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1 Introduction

The objectives of this paper are to: (i) provide new condgidor the identification of a class of
nonlinear single-index panel data models with individyzafic effects; (ii) derive a new kernel

based semiparametric minimum distance estimator for thenpeters of the model, and; (iii) de-
velop an algorithm to compute the estimator that fully inmpéats the identification restrictions of
the model. The model considered allows for all the explayatariables to be predetermined, for
the individual effect to be correlated with all the obserexglanatory variables, and for the index
function to be generally unspecified. The estimator is shimire rootn consistent, and the estima-
tors of the finite dimensional parameters are shown to be pi®fically normal. The basic model

under consideration is of the form

(ll) yit:Ft(XitB‘i'Ci)-i—Uin |:177N1 tzla"'7T>

wherex; is ak-dimensional vector of explanatory variables which mayalpredetermined in that
they do not depend on current and future valuesiof In particular, this allows for the lagged
dependent variablg ;_; to be included inx;. We do not explicitly include the lagged dependent
variable because it requires no special treatment in whatégsme. The unobserved error tetm

is assumed to be mean independent;pfind current and past values»@f This class of models
includes the class on linear single index models given by

Vi = 1{XtB+Ci —&tr >0}, gt ~ R.

The contribution of this paper is therefore discussed gdlyan the context single-index panel data
models and specifically in the context of single-index bjmasponse models.

In the case wherg; is continuous, the basic model is extended to jointly allaw $ample
selection and endogeneity. This extends the results of Dals@003) to the dynamic panel data
framework.

The model presented i (1.1) belongs to the class of nomlipaael data models with cor-
related individual effects. They belong to a particulardass that impose restrictions to obtain
v/N-consistent estimators for the finite dimensional pararsetdost of these models can be char-
acterized by the tradeoff between the restrictions placethe correlation between the regressors
and the individual effects on one hand, and the restrictpd@sed on the index function. At one end
of this spectrum is the conditional logit model of Rasch (I¥énd Anderson (1970) which makes
no assumptions about the correlation between the regeeasdrthe individual effects, but assumes
a logit index function. Indeed, Chamberlain (1993) shovet the logit index function is the only
one under which/N-consistent estimators @fcan be achieved. One can consider the other end of
the spectrum to be the case where no assumption is place@ omd#x function, but the individual
specific effect is defined as a known function of observedesprs.

Models that impose semiparametric restrictions on thexifigiection and the distribution of the
individual effects in order to achieve roonteonsistency include Chamberlain (1980), Chamberlain
(1984), Neweyi(19944a), Arellano and Carrasco (2003), Ched&), and Gayle and Namoro (2005).



Chamberlainl(1984) and Newey (1994a) consider a model wily sirictly exogenous variables,
where the distribution of the error term is normal with urkmomean and variance._Chamberlain
(1984) assumes that the individual effect is a parametmctfan of the regressors and Newey
(19944) relaxes this assumption by imposing that the iddadi effect is an unknown nonparametric
function of the regressors. Chen (1098) extends the mocoBleafey (1994a) by relaxing para-
metric assumption on the index function, assuming only ithiata smooth and strictly increasing
unknown function._Chen (1998) however assumes that theithdgil effects are conditionally in-
dependent of one continuous regressor given the otherssmeel Gayle and Namoro (2005) and
Gayle and Viauroux (2007) extend the model of Chen (1998)dlude lagged dependent and other
predetermined variables.

Moving in a different direction|_Arellano and Carrasco (2D@xtend the model of Newey
(1994a) by allowing all the regressor to be predeterminedyal as allowing all the regressors
to be be correlated with the individual effects. The modekpnted in this paper extends and uni-
fies these two branches by allowing for all the regressors rédetermined and correlated with the
individual effects, as well as assuming only that the indexcfion is a smooth and strictly increas-
ing unknown function. This is achieved by imposing a mildanance condition on the conditional
expectation of the individual effects given one of the regoes. Specifically, for any time period,
the marginal relationship between this explanatory végiahd the individual effect is invariant over
current and past realizations of the random variable, afhdhe marginal relationship may change
from period to period. This is a reasonable assumption tcengaken the nature of the individual
effect. One attractive feature of this model is that it is subject to the time-inconsistency problem
faced by the other aforementioned models (excepting thatelfano and Carrasco (2003)), where
the estimator is inconsistent with the arrival of a new walveliservations for each individual.

