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Abstract

In this paper we propose a test statistic to determine the cointegration rank of VAR
processes in panel data allowing for cross-section dependence among the time series in
the panel data. The cross-section dependence is accounted for through the speci�ca-
tion of an approximate common factor model, which covers situations where there is
cointegration among the cross-section dimension. The framework that is considered
in the paper embedes as a particular case the situation where time series in the panel
data set are cross-section independent. Finite sample performance is investigated via
a Monte Carlo experiment. We show that not accounting for common factors when
they are present can lead to over estimate the cointegrating rank.
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1 Introduction

Since the pioneering work of Engel and Granger (1987) and Johansen (1988, 1991, 1995),
the literature on cointegration grew at a rapid pace. Even though this topic has been cov-
ered extensively in time series, the analysis of cointegration in panel data is in early stages
of development. The two main approaches to the analysis of cointegration in panels are
the residual-based and the system-based approaches. Regarding the residual-based approx-
imation, we can �nd in the econometric literature proposals that specify either the null
hypothesis of no cointegration �see Pedroni (1999, 2004) and Kao (1999), among others �
or the null hypothesis of cointegration �see McCoskey and Kao (1998). The system-based
approach relies on the panel extension of Johansen�s methodology. Thus, based on the vector
autoregressive model (VAR) framework, Larsson, Lyhagen and Löthgren (2001) propose the
panel Johansen�s test analog to determine the rank of the cointegrating space.
The proposals mentioned above de�ne the so-called �rst generation of panel cointegration

tests, in which the time series (individuals) that de�ne the panel data set are assumed to
be cross-section independent. Unfortunately, this assumption is crucial for the limiting
distributions that are obtained in these papers and, in most cases, it is not satis�ed from
an empirical point of view. Violation of the cross-section independence assumption implies
that Central Limit Theorems (CLT) cannot be applied and, hence, the panel data based
statistics do not converge to the standard normal distribution. Provided that in most cases
the economic time series of di¤erent sectors, cities, regions or countries are closely related,
the use of these panel data statistics to analyse the presence of cointegration can lead to
misleading conclusions. The challenge to overcome this limitation has given rise to the
so-called second generation of panel cointegration tests.
Proposals that consider the presence of cross-section dependence among the time se-

ries that de�ne the panel data set include Bai and Carrion-i-Silvestre (2005), Banerjee and
Carrion-i-Silvestre (2006) and Gengenbach, Palm and Urbain (2006) for the single equation
framework, and Groen and Kleinberger (2003) and Breitung (2005) for the vector error cor-
rection (VECM) framework. For a more detailed literature review on panel cointegration
see Breitung and Pesaran (2007).
The aim of this paper is to solve some limitations of the existing literature on panel

cointegration analysis. To this end, we propose a test statistic to determine the cointegrating
rank in a panel system of equations allowing for the presence of cross-section dependence
across the systems of variables in the panel setup. We deal with cross-section dependence
by means of approximate common factor models as proposed in Bai and Ng (2004), Bai
and Carrion-i-Silvestre (2005), Banerjee and Carrion-i-Silvestre (2006), and Gengenbach,
Palm and Urbain (2006), among others. The novelty of our approach is that it takes into
account the possibility that there might be more than one cointegrating relationship among
the variables that de�ne the system for each individual, and at the time that it controls for
the presence of cross-section dependence among the di¤erent systems in a parsimonious way
through the use of common factors. This situation has not been addressed in the literature.
Finally, simulations have revealed that the consideration of common factors is even required
when we conduct the analysis for only one individual, i.e., the system for only one individual
of the panel data set. The presence of unattended common factors can bias the analysis
towards the over estimation of the cointegrating rank.
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Our proposal relates to other test statistics that are available in the literature to determine
the number of stochastic trends in individual systems. Thus, the statistic determines the
number of stochastic trends using the principal component approximation as in Stock and
Watson (1988) and Bai and Ng (2004). Other statistics that are based on the degeneration
of the moment matrix that involves the time series in the system are the ones in Phillips and
Ouliaris (1990), Shintani (2001), Harris and Poskitt (2004) and Cai and Shintani (2006).
However, none of these approaches considers the case where the variables in the model are
a¤ected by global stochastic trends, which in our setup are captured by the common factors.
In order to investigate the small-sample properties of the panel cointegration rank test

that we propose, we conduct a Monte Carlo simulation. We estimate two di¤erent models
depending on the form of the deterministic component: one model where the deterministic
term consists of only the constant and another where the deterministic term consists of the
constant and the linear time trend. The results of the simulation study indicate that, in
general, panel data statistic performs better than the univariate one.
The remainder of the paper is organized as follows. Section 2 presents the model, the

assumptions and the test statistic that is used to determine the cointegrating rank. In Section
3, we discuss the way in which the individual statistics can be combined to specify a panel
data cointegrating rank statistic. Section 4 analyses the �nite sample of our approach, both
in an individual-by-individual framework and in a panel setup, by means of Monte Carlo
simulation. Finally, some concluding remarks are presented in Section 5. The Appendix
collects all the proofs.

