
J-test,p= 0.2352 0.4218 0.2249 0.3662 0.3386 0.7428 0.3281 0.7718
B. Memory in both latent regressor and errors
Memory: (N, Nu, Ny, Ne¢) = (1,1,1,4) Memory: (N, Nu, Ny, N¢) = (2,2,2,4)
¢ stationary ¢ non-stationary ¢ stationary ¢ non-stationary
IVs in diff. s zs& ys s zs&ys s zs& ys s zs&ys
B= coef. of = 0.0024 0.0200 0.0138 0.0470 0.0066 0.0315 0.0024 0.0521
(0.0073)  (0.0075) | (0.0143) (0.0165) | (0.0072) (0.0077) | (0.0140) (0.0175)
A= coef. of k_1 0.9981 0.9867 0.9808 0.9520 0.9946 0.9772 1.0061 0.9528
(0.0068)  (0.0065) | (0.0197) (0.0231) | (0.0063) (0.0067) | (0.0170) (0.0243)
IV quality statistics:
R? 0.0719 0.2186 0.1400 0.2023 0.0468 0.1889 0.0863 0.1482
PS R? 0.0719 0.2186 0.1398 0.2016 0.0468 0.1889 0.0862 0.1476
J-test,p= 0.4361 0.6832 0.5871 0.7153 0.0861 0.3815 0.1939 0.3676
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TABLE 4: STATIC EQUATION IN DIFFERENCES. GMM WwiITH IVS IN LEVELS

N = 61,T = 10. Standard errors in parenthesis.

R? = Standard R?. PS R?= Pesaran-Smith-corrected R2. J-test=Hansen-Sargan orthogonality test

A. Memory in latent regressor (level) only

Memory: Memory:
(Ny, Ny, Ny, N¢) = (0,0,0,3) | (Ny, Ny, Ny, Ne) = (0,0,0,4)
IVs in levels s zs&ys s zs&ys
B= coef. of Ax 0.0153 0.0216 0.0095 0.0138
(0.0148) (0.0150) (0.0135) (0.0127)
IV quality statistics:
R? 0.2044 0.4283 0.2360 0.4704
PS R? 0.0026 0.0060 0.0012 0.0032
J-test,p= 0.4510 0.6177 0.2297 0.9223

B. Memory in both latent regressor and errors (levels)

Memory: Memory:
(Ny, Ny, Ny, N¢) = (1,1,1,4) | (Ny, Ny, Ny, Ne) = (2,2,2,5)
IVs in levels s s & ys s rs & ys
B= coef. of Ax 0.0102 0.0128 0.0030 0.0157
(0.0107) (0.0098) (0.0108) (0.0108)
IV quality statistics:
R? 0.1547 0.6277 0.1173 0.6813
PS R? 0.0014 0.0025 0.0001 0.0030
J-test,p= 0.3849 0.9337 0.1127 0.9525

TABLE 5: AR(1) EQUATION IN DIFFERENCES. GMM WITH IVS IN LEVELS

N = 61,T = 10. Standard errors in parenthesis.

R? = Standard R?. PS R?= Pesaran-Smith-corrected R2. J-test=Hansen-Sargan orthogonality test

A. Memory in latent regressor only

Memory: Memory:
(Ny, Ny, Ny, N¢) = (0,0,0,3) | (Ny, Ny, Ny, Ne¢) = (0,0,0,4)
IVs in levels s s & ys s rs & ys
B= coef. of Ax 0.0078 -0.0010 0.0053 -0.0004
(0.0143) (0.0128) (0.0137) (0.0133)
A= coef. of Ak_1 0.3619 0.3061 0.3982 0.3058
(0.1842) (0.0747) (0.1762) (0.0751)
IV quality statistics:
R? 0.2370 0.4394 0.2709 0.4736
PS R? 0.0225 0.1038 0.0273 0.1038
J-test,p= 0.3581 0.1965 0.3961 0.3982
B. Memory in both latent regressor and errors
Memory: Memory:
(Ny, Nu, Ny, N¢) = (1,1,1,4) | (Ny, Ny, Ny, N¢) = (2,2,2,5)
IVs in levels s rs&ys s rs&ys
B= coef. of Az 0.0010 0.0080 0.0171 0.0117
(0.0142) (0.0142) (0.0246) (0.0145)
A= coef. of Ak_; 0.4982 0.4406 0.5113 0.5095
(0.1060) (0.1254) (0.1130) (0.1325)
IV quality statistics:
R? 0.1692 0.3857 0.1270 0.5626
PS R? 0.0501 0.0930 0.0404 0.1375
J-test,p= 0.3390 0.2719 0.2165 0.3088
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Appendix:
Proof of Equations (2.22)—(2.24)

This appendix contains, for the time series Example 5 in Section 2, the proof of Equations (2.22)—(2.24).

First, since
h i

£t POO i
E gtf]c’] L _ = E[ i=0 Y gt—sgt—iL
! P. ,
E €t£1i;i = E[ z(')io ’ngtgt—i—SL s :()7172 )

it follows by using (2.14) that

8 2
3 Tec0) T%e) T g2 50

h Ei—s Tee(1) TV0%ee(2) s=1,
(A1) E &35t =
T3 Y02 5=2,
T 0, s=3,4,...,
h i 2 3
A2 E o _ o) T 1H7)0) +7 0k ), s=1,
( . ) ft*S T—L s s—1 1 2 s—2 1 4 =23
Yooy T (A4 )0eey +7° (147 )0e2y, $=2,3,... .
Using
(A.3) A() = ee() H10¢e) 7 Tee(2)
(A.2) can be rewritten as
h i
A(y) +oeeqr) s=1
Ad Eg b = T ’ ’
(A-4) AT Y TAM) + o) +oee)], s=2,3,..
Next, since h . i P_P_ "
E L IL =E[ I, j=07 §i—ibi—j—s)], s=0,1,2...,
it also follows that
8 1 2
h 3 =7 (ee(0) T290¢e1) T 27 0¢e())s s=0,
(A5) £ & g _ =% T 1)) F 1) oee )y s=1,

Pt 2 G 0o T (14 o)
ﬂs_2(1+74)055(2)]7 822537"' 5

which, when again using (A.3), can be rewritten as

8
h i = 1jy2 [A('Y)+’YU§§(1)+’VZU§§(2)], s=0.
(A.6) E £ 50 = 1%2 (A +0ee ) T719¢e2)s s=1,

1—2 [VSA(7)+75710§§<1) +’75720'§§<2)], s=2,3,....
Combining (2.18) with (A.1), (A.3), (A.4) and (A.6) we find that this implies

8

= BAM), =0,

(A7) E(gt,ultfs) = - ﬂ(055(1>+7055(2))7 s=1,
Boee(2)s §=2,

BIYAMY) + oeeny], s=1
Bl A(y) +Y0ee1) + Tee(2))s s=2,

8

2
3 16 3 [A(7)+VU§§(1)+72%5(2)] + (1+x%)os, s=0,
=

(A.8) E(§i—spe) =

(A.9) Epep—s) =

2 VA(Y) + 0 (1) H70¢e )]+ (A +X?) +A]o?, s=1,
(VAN +70¢e1) Foeen)] +YV(1HX?) + Nos,  s=2.

This completes the proof.
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