The paper also presents an estimator for parameters oéstiterhe estimator is a variation of
the generalized additive partial linear model (GAPLM) ofrille et al. (2004). We also develop a
new kernel based modified backfitting algorithm to compugegstimator that fully implements alll
the identification restrictions of the model. The algorithmakes use of the backfitting estimator
proposed in Buja et al. (1989), Mammen €t al. (1999),land Mamet al. |(2001). The algorithm
is attractive in that the convergence properties are weallnkn and that it is easy to implement.
Furthermore, the algorithm provides a convenient andrialfr consistent way to impose the iden-
tification constraints of the model. We find that the alganitts well-behaved in that it converges
fast and the solution is not sensitive to the choice of stgnalues.

We perform limited Monte Carlo simulation that illustrateat the estimators perform well in
small samples. The simulation results verffN convergence of the finite dimensional parameters.

2 ldentification

In this section we prove identification under conditionst thléows ¢; to be correlated with all the
explanatory variables. We first provide conditions for iifezation of the reduced form version
of the basic modél 1l1 and then extend these conditions sethofficient for the identification of



a corresponding reduced form version of the extended m@®leln both cases, identification in
proven in the case where three observations are availabéaéh individual.

2.1 Identification of the basic model

We first impose conditions to obtain a reduced form versiothefbasic model. Specifically, de-
fine X 1= (X1, -+, %), write ¢; = E[ci[}] + Vit and letn{(¥) := E[ci|X]. We make the following
assumptions.

Assumption 2.1.
1. Fort=1,---,T the index functionHs strictly increasing on its support.
2. Foreacht, the conditional distribution of given % is absolutely continuous and independent

of X, with density given by, f

Assumptior 2.11.1 is standard in the literature of semipatamidentification of single index
models. Assumption 2.1.2 is an extension of the assumpti@fiaho and Carrasco (2003) to an
unknown conditional distribution of the individual effeagivenx.

Given assumption 2.1 we have for &llt),

Vi = RO@B+nNe(¥)+Vie) + Ui, =
ai == E[ye[X] = P 0aB+ne(X)),=
(2.1) Vi = ®(xB+ne(X))+er,

wheree; :=yi — Eyit[X] with E[e;[X] = 0. SinceR is strictly increasing, so i®. Differentiability

of ® is inherited fromf, andR. Equation[(2.11) provides the starting point of our analy$tsis result
implies that predictions made from the estimation of equm{P.1) are predictionafter averaging
over the part of the unobserved individual effects that agependent of the observed explanatory
variables (ie., the “pure” random effect).

The parameter vector of interest for identification is defi@s:= (P,n,B), where® :=
(Pq,---,Pr), andn := (N1,---,N71). We provide the following sufficient conditions for identifi
cation ofTt

Assumption 2.2.

1. The random vectoryxcontains at least one continuous regressey, without loss of general-
ity.

2. Fort=2,---,T,0n(x)/0%1 = 0Nt (%) /0% _1)1 7 O with probability one for all(xit1, Xj1_1)1)-
3. Fort=2,---,T, E[(1%t_1)"(1 A%y )] has rank K+ 1.
4. B1#0,and||B|| = 1.



5. E[ni(X)]=0,t=1,---,T.

Assumption 2.R.1 is essential for the identification of tlemparametric components of the
parameter set. This assumption is standard in the literatéisemiparametric identification of
single index models (see Ichimura (1993) for discussions).