2 Model and assumptions

Let Yi;t be a (k � 1) vector of stochastic process, where k is assumed to be �nite throughout
the paper, with the data generating process (DGP) de�ned as:

Yi;t = Di;t + ui;t (1)

ui;t = �iFt + ei;t (2)

(I � L)Ft = C (L)wt (3)

(I � L) ei;t = Gi (L) "i;t; (4)

where Di;t denotes the deterministic component, which in this paper can be either Di;t = �i
�henceforth, this speci�cation is denoted as the only constant case �or Di;t = �i + �it �
hereafter, the linear time trend case �t = 1; : : : ; T and i = 1; : : : ; N . Note that the case of
non-deterministic components Di;t = 0 is also covered in our framework as a particular case
of the only constant case. The component Ft denotes a (q � 1) vector of common factors
and �i is a (k � q) matrix of factor loadings. Finally, ei;t is a (k � 1) vector that collects the
idiosyncratic stochastic component. Despite the operator (1 � L) in equations (3) and (4),
neither Ft or ei;t have to be I(1). In fact, Ft and ei;t can be I(0), I(1), or a combination of
both, depending on the rank of C(1) and Gi (1). For instance, if C(1) = 0, then Ft is I(0). If
C(1) is of full rank, then each component of Ft is I(1). If C(1) 6= 0, but not full rank, then
some components of Ft are I(1) and some are I(0). The same applies for Gi (1).
It is worth mentioning that the presentation of the model is done in a general way, so

that the case where there are no common factors at all, i.e., �i = 0 8i, can be embedded in
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our framework �further speci�c comments on this concern are given below. Let M < 1
be a generic positive number, not depending on T and N . Throughout the paper, we use
kAk to denote the Euclidean norm trace (A0A)1=2 of matrix A. The stochastic processes that
participate on the de�nition of the DGP are assumed to satisfy the following assumptions:

Assumption A: (i) for non-random �i, k�ik � M ; for random �i, E k�ik4 � M , (ii)
1
N

PN
i=1 �

0
i�i

p! ��, a (q � q) positive de�nite matrix.
Assumption B: (i) wt � iid (0;�w), E kwtk4 �M , and (ii) V ar (�Ft) =

P1
j=0Cj�wC

0
j >

0, (iii)
P1

j=0 j kCjk < M ; and (iv) C (1) has rank q1, 0 � q1 � q.
Assumption C: (i) for each i, "i;t � iid (0;�"i), E k"i;tk

4 � M , (ii) V ar (�"i;t) =P1
j=0Gi;j�"iG

0
i;j > 0, (iii)

P1
j=0 j kGi;jk < M ; and (iv) G (1) has rank r.

Assumption D: The errors "i;t, wt, and the loadings �i are three mutually independent
groups.
Assumption E: E kF0k �M , and for every i = 1; : : : ; N , E kei;0k �M .

The de�nition of the (k � q) loading matrix �i is given by

�i =

�
�i;1;1 �i;1;2
�i;2;1 �i;2;2

�
;

so that we can impose restrictions on how the factors a¤ect the elements of Yi;t in (1). Thus,
some of the factors can only a¤ect one subset of the variables, say, the series that de�nes
the cointegrating space, but not the other variables, and the other way round. Therefore,
situations where �i;1;2 = 0 and/or �i;2;1 = 0 are covered in this setup. Note that it is possible
that both �i;1;2 6= 0 and �i;2;1 6= 0, which is the general situation that is assumed henceforth.
The unobservable common factors are estimated using the principal component approach

suggested in Bai and Ng (2002, 2004). Let us consider the general deterministic component
given by Di;t = �i + �it. Taking the �rst di¤erence of the model we have

�Yi;t = �i + �i�Ft +�ei;t: (5)

We can de�ne the idempotent matrix M = IT�1 � � (�0�)�1 �0, with � a (T � 1)� 1 vector of
ones. Then,

M�Yi = M�F�0i +M�ei:

yi = f�0i + zi:

Note that when the deterministic component is Di;t = �i, taking �rst di¤erences removes
the constant term, so that in this case we can de�neM = IT�1 and the rest of our discussion
applies without sole modi�cation. The common factors are extracted as the q eigenvectors
corresponding to the q largest eigenvalues of the (T � 1) � (T � 1) matrix yy0, where y =
[y1; : : : ; yN ] is a (T � 1) � kN matrix that is de�ned using the (T � 1) � k matrices yi,

i = 1; : : : ; N . The matrix of estimated weights, �̂ =
�
�̂1; : : : ; �̂N

�
, is given by �̂ = y0f̂ .

We can obtain an estimate of zi from ẑi = yi � f̂ �̂
0
i, as in Bai and Ng (2004). Note that

we can recover the common factors as F̂t =
Pt

j=2 f̂j and the idiosyncratic component as
êi;t =

Pt
j=2 ẑi;j.
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Cointegration analysis can be then performed focusing on the idiosyncratic component
once the e¤ects of the common factors have been removed. This gives further insight on the
cointegration analysis, since as we shown in the Monte Carlo analysis, the inference on the
cointegrating rank can be distorted if common factors are not accounted for.
In this paper we propose to determine the rank with a test statistic that is based on the

multivariate version of the square of the modi�ed Sargan-Bhargava (MSB) statistic proposed
in Stock (1999). The de�nition of the testing procedure builds upon the di¤erent rates
of convergence of the elements on the Qêiêi = T�1ê0iêi matrix under the null hypothesis.
Without loss of generality, let us assume that the rank of the cointegrating space is 0 <
r < k. We can de�ne the orthogonal matrix A = [A1 : A2] with A1 a (k � r) matrix
and A2 a (k �m) matrix, m = k � r, such that the �rst r elements of the rotated vector
eAi;t = A0ei;t =

�
(A01ei;t)

0 ; (A02ei;t)
0�0 are I(0) and the other m elements are I(1). Accordingly,

we partition the long-run variance matrix as


�eAi �eAi =

�

11;i 
12;i

21;i 
22;i

�
:

We have �
�
T�1Qêiêi
̂

�1
�êi�êi

�
= �

�
T�1QêAi êAi 
̂

�1
�êAi �ê

A
i

�
= �

�
T�1
̂

�1=2
�êAi �ê

A
i
QêAi êAi 
̂

�1=2
�êAi �ê

A
i

�
,

where � (�) denotes the eigenvalues of the matrix between parentheses. The determination
of the number of stochastic trends in the system relies on the following sequential testing
procedure:

1. First, assume that the cointegrating rank is zero, i.e., set m = k.

2. Specify the null hypothesis that there are l = m common stochastic trends (H0 : l = m)
against the alternative hypothesis that there are l < m common stochastic trends
(H1 : l < m).

3. Estimate A2 as the m eigenvectors that corresponds with the m largest eigenvalues of
T�1Qêiêi.

4. De�ne the univariate MSB statistic as

MSBj;i (m) = �min
�
T�1Q

ê
A2
i ê

A2
i

̂�1
�ê

A2
i �ê

A2
i

�
= �min

�
T�1
̂

�1=2
�ê

A2
i �ê

A2
i

Q
ê
A2
i ê

A2
i

̂
�1=2
�ê

A2
i �ê

A2
i

�
= �̂i;1; (6)

where the subscript j = f�; �g refers to the deterministic component that is used in the
model �� for the Di;t = �i deterministic speci�cation and � for the Di;t = �i+ �it one
�being �i;1 < � � � < �i;m the eigenvalues of T�1QêA2i ê

A2
i

̂�1
�ê

A2
i �ê

A2
i

sorted in ascending

order, and �min (�) denoting the minimum eigenvalue operator.

5. Compare the value of the MSBj;i (m) statistic with the corresponding critical values
from the left tail of the distribution �i.e., the null hypothesis is rejected ifMSBj;i (m)
is smaller than the critical value.
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6. If the null hypothesis of H0 : l = m common stochastic trends is rejected, specify
l = m� 1 and return to step 2. The process continues till either the null hypothesis is
not rejected or when l = 0 is achieved.

The estimation of 

�e

A2
i �e

A2
i
can be obtained in a parametric way from the estimation of

the VECM model speci�cation. Expressed in matrix notation, we have

�eA2i = eA2i;�1�i +�e
A2
i �i;pi (L) + "i

�eA2i (I � �i;pi (L)) = eA2i;�1�i + "i

�eA2i = eA2i;�1�i (I � �i;pi (L))
�1 + "i (I � �i;pi (L))

�1 ;

where pi denotes the number of lags of �e
A2
i;i that are considered. Following Ng and Perron

(2001), we de�ne 
̂
�ê

A2
i �ê

A2
i
=

��
I � �̂i;pi (1)

��1�0
T�1"̂0i"̂i

�
I � �̂i;pi (1)

��1
, where the lag

order of the model pi is estimated using the modi�ed information criterion in Perron and Qu
(2007) assuming that the cointegrating rank is zero �note that under the null hypothesis we
assume that there are m stochastic trends in the system de�ned by the m variables of eA2i;t .
The limiting distribution of the MSBj;i (m) statistic, j = f�; �g, is established in the

following Theorem.

Theorem 1 Let Yi;t, i = 1; : : : ; N , t = 1; : : : ; T , be a (k � 1) vector of stochastic processes
with the DGP given by (1) to (4) and satisfying Assumptions A to E. Under the null hypoth-
esis that there are m = k�r common stochastic trends, with pi !1 and p3i =min [T;N ]! 0
as T !1, N !1, N=T ! 0, the MSB statistic given in (6) converges to:

(a) For the only constant model: MSB�;i (m)) �min
�R 1

0
Wi (s)Wi (s)

0 ds
�

(b) For the linear trend model: MSB�;i (m)) �min
�R 1

0
Vi (s)Vi (s)

0 ds
�
;

where ) denotes weak convergence, Wi (s) is an (m� 1) vector of independent standard
Brownian motions, and Vi (s) =Wi (s)�sWi (1) is an (m� 1) vector of independent Brown-
ian bridges.

The proof of Theorem 1 is given in the Appendix. It has to be stressed that our framework
treats as a special case the situation in which the time series are assumed to be cross-section
independent � in this case we only need to impose �i = 0 8i in (2). The estimation of
the parameters of the deterministic component can be done specifying the model in �rst
di¤erences so that yi = zi, where yi = M�Yi and zi = M�ei �as before, M = IT�1 for the
constant and M = IT�1 � � (�0�)�1 �0 for the time trend deterministic speci�cations. Then,
de�ning êi;t =

Pt
j=2 yi;j the computation of the MSB statistic proceeds as above, giving

rise to test statistics with the limiting distribution given in Theorem 1. The critical values
for the MSBj (m) statistic, j = f�; �g, are reported in Table 1 for di¤erent sample sizes.
These �nite sample critical values are computed using the autoregressive spectral density
estimator 
̂

�ê
A2
i �ê

A2
i
de�ned above. Following Ng and Perron (1998), we have speci�ed the

upper bound for pi as pmaxi = T 1=3 for T = f100; 200; 500g. The asymptotic critical values
are obtained using T = 1; 000 observations assuming that the disturbance terms are iid.
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The MSB statistic that is presented in the paper is consistent under the alternative
hypothesis that there are less common stochastic trends than the ones speci�ed under the
null hypothesis. The following Theorem presents the rate at which the MSB statistic diverges
under the alternative hypothesis.