Assumption 2.2.2 is motivated by the Mundlak (1978) spediiin of fixed effects in linear
panel data models, where the individual effect is often ifigelcas a function of time average of the
explanatory variables. However, this is not a hecessargition for the assumption to hold. This
assumption says that for any time periog 2, the marginal relationship between this explanatory
variable and the individual effect is invariant over cutrand (immediate) past realizations of the
random variable, although the marginal relationship magnge from period to period. Indexing
n byt is not only theoretically attractive, but has practicalngigance since the conditioning set
X increases over time. This specification also implies tmaetspecific effects are not separately
identified in this model, because they are absorbeg.in

An example that helps to clarify the restrictions of Assuoq[2.2.2 and 211.2 is the follow-
ing conditional normal distribution. Let the vectgf contain two element$xi1, Xit2), With X1
satisfying Assumptioh 212.1 and

(€, X)X ~ N (U(X), Z(1)),
wherep(xX,) = (He(X,), M1 (X5), - , k(X)) and

_[ 0% Zu)
2(t) = [ Za(t) Zaoft) ]

Then sufficient conditions oB(t) for Assumption§ 2]2.2 aiid 2.1.2 hold are that: (i) all thenelets

of Z15(t) are the same, and (iB2»(t) is equicorrelated. Under these conditions, the distrilouti
of ¢; conditional onx} is given byc = 6()(}2) + T }_tszlxilervit, wherevi ~ N(O, 03) andvy is
independent ok. As in/Arellano and Carrasco (2003), identification will uirg the law of iterated
expectations (LIE) to hold, so thE{E[c;[%{]|X 1] = E[c|X~}]. In this case however, we require that
application of the LIE does not violate Assumptigns 2.2.8@[ddl.2. An additional restriction that
ensures this consistency in assumptions isxthat), is independent of}, givenx,, that is,x; does
not Granger cause.

This example illustrates that the restrictions imposedhenmodel by Assumptioris 2.2.2 and
[2.1.2 are substantial. This example, however, only prevalgficient conditions. Assumption 2.2.2
holds if the pair(x,) enters the conditional density gfconditioned oné only assy% ; X1, that is,
fo(cpdy, Xy) = fe(c| T4 1 %s1,X12,%,). Given our mean independence assumptionigrthis as-
sumption can be partially tested, since it implies &k %, %,] = E[yit[Xt1, 51 Xis1,X,], which
is restrictive fort > 3. The quantities on both sides of the equality can be estunadnparametri-
cally, which implies that this equality can be tested.

Assumption 2.2.3 is a variation of the usual full rank asstiomp Pre-multiplying byxi—1
instead ofAx;;_1 is attractive because it results in only= 3 needed for identification as against



T = 4. This assumption implies that the coefficients on obsetwed-constant random variables
are not identified in this model. We also cannot identify thefficients on random variables, such
as age, that change deterministically over time by the sdyoata Under the assumption that a
subset of the explanatory variables are independent ohtliéidual effect, the model may be able
to identify these parameters under proper rank conditi@nsce the focus of this paper is to allow
for general form of correlation between the individual effeand all the explanatory variables,
and also to allow for all the explanatory variables to be ptednined, we do not investigate these
possibilities.

Assumptions 2]2.4 arid 2.2.5 are normalizations used tanogbdént identification of the param-
eters. Assumptionis_2.2.4 is only one of a variety of scalenadization of the finite dimensional
parameters that can be used (see Gayle and Narnoro (2005)s6oission). Assumptioris 2.2.6
is analogous to the normalization on the individual effdgigcally imposed in linear panel data
models, that the mean of the individual specific effects is.ze

Denote the true model by, := (Po, No, Bo). Suppose there exists an observationally equivalent
modely = (®1,Nn1,B1) also satisfying assumptidn 2.2. We show that under assanigi2 the
parameter sy is uniquely identified.