Theorem 2 Let Yi;t, i = 1; : : : ; N , t = 1; : : : ; T , be a (k � 1) vector of stochastic processes
with the DGP given by (1) to (4) and satisfying Assumptions A to E. Under the alterna-
tive hypothesis that there are l < m common stochastic trends we have that MSBj;i (m) =
Op (T

�1), j = f�; �g.

The proof is given in the Appendix. The result in Theorem 2 shows that the MSB
statistic converges to zero at rate T under the alternative hypothesis so that it is consistent.

3 Panel data cointegrating rank tests

The individual MSB statistics can be pooled to de�ne panel data statistics, which are ex-
pected to increase the performance of the statistical inference when estimating the cointe-
grating rank. In this section we de�ne up to four di¤erent panel data statistics depending
on the way in which the individual information is combined. In all cases, the null hypothesis
is that all N individual systems have the same common stochastic trends (m) while the
alternative hypothesis is that there are less than m stochastic trends, i.e.�

H0 : li = m 8i = 1; : : : ; N
H1 : li < m for some i

:

The performance of these four alternatives is analyzed by simulation in the next section.
The �rst panel data MSB (PMSB) statistic is based on the standardized mean of the

individual statistics

PMSBZ
j (m) =

p
N(MSBj (m)� E(MSBj (m)))p

V ar(MSBj (m))
; (7)

where MSBj (m) = N�1PN
i=1MSBj;i (m), and E(MSBj (m)) and V ar(MSBj (m)) are

the mean and the variance of the MSBj (m) statistic computed from (6). The limiting
distribution of the PMSB statistic is given in the following Theorem.

Theorem 3 Let Yi;t, i = 1; : : : ; N , t = 1; : : : ; T , be a (k � 1) vector of stochastic processes
with the DGP given by (1) to (4) and satisfying Assumptions A to E. Under the null hypoth-
esis that there are m = k�r common stochastic trends, with pi !1 and p3i =min [T;N ]! 0
as T !1, N !1, N=T ! 0, the PMSB statistic given in (7) converges to:

PMSBZ
j (m)) N(0; 1); j = f�; �g :

The proof is given in the appendix. The mean and the variance of theMSBj (m) statistic,
j = f�; �g, that have been computed by simulation are presented in Table 2.
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It is possible to de�ne panel data statistics based on the combination of the individual p-
values. Maddala and Wu (1999) de�nes the panel data Fisher-type statistic PMSBF

j (m) =

�2
PN

i=1 ln'i � �22N , where 'i denotes the p-value of the MSBj;i (m) statistic, j = f�; �g.
Although the PMSBF

j (m) statistic is valid for �nite N , Choi (2001) suggests to compute
the following tests when N !1:

PMSBC1
j (m) =

�2
PN

i=1 ln'i � 2Np
4N

) N (0; 1)

PMSBC2
j (m) =

1p
N

NX
i=1

��1 ('i)) N (0; 1) ;

where � (�) denotes the standard cumulative distribution function.

4 Monte Carlo simulation

We now analyse the small sample performance of the MSB panel cointegration rank test for
the two deterministic speci�cations that are considered in this paper. The DGP that is used
in this section is based on the ones in Toda (1995) and Saikkonen and Lütkepohl (2000) and
has the following form:

Yi;t = Di;t + �iFt + ei;t (8)�
e1;i;t
e2;i;t

�
=

�
 i 0
0 Ik�r

��
e1;i;t�1
e2;i;t�1

�
+

�
"1;i;t
"2;i;t

�
(9)

Fj = �Fj�1 + �Fwt (10)

"i;t = iid N

�
0;

�
Ir �i
�i Ik�r

��
; (11)

where i = 1; : : : ; N , t = 1; : : : ; T and j = 1; : : : ; q. Note that when there is not cointegration
among any of the time series (rank = 0) equation (9) reduces to ei;t = ei;t�1 + "i;t with
"i;t � iid N (0; Ik). On the other hand, when all time series are stationary (rank = k)
equation (9) reduces to ei;t =  iei;t�1 + "i;t.
The parameter sets are de�ned as follows. We consider a system de�ned by k = 3 vari-

ables. For the deterministic component, we have set Di;t = �i + �it, with �i � U [�1; 1]
and �i � U [�0:5; 0:5], where U denotes the uniform distribution. The idiosyncratic cointe-
grating rank is investigated using  i = aIr with a = f0:5; 0:8; 1g. Furthermore, we de�ne
�i = b1r�(k�r) where 1r�(k�r) denotes a r� (k � r) matrix of ones, and b = f0; 0:4; 0:8g. Note
that �i controls the correlation among the "i;t disturbance terms. As for the common factor
component, we specify �i � N (1; 1), � = f0:9; 0:95; 1g, �2F = f0:5; 1; 10g and wt � N (0; 1),
j = 1; : : : ; q, with q = f1; 3g common factors. The number of common factors is estimated
using the panel Bayesian information criterion (BIC) in Bai and Ng (2002) using qmax = 6
as the maximum number of common factors.
The simulations are performed in GAUSS using the COINT 2.0 library. The empirical

size and power of the statistics are obtained using 1,000 replications with the nominal size
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set at the 5% level of signi�cance for all di¤erent combinations of individuals N = f1; 20; 40g
and time series observations T = f100; 200; 500g. For conciseness, we report only the results
for N = 1 and for N = 20. The results for N = 40 are qualitatively similar to those for
N = 20 so they are not reported to save space �these results are available upon request.
The simulations use either the critical values or the mean and the variance in Tables 1 and
2.
Our analysis focuses on two di¤erent situations. First, we analyse the e¤ects on the

cointegrating rank determination when we fail to consider the presence of common factors.
This experiment shows the extent that this misspeci�cation error can have on the statistical
inference. Second, we proceed to study the case where common factors are taken into account.

4.1 Cross-section dependence is not considered

4.1.1 Unit-by-unit analysis

In this section we investigate the performance of the statistic when N = 1. To motivate
the importance of the presence of common factors, we �rst simulate the MSB statistic for
both the only constant and the linear time trend models when the common factors are
not accounted for. In order to save space, we only report the results for a = 0:5 for the
deterministic speci�cation given by a constant term Di;t = �i, although the complete set of
results is available upon request �similar conclusions are obtained for the other cases that
have been analysed.
In Panel A of Table 3 we present the results when the true number of stochastic trends

is 0. When the common factor is stationary
�
�j < 1

�
, the most frequently estimated number

of stochastic trends coincides with the true one, although this depends on T and on the
importance of the common factors

�
�2F;j

�
. Thus, note that for T = 100 and for a given

value of �j, the MSB statistic tends to increase the frequency that r̂ = 1 is selected as
�2F;j increases. This missclassi�cation error reduces as the sample size increases, so that the
procedure leads to the right classi�cation when T = 500 regardless of the values of �j < 1
and �2F;j that are used. The picture changes when the common factor is non-stationary�
�j = 1

�
. Now the MSB statistic tends to detect more stochastic trends than there exist,

leading to incorrect conclusions.
Panel B of Table 3 presents the results when the true number of stochastic trends is 1.

Again the results depend on whether the common factor is stationary and on the sample
size. When �j < 1 r = 1 is selected most of the times, although the presence of stationary
common factors tends to bias the analysis to conclude that there are fewer stochastic trends
than there exist. For instance, when �j = 0:95 and T = 100 the percentage of times that
r = 0 is selected for �2F;j = 0:5 is 7.3, for �2F;j = 1 is 9.5 and for �2F;j = 10 is 22.7. When
T = 200 the percentages are 13, 23.8 and 56.8 respectively, whereas for T = 500 they
are 23.1, 26.6 and 67.4, respectively. Therefore, we can see that as the importance of the
stationary common factor and the sample size increases, the MSB statistic tends to detect
fewer stochastic trends than there exist. This problem does not appear if the common factor
is non-stationary, since in all cases r = 1 is selected in 95% of cases.
Similar results are obtained if we look at Panels C and D of Table 3. As the sample size

increase we observe a tendency to select fewer stochastic trends than exist. The novelty now
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is that this feature is obtained even if the common factor is non-stationary.
The overall conclusion that is obtained from this analysis indicates that the presence of

common factors biases the analysis leading to conclude that there are fewer stochastic trends
than there really are, i.e., to conclude that there are more cointegration relationships than
there exist.

4.1.2 Panel data analysis

Table 4 presents the results for the PMSBZ statistic when N = 20, a = 0:5 and the
deterministic component is given a constant term. As before, the complete set of results are
available upon request, although the conclusions are similar to the ones reported below.
Panel A of Table 4 indicates that the presence of stationary factors does not a¤ect

the statistical inference, since in almost all cases the proportion that the true number of
stochastic trends is selected is 1. However, this does not happen when the common factor
is non-stationary. In this case the statistic tends approximately to indicate half of the times
that r = 0 and the other half that r = 1.
Panel B of Table 4 presents the results when r = 1. If the common factor is stationary,

it can be seen that the proportion of times that r = 0 is erroneously selected increases with
T and �2F;j. For instance, when �j = 0:95 and T = 100 the percentage of times that r = 0
is selected for �2F;j = 0:5 is 41.4, for �

2
F;j = 1 is 71.1 and for �

2
F;j = 10 is 95.9. For T = 200

these proportions are 51.9, 91.3 and 99.8, respectively. Finally, for T = 500 we have 60.5,
86.1 and 100, respectively. Only in those cases where the common factor is non-stationary
we obtain that the percentage of selecting that r = 1 instead of zero is larger, although the
PMSBZ statistic can lead to indicate half of the times that r = 0 and the other half that
r = 1 when �2F;j = 10. Panels C and D of Table 4 reveal that as T and �

2
F;j increases, the

tendency is to indicate that there are fewer stochastic trends than there exist, even if the
common factor is non-stationary.
Overall, we observe that the presence of unattended common factors can lead to obtain

distorted conclusions, since we have obtained that there is a bias to indicate that there
are more cointegrating relationships than there exist in our system. This evidences the
importance of accounting for cross-section dependence both in unit-by-unit and panel data
analyses.