Theorem 2.3. Consider the mode[(2.1) and let Assumpfion 2.1 and partsoflAssumptiof 2|2
hold. Then for constants R and>c0 we have thafy = cf1, Ni(X) = cnuu(X) + R, and®yp(a) =
®y((a—R)/c), fort=1,---,T. Furthermore, if parts 4 and 5 of Assumpt[on]2.2 hold, thenl;
and R=0.

Proof. See Appendik Al O

Defining; := ®; 1, equation[(Z11) implies that

(2.2) Adro(Git) = AxiBo + Ano(X)-

By the law of iterated expectations, we have tE&An.o(x)|x ] = 0. This will be the starting
point of our estimation strategy.

2.2 ldentification with sample selection and endogeneity

In this section, we extend the basic model to account for &isglection and endogeneity in a
fashion similar to_Das et al. (2003). The extended modehisrgby

Vi = RuwPi+ziB2+c)+u, i=1--- N, t=1..- T,
(2.3) Xi = Tz, 2on)+ &, i=1,---,N; t=1---,T,
yit — )fi;dity

wherexiit, zit, andzii; areKy, Ky, andL; (> K1) dimensional random vectors. Let = (X1t , Zit ),
zi = (z1it, 2), B= (B}, B,)', K=Ki+Kp, andL = L3+ Ky, . The vector of functionst has



dimensionK;. In this extended model, we restrict the dependent varigbte be continuous. We
assume that; andz; are observed for all individuals. Aslin Das et al. (2003), wsusne that the
vectorz; determines selection. Note that may contain lagged values df as well as lagged
values ofy;. Define the propensity scom = E;[di|Z]. Again, we writec; = E[ci|X] + Vi and let
nt(}) := E[ci|¥]. In order to derive the reduced form model, we make the fatigvassumptions:

Assumption 2.4.
1. Fort=1,---,T the index functionHs strictly increasing on its support.

2. For each t, the conditional distribution of \given %, zi and d; is absolutely continuous
and independent of;xz; and d;, with density given by, f

3. B, 2, di = 1] = Me(&it, Pit)-

Assumptiorf 2.14.1 is the same as Assumpfionh 2.1.1. Assunigitta2 strengthens the indepen-
dence assumption of Assumptibn]2.1.2. This assumption segoestrictions on the process by
which d; is determined. For example, suppose that 1{z:d+ | — r1it > 0}, and as in the basic
model, assume that = E[W|Z] — rar. Letry = ry +rat. Then Assumption 214.2 implies that
is independent of;. A necessary condition would therefore be; it is not the ¢haec; = | with
probability one. Specifically, all the relationship betwee andy; is contained in the relationship
betweenn(X) and E[|Z]. Assumptior2}4.3 is implied by many semiparametric paineitéd
dependent variables model, including the one introducee (see Das et al. (2003)). Under these
assumptions, we have that

Vi = ROaB+ne(X)+vi)+ U=
Oe ‘=EyiX,Z4,de =1 = S (xeB+ne(X))+Ac(Ekt, Pt ), =
(2.4) Vi = P (B+ne(X))+A(Eit, Pic) + €x,

where wheres; = yir — E[yit|X,7,di = 1] with E[e;|%,Z,di = 1] = 0. By the same arguments as
above,®; is strictly increasing and differentiable.

The parameters of interest for identification in this sétecmodel aret:= (®,n, A, ), where
A= (A1, -+ ,A7). We impose the following restrictions on the reduced formdeid2.4)

Assumption 2.5.

1. The random vectoryxcontains at least one continuous regressey, without loss of general-
ity.

2. Fort=2,---,T,0n(x)/0%1 = 0N (%) /0% 1_1)1 7 O with probability one for all(xit1, Xj1_1)1)-

3. The random vector;Zs continuous, thé:(g;, pit)’s are continuously differentiable,;;pand
Ti(z ) are continuously differentiable i zand with probability one, rarl@(1i(z; ), p(2))’/0zit] =
Ki+1.

4. Fort=2,---,T, E[(1X¢-1)) (1A%)] has rank K+ 1.
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5. B1#0, and||B]| = 1.
6. EMOd)]=0,t=1,--,T.
7. E[)\t(ait,pit)]:O,tzl,-'-,T.

Assumptiond 2J5.1 and 2.5.2 are the same Assumpfions 2n8.2.2.2. Assumptiof 2.5.3
requires that one of the instruments be continuous. Thiwisacessary for identification, but
it makes the exposition clear. The rank condition is a ncayp&tric generalization of the rank
condition for linear models (see Newey et al. (1999)). P4ts, and 6 of Assumption 2.5 are the
same as parts 3, 4, and 5 of Assumpfiod 2.2. Assumptidn Z%hormalization imposed to fix
the location of the\;’s. Other normalizations may be used, such as fixing the l&vitle \;’s for a
given pi.

Denote the true model by := (P, No, Ao, Bo). Suppose there exists an observationally equiv-
alent modelm := (®3,n1,A1,B1) also satisfying Assumptidn 2.5.

Theorem 2.6. Consider the mode[(2.4) and let Assumpfion 2.2 and partsoflAlssumptiof 2|5
hold. Then for constani®y;, Rx ) and c> 0 we have thaBy = cf1, Pio(a) = Pi1((a— Rat)/C) — Ry,
Mo(Eit, Pit) = Ma (&, Pit) + Ru, andneo(%) = Nea(X) + Ry + Ray, fort =1,---, T. Furthermore, if
parts 5 - 7 of Assumptidn 2.5 hold, thee=cl, and R = Ry = 0.

Proof. See Appendik A2 O

Inverting and taking first difference of equation]2.4 gives

(2.5) Adro(Git — Mo(Eit, Pit)) = D% Bo+ ANt (%),

where agairE [Ano (%)% 1] = 0 by the law of iterated expectations.

3 The Estimator

In this section, we propose estimators of the basic and é&temodels under the restriction tixt

entersn; as zg;msl. An alternative approach to imposing the restriction wdudto impose the
constraint directly om;. However, this would require a different formulation simgas annihilated
in the estimator developed in this section. We use the oot = (ztszlxisl,x}z) in the basic
model andw; ;= (zglxlisl,x‘liz) in the extended model.

3.1 The basic model

Suppose a sample dbfindependent realizationly;,x i = 1,--- ,N) are drawn from the distribution
of theT x (K + 1)-dimensional random matrify, x) with supporty” x X, wherey C R and X C



MK, Let fy(x) be the probability density function of the distribution @tion defined onx with
respect some dominating measure.

We need to first address implementation of the orthogoneditydition E[Ano(Wit ) |Wi¢—1)] = 0
to obtain an appropriate objective function from equat@@), Defines; = E[Ax;|Wit_1)]. Then,
fort =2,---, T, equation[(Z.R) implies

E[Ade(aie) Wit-1)] = stB=
(3.1) Adi(ge) = stB+Ei,

where&i := E[d¢(qi)|Wi—1)] — t(air). Note that sinces; is a function ofw;;_1) we have also
that E[&it|st] = 0. This is simply a conditional expectation derivation obtatage procedure for
estimation with instruments.

Because the predicted outcomgs:= E|yi|Xit1,Wit] has the density ofxi1,wi) in the de-
nominator, this density must be bounded away from zero. Weetbre impose a fixed trim-
ming condition by defining the compact subgetC X where fy is bounded away from zero on
X. Because(xi1, Wi ) is a transformation ok} with nonzero Jacobian of transformation, the in-
duced density ofxit1, W ) is also bounded away from zero on its support (see Mood et @ir4().
This fixed trimming condition implies that there is a compsabset®X C SR in which all theq's
lie. By the same argument, the density igfq) is also bounded away from zero oki. Let
N2 (K) :=1{f € C3(K) : ||flls2 < C2 < o}, where|| - ||s2 is the supremum Sobolev norm (see
Néwey and McFadden (1994)), asd be a compact subset mgz(yo, composed of increasing
functions.