4.2 Cross-section dependence is considered

4.2.1 Unit-by-unit analysis

Table 5 reports the results for the only constant case with a = 0:5 and N = 1. Before
discussing the simulation results it should be stated that the use of the panel BIC always de-
tected the true number of common factors. The simulations reveal some important features,
regardless of the deterministic component that is used.
First, we can see that the results do not depend on the stochastic properties of the com-

mon factor, provided that the performance of the MSB statistics is similar regardless of
whether the common factor is I(0) or I(1), and regardless of the magnitude of the distur-
bance variance that participates in the generation of the common factors (�2F ). Second, the
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performance of the MSB statistic depends on how close the autoregressive parameter a is
to one. Thus, for a = 0:5 we can see in Table 5 that the statistical procedure that has been
proposed in this paper selects the correct number of stochastic trends in most cases. As
expected, the behaviour of the procedure worsens for a = 0:8, although it tends to select the
correct number of stochastic trends as T increases �these results are not presented in the
paper, however they are available upon request.
Finally, note that this picture is in sharp contrast with the one that was obtained above

when the common factors are not considered. Therefore, we can see that even in the case
that the practitioner is only interested in the unit-by-unit analysis, the presence of cross-
section dependence should be taken into account provided that there is a risk to conclude
that there are more cointegration relationships than there exist.

4.2.2 Panel data analysis

Table 6 collects the simulation results for the PMSBZ statistic when the common factors
are accounted with N = 20. Here we only focus on the PMSBZ statistic, provided that
similar results have been obtained when we have analysed the statistics that are based on
the combination of the p-values, i.e., the PMSBF , PMSBC1 and PMSBC2 statistics. We
can see that the statistic has substantially better performance than the one exhibited for
univariate situation. This improvement is noticeable for the smaller sample size that we
have considered, where the use of the panel data based statistic reduces the tendency shown
by the individual MSB statistic to overestimate the number of common stochastic trends.
Another interesting issue is that these results do not depend on the stochastic properties of
the common factor and the importance of the common factor. These conclusions are also
reached for the other con�gurations that have been essayed in the Monte Carlo experiment,
and for the linear time trend deterministic component.

5 Conclusion

In this paper we propose a new test statistic to estimate the cointegrating rank both in
a unit-by-unit analysis and in a panel data framework. Our proposal covers the case of
cross-section dependence through the speci�cation of approximate common factor models,
which is a relevant situation from both theoretical and empirical point of views. This setup
allows to cover strong cross-section dependence cases, i.e., cases where the time series of
one individual systems are cointegrated with times series of other individual systems. This
situation can be considered as the multivariate extension of the cross-cointegration concept
de�ned earlier in the literature.
The performance of the proposal is investigated with Monte Carlo simulations. In general,

the panel data based MSB statistic provides better estimation of the number of stochastic
trends that are present in each individual system. More interestingly, the simulations have
revealed that the presence of common factors can lead to misleading conclusions even if the
analysis is carried out unit-by-unit. This is relevant from an empirical point of view if we
think that in most cases cointegration analysis is conducted focusing on one country whose
economic system is related to that of other countries or ruled by international organizations
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such as in the case of the European Union. Therefore, the theoretical proposal presented in
this paper has a signi�cant contribution from an empirical point of view.
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A Mathematical appendix

A.1 Proof of Theorem 1

A.1.1 The only constant case

Note that the estimated di¤erence of the idiosyncratic stochastic term is:

ẑi;t = zi;t + �ift � �̂if̂t:

Following Bai and Ng (2004), we can express the model as

ẑi;t = zi;t + �iH
�1Hft � �iH

�1f̂t + �iH
�1f̂t � �̂if̂t

= zi;t + �iH
�1
�
Hft � f̂t

�
�
�
�̂i � �iH

�1
�
f̂t

= zi;t + �iH
�1vt � dif̂t; (12)

where vt =
�
Hft � f̂t

�
and di =

�
�̂i � �iH

�1
�
. Let us de�ne the partial sum process using

the estimated residuals as êi;t =
Pt

j=2 ẑi;j =
Pt

j=2

�
[M �êi]j

�0
, where [�]j denotes the j-th

row of the matrix between brackets. The idiosyncratic disturbance terms can be expressed
as êi;t = ei;t + Ai;t with Ai;t = �ei;1 + �iH

�1Vt � diF̂t. Denote by êi;t (l) the l-th element
of the (k � 1)-vector êi;t, l = 1; : : : ; k . If êi;t (l) � I (0) then T�2

PT
t=2 ê

2
i;t (l) = Op (T

�1),
whereas if êi;t (l) � I (1) then we have

T�2
TX
t=2

ê2i;t (l) = T�2
TX
t=2

e2i;t (l) + 2T
�2

TX
t=2

ei;t (l)Ai;t (l) + T�2
TX
t=2

A2i;t (l) = I + II + III

Part I is Op (1) and, from Bai and Ng (2004), III is Op
�
C�2NT

�
for all i, with CNT =

min
hp

N;
p
T
i
. Let us now focus on II:

T�2
TX
t=2

ei;t (l)Ai;t (l) = �T�2
TX
t=2

ei;t (l) ei;1 (l) + T�2
TX
t=2

ei;t (l)�i (l)H
�1Vt

�T�2
TX
t=2

ei;t (l) di (l) F̂t

= a+ b+ c;

where �i (l) and di (l) denote the l-th row of the (k � q) matrices �i and di. Element a is
Op
�
T�1=2

�
= Op

�
C�1NT

�
, while b is

kbk �
 
T�2

TX
t=2

kei;t (l)�i (l)k2
!1=2 

T�2
TX
t=2



H�1Vt


2!1=2

= Op (1)Op
�
N�1=2� = Op

�
C�1NT

�
:
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Finally, element c

kck �
 
T�2

TX
t=2

kei;t (l) di (l)k2
!1=2 

T�2
TX
t=2




F̂t


2!1=2
= Op

�
T�1=2

�
Op (1) = Op

�
C�1NT

�
given that di (l) = Op

�
min

�
N; T�1=2

��
�see Lemma 1(c) in Bai and Ng (2004). Taking all

these elements together we have that II is Op
�
C�1NT

�
. Consequently, if êi;t (l) � I (1)

T�2
TX
t=2

ê2i;t (l) = T�2
TX
t=2

e2i;t (l) +Op
�
C�1NT

�
:

For subsequent results we note that Bai and Ng (2007) showed that averaging part II across
N gives N�1PN

i=1 T
�2PT

t=2 ei;t (l)Ai;t (l) = Op
�
C�2NT

�
provided that N=T ! 0.