Assume thaBg 1= (B, $o)’ € © := B x (x{_15%), where B C 0¥ is compact and convex
with non-empty interior. Defing := (S,,---,St), and the functiom asa:= (a,....ar) —
Na:= (ap—ay,...,ar —ar_1). Then stacking equation (3.1) irobtainsAd(q;) = s+ €. Define
it (0) := p(ait,St,0) := Adi(qir ) — St B and definep;(8) accordingly. Finally define the trimming
function ki := 1{x; € x} andk; = |‘|thl Ki. Then under the constraints of Assumption] g,
uniquely minimizes

(3.2) Qo(6) :=E [kp(8)'=1p(8)],
over®, whereX is a (T-1)-dimensional symmetric, positive definite weightmatrix.

In order to derive a feasible empirical analod fol 3.2, we fiestd to estimate ands; for
all i andt. Define the generic functiok; (a) := 0~ %&(c~*(ax — a)), whered, is the dimension
of aandR is a generic kernel. Leti™= (1 yi) andX; = (1 X;). Define the kernel estimator of
hyo(Xe1, W) := [ (%1, W) E[y[xer, W] f (%1, W)] as

N T
hi(xe,w) = (NT) 5 5 K (%1, wh).
j=11=1



Define also the kernel estimator lofp(w—1) := [f(Wi—1) E[X¢|We—1]f(W—1)] as
ho(we—1) = ZZXJIKJIth

With these in hand, let "= hy 2 (%1, W_1)/A11(%1,W_1) ands := hpa(W_1)/h21(W_1). Define
it (8) := D(Qit,étl ) := Ad(Git) — &t B and defingd;(0) accordingly. Then under the constraints of
Assumptior 2.20 is defined to minimize

- 1N, 1 N .
(3.3) QO) =y 3 Qxi®) =y 3 Kibi(8)Epi(8),

overo, wheres is a consistent estimator af

3.2 Estimating the extended model

Suppose now that a samplefindependent realization(y;, %,z i = 1,--- ,N) are drawn from the
distribution of theT x (K 4 L + 1)-dimensional random matrigy, X, z) W|th supporty” x X x Z,
wherez C R, Let fy ;(,2) be the probability density function of the distribution &tion defined
on X x Z with respect some dominating measure. A similar derivadi®im the basic model obtains
the following equation that is analogous to equatfon](3.1)

(3.4) Adt (O — Ae(Eit, pit)) = SeB+Eit-

LetBo:= (Bp, 0, A0)' € @:=Bx (x{_15x) X (X{_1A%,(X)). Definepit (6) := p(qit , €, Pit, St 0) :=
Adi (o — Ae(&it, pi)) — St B and definep;(0) accordlngly Then under the conditions of Assump-
tions[2.2 and 215y uniquely minimizeQo(8) := E [kp(8)'Zp(8)]. Let Xy = (1,X4it) andd; =

(1 dy). Define the kernel estimatorsiofo(z) :=[f(z) E[xiit|z] f(z)] andhgo(z) :=[f(z) E[di|z]f(z)]
as

zZ
><z

1t Kji (z), and
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Let f&(z) := haz/ha1, &t := Xu — Te(zt), and & := hy2(z)/has(z). Redefinehyo(x1,w) to
h1o(X1,W,Z,d = 1) in the obvious way. Defingy andp; analogous to above. Thé&minimizes

A~

(3.5) Q(0) X} Zf ) = N Zl ipi(0 (6),

Z|H
MZ

overO.



4 Computing the estimator

The method presented in this section develops a technigtarthkes use of the method of alter-
nating projections (Bauschke and Borwein, 1996; Deuts@@lPand back fitting algorithm devel-
oped in Hastie and Tibshirani (1986), Buja et al. (1989), Man et al.|(1999) and Mammen et al.
(2001). The actual implementation follows closely the twtidr references. The advantages of
this representation for our purpose are that constraimidbeamposed in an internally consistent
fashion, and the convergence of properties of these estimate well understood and obtained
under weak conditions. The objective function defined inagigm [3.3) is however not the one
defined inLMammen et al. (1999) and Mammen etlal. (2001). Osir tiwsk therefore is to show
that this objective function is asymptotically equivaléotthose defined in Mammen et al. (2001)
under our restrictions on the parameter space and undeitioogdon the kernels to be used in
the estimation of the infinite dimensional parameters. Agaie shall use the generic notation
wi(a) := 0 1R(071(ay —a)) where & denotes a generic kernel. It is important to note that this
is only to conserve on notation, and does not mean we are tlsingame kernel to estimatg ~
P, or . Furthermore, the kernel notation here makes explicit weatvill be working with single
dimensional kernels. We make the following assumptionsherkernels used to estimate th's.

Assumption 4.1. (i) For a > 2, R(a) is differentiable of order a, the a-th derivatives bounded,
A(a) is zero outside a bounded s&a) > 0, [ A(a)da=1, [ak(a)da=0, [a?R(a)da< o, and
[|R(a)]?da< . (i) 0 — 0and No? — o as N— .

These conditions are used to show that the objective fumdidined in equationn (3.3) is equiva-
lent to the those definedin Mammen et al. (2001). héh;, z; ) be a bounded continuous function.
The following lemma is essential for the computation of cgtireator.

Lemma 4.2. Let m(z;,2,;) twice differentiable in its arguments with bounded secoedvdtives.
Let Assumptiof 411 hold. Then we have that

1N 1N
(4.1) N_Zlm(zliaZZi) = /N_Zim(zlazzi)wi(Zl)dzl+op(l)
1= 1 |KI
(4.2) = /N_Zlm(zli,zz)wi(zz)dzﬁop(l)
1N
(4.3) -/ N 3, (2,220 (20)0 (22)d2:02 + 0p(1)
Proof. See Appendik A3 O

4.1 Computing the estimator for basic model

In order to use Lemmia 4.2 in defining the algorithm, requieeftilowing assumptions and Lem-
mas. The following assumption places restrictions on thieedaused to estimatg. These restric-
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tions, while stronger than needed for this section, will bguired when evaluating the asymptotic
distribution of the finite dimensional parameter estimstor

Assumption 4.3. 1. K(a) is differentiable of order @> 2, the derivatives d are bounded,(&) is
zero outside a bounded setK(a)da = 1, there is a positive integer m such that for alkjm,
[K(a)[®;_,Jda= 0. 2. There is a version ofp(w) that is continuously differentiable to order d
with bounded derivatives on an open set containig 3. There is p> 4 such that E|/X||P] < c
and E[||%||P|w] fo(w) is bounded. 4. The bandwidth= o(N) satisfies N-(?/P)gt/InN — oo,
VvNo?™ — 0, andv/NInN/(No-"24) — 0

The following assumption on the weighting matrix is easiyified in practice.
Assumption 4.4. The inverse of the weighting matrix; %, exists and is finite.

We are now in a position to define the estimatordigrt = 1,---, T for a given value of3. For
eachi, let ¢ (G —t, ) be d(G) with G replaced withg:.. Given the assumptions on the parameter
space, the second derivative @te) with respect tog is uniformly bounded. Then Lemnia 4.2
implies that the objective functiob (3.3) can be written as

@9 00):= zl (B (6.-1.6) ~ §B)'E (D061, ) ~ §B)r (6)da + 0p(1),

wherewy () = 0 18(0~ (Gt — q)). For fixedq; the unconstrained estimaty(q;) is defined as
follows (see Mammen et al. (2001)):

(4.5) 6i(q) =arg mln Nzi i(00(Gi—t, %) — $B)' S (A (G —t,G) — §B)wi (ar) + 0p(1)