If we rotate the vector êi;t and de�ne êAi;t = A0êi;t =
�
(A01êi;t)

0 ; (A02êi;t)
0�0 we have that

T�1=2A01êi;t = op (1) provided thatA01êi;t de�nes the stationary relationships and T
�1=2A02êi;t =

Op (1) given that A02êi;t de�nes the I(1) stochastic trends. Therefore, as T !1

T�1QêAi êAi = T�2êA0i ê
A
i

)
�
0 0

0 

1=2
22;i

R 1
0
Wi (s)Wi (s)

0 ds 

1=2
22;i

�
;

whereWi (s) denotes a k�r vector of independent standard Brownian motions withWi (0) =
0 and given that T�2A01e

0
ieiA1 = op (1), T�2A01e

0
ieiA2 = op (1) and T�2A02e

0
ieiA2 = Op (1).

Therefore, using these elements the limiting distribution of the multivariate MSB statistic is
given by:

MSB�;i (m) = �min
�
T�1Qêiêi
̂

�1
�êi�êi

�
= �min

�
T�1QêAi êAi 
̂

�1
�êAi �ê

A
i

�
= �min

�
T�1
̂

�1=2
�êAi �ê

A
i
QêAi êAi 
̂

�1=2
�êAi �ê

A
i

�
) �min

�Z 1

0

Wi (s)Wi (s)
0 ds

�
;

provided that 
̂�êAi �êAi
p! 
�eAi �eAi , where

p! denotes convergence in probability.

A.1.2 The linear time trend case

The proof for this deterministic component follows the one for the constant case, but now
êi;t = ei;t� t�1

T�1ei;T +Ai;t with Ai;t = �ei;1+
t�1
T�1ei;1+�iH

�1Vt�diF̂t = � T�t
T�1ei;1+�iH

�1Vt�
diF̂t. If êi;t (l) � I (0) then T�2

PT
t=2 ê

2
i;t (l) = Op (T

�1), whereas if êi;t (l) � I (1) then we
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have

T�2
TX
t=2

ê2i;t (l) = T�2
TX
t=2

�
ei;t (l)�

t� 1
T � 1ei;T (l)

�2
+ 2T�2

TX
t=2

�
ei;t (l)�

t� 1
T � 1ei;T (l)

�
Ai;t (l)

+T�2
TX
t=2

A2i;t (l)

= I + II + III

Part I is Op (1) and, as before, III is Op
�
C�2NT

�
for all i. Part II is given by

II = �T�2
TX
t=2

T � t

T � 1ei;t (l) ei;1 (l) + T�2
TX
t=2

ei;t (l)�i (l)H
�1Vt � T�2

TX
t=2

ei;t (l) di (l) F̂t

+T�2
TX
t=2

T � t

T � 1
t� 1
T � 1ei;T (l) ei;1 (l)� T�2

TX
t=2

t� 1
T � 1ei;T (l)�i (l)H

�1Vt

+T�2
TX
t=2

t� 1
T � 1ei;T (l) di (l) F̂t

= a+ b+ c+ d+ e+ f:

The �rst component is a = Op
�
T�1=2

�
= Op

�
C�1NT

�
, and from the previous proof, b =

Op
�
C�1NT

�
and c = Op

�
C�1NT

�
. Consider d

d = (T � 1)�2 T�2
TX
t=2

�
�t2 + (T + 1) t� T

�
ei;T (l) ei;1 (l)

= Op
�
T�1=2

�
+Op

�
T�1=2

�
+Op

�
T�3=2

�
= Op

�
C�1NT

�
:

Component e is given by

kek �
 
T�2

TX
t=2





 t� 1T � 1ei;T (l)�i (l)




2
!1=2 

T�2
TX
t=2



H�1Vt


2!1=2

= Op (1)Op
�
N�1=2� = Op

�
C�1NT

�
:

Finally, component f is

kfk �
 
T�2

TX
t=2





 t� 1T � 1ei;T (l) di (l)




2
!1=2 

T�2
TX
t=2




F̂t


2!1=2
= Op

�
T�1=2

�
Op (1) = Op

�
C�1NT

�
:

Therefore, part II = Op
�
C�1NT

�
, so that if êi;t (l) � I (1)

T�2
TX
t=2

ê2i;t (l) = T�2
TX
t=2

�
ei;t (l)�

t� 1
T � 1ei;T (l)

�2
+Op

�
C�1NT

�
:
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As already mentioned above, Bai and Ng (2007) showed that averaging part II across N
gives N�1PN

i=1 T
�2PT

t=2 ei;t (l)Ai;t (l) = Op
�
C�2NT

�
provided that N=T ! 0.

As before, we de�ne êAi;t = A0êi;t =
�
(A01êi;t)

0 ; (A02êi;t)
0�0, with T�1=2A01êi;t = op (1) and

T�1=2A02êi;t = Op (1) provided that A02êi;t de�nes the I(1) stochastic trends. Then,

T�1=2A0êi;t )
�
00r;


1=2
22;i (Wi (s)� sWi (1))

0
�0
;

which implies that

T�1QêAi êAi = T�2êA0i ê
A
i

)
�
0 0

0 

1=2
22;i

R 1
0
Vi (s)Vi (s)

0 ds 

1=2
22;i

�
;

where Vi (s) =Wi (s)� sWi (1) is a vector of independent Brownian bridges. Therefore,

MSB�;i (m)) �min
�Z 1

0

Vi (s)Vi (s)
0 ds

�
;

given that 
̂�êAi �êAi
p! 
�eAi �eAi .

A.2 Proof of Theorem 2

Let us consider the null hypothesis that there are m = k � r stochastic trends. From
the proof of Theorem 1 we have that T�1A01e

0
ieiA1 = Op (1), T�1A01e

0
ieiA2 = Op (1) and

T�2A02e
0
ieiA2 = Op (1) , so that T�2A01e

0
ieiA1 = Op (T

�1) and T�2A01e
0
ieiA2 = Op (T

�1).
Consequently, under the alternative hypothesis that there are l < m stochastic trends the
rank of the matrix T�1QêAi êAi will be l < m. Using these elements, we can see that the
cross-products involving I(0) stochastic processes in T�1QêAi êAi tend to zero at rate Op (T

�1).
Let us now focus on the estimate of the long-run covariance matrix. Note that under

both the null and the alternative hypotheses T�1"̂0i"̂i = O (1), with T�1"̂0i"̂i
p! �"i. Since

all roots of the determinant of
�
I � �̂i;pi (L)

�
lie outside the unit circle interval, we can

de�ne �̂i;1 (L) =
�
I � �̂i;pi (L)

��1
, with �i;1 (L) = (I + �i;1L+ �i;2L

2 + � � � ) and where
the sequence of matrix coe¢ cients f�i;sg1s=0 is absolutely summable. Then, �i;1 (1) <1 so
that 
̂�êAi �êAi

p! �0i;1 (1)�"i�i;1 (1) = 
�eAi �eAi . Therefore, the long-run covariance matrix
estimator converges to a positive de�nite matrix under both the null and the alternative
hypotheses �note that this result can be seen as the generalization of the one in Perron and
Ng (1998) and Stock (1999).
Finally, note that under the alternative hypothesis that there are l (< m) stochastic

trends rank
�
T�1QêAi êAi 
̂

�1
�êAi �ê

A
i

�
= l, where the elements that cause rank de�ciency tend to

zero at rate Op (T�1). This proves the consistency of the MSB statistic under the alternative
hypothesis.
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A.3 Proof of Theorem 3

Let us �rst focus on the only constant speci�cation. Note that for any real symmetric (k � k)
matrix, say Bi = 1

T 2
e0iei, it is true that �

min
i (Bi) � T�2

PT
t=2 e

2
i;t (l) for l = 1; : : : ; k. Using

this inequality we have

�̂i;1 � �i;1 � T�2
TX
t=2

ê2i;t (l)� T�2
TX
t=2

e2i;t (l) = Op
�
C�1NT

�
; (13)

where �̂i;1 = �min
�
1
T 2
ê0iêi
�
and �i;1 = �min

�
1
T 2
e0iei
�
, given that T�2

PT
t=2 ê

2
i;t (l) = T�2

PT
t=2 e

2
i;t (l)+

Op
�
C�1NT

�
. Therefore,

�̂i;1 � �i;1 +Op
�
C�1NT

�
: (14)

The same result is achieved for the time trend speci�cation, but replacing T�2
PT

t=2 e
2
i;t (l)

by T�2
PT

t=2

�
ei;t (l)� t�1

T�1ei;T (l)
�2
.

Bai and Ng (2007) show that averaging the Op
�
C�1NT

�
component in (13) and (14) across

N produces a term that is Op
�
C�2NT

�
provided that N=T ! 0 �see the order of magnitude

of part II in equation (6) of Bai and Ng (2007). Consequently, under the null hypothesis
that there are m stochastic trends

PMSBZ
j (m) =

p
N(MSBj (m)� E(MSBj (m)))p

V ar(MSBj (m))

=

p
N
h
N�1PN

i=1

�
�i;1 +Op

�
C�1NT

��
� E(MSBj (m))

i
p
V ar(MSBj (m))

=

p
N
h
N�1PN

i=1 �i;1 � E(MSBj (m))
i

p
V ar(MSBj (m))

+

p
N

min [N; T ]

=

p
N
h
N�1PN

i=1 �i;1 � E(MSBj (m))
i

p
V ar(MSBj (m))

+ op (1) ;

for j = f�; �g. Therefore, as T ! 1, N ! 1, with N=T ! 0, and assuming �-
nite second moments of the random variables characterized as Brownian motion function-
als � �

�
�min

�R 1
0
Wi (s)Wi (s)

0 ds
�
, �min

�R 1
0
Vi (s)Vi (s)

0 ds
��0
, PMSBZ

j (m) ) N (0; 1),

j = f�; �g, by the Lindberg-Levy Central Limit Theorem. Theorem 3 has been proved.
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B Tables that are available upon request (included here
only for the referees)

These tables collect the simulation results for those con�gurations of the Monte Carlo exper-
iment that are mentioned in the paper, but for which we have not included their results in
the paper. However, they have been made available upon request to those interested readers.
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