¢t€/\

The solution to[(4.4) is characterized by the first-orderdition

(4.6) S zl H08(G-1,5) — SB)wx (@) =0,

whereA ; denotes thé-th column ofA. Leta:=A'S~ andb:= A’S~'A. Then straightforward
calculation show that equation_(#.6) implies

a1y SiBo(a) o Bil@o (@)
be N4 fi(a) bnN fq)

-1, g Ki G (k)
SIB— ;
N Zl( 2 byt Z ) fi(cr)
where fi(g) :== N_1 zi'\‘zl Kiwy (g ). Note the similarity between the estimator defined in eguati
(4.7) and equation (12) of Mammen et al. (1999). While theatiqn (12) of Mammen et al. (1999)

requires one- and two-dimensional marginal density eséisjeequation[(4]8) requires only one-
dimensional density estimates. The advantage of this algmge is that while the estimator defined

(4.7) Pe(a) = Z

(4.8)

11



here is easier to compute, we can still appeal to the cormeggiheorems of Mammen et al. (1999)
for convergence of the iteration (to be defined). To impogentionotonicity constraint, we further

project §; onto the setSx. The results of Brunkl (1958), and Mammen €t al. (2001) imply t

following solution to this projection

Qe () fi()l
“ 60 = T

Given estimates of th¢y’s, the estimator fof is obtained by solving the objection functidn (13.3)
for 3 to get

P L AN R T
(4.10) leﬁ_zlxiﬁz-lé] N D 2 00(@)

For arbitrary initial choiceg® and¢(”, t = 1,---,T, the backfitting algorithm therefore works as
follows.

Backfitting Estimator for the Basic Model (BF1)

Do forr > 1 until convergence i is reached

Initialize with (l)[r 1( ) and do forj > 1 until convergence ig¢,t =1,--- T is reached
Dofort=1toT{

i) _ Bl-1g -1« B fil s\ B i1 Ki Wit (Gk)
6t (ar) N Z(; SiB /thtt(bl (Gi) /thttd)l (QH)) 71‘1(%) )

Ny — S8 R
b = v'%fi‘q'? i
[i] _ [J]
o@) = NZK“’ G
}
Denote the fixed point values hﬂ”,t =1---,T.
}
updateB by
0 18 wsag] 18 g
B = Ni;KI§1 S Ni;KI§1 6"(G)
}

The fixed point solution is denoted éfs ®). Notice that we explicitly write the algorithm as a nested
loop. The reason is that the projection defined in the innep lior fixed 3 is well understood to
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converge (see Mammen el al. (1999)). The outer loop definequeace of alternating projections
between two closed convex sets, with one set is finite dimnaaki The convergence of this sequence
is also well understood (see Cheney and Goldstein (195%%ante and Namoro (2005)).

Proposition 4.5. Under assumptioph 4.1, the algorithm the algorithm (BF1)wages with proba-
bility one.

4.2 Computing the estimator for the extended model

We begin by defining the computation of tthés for fixed f andA¢, t=1,---,T. Let i := G —
AEit, Pr) and (i —t, k) be ¢(fy) with [ replaced withyy = g — )\(st,pt). Then Lemmd 412
implies that the objective functiofi (3.5) can be written gsation [4.4), which in turn implies that
the unconstrained solution for fixggis given by

(4.11) = NZ(% bttl‘B ; ) (‘i'“;).

The constrained solution is given in equatibn4.9).

To computei;, t =1,---, T at a point, for fixed®3 and¢y,t = 1,---,T, note that Lemma_ 412
implies that the objective functiob (3.5) can be written as
:/ Z A(I) SI —t, &, pl —t; Pt )) _éB)/iil
(AD(Gi — A(Ei,—t, &, Bi,—t, Pt)) — SB)wit (&) wxt (pr)derd pr + 0p(1),

where for each, A(g _t,&, Pi —t, pt) is A(&, fi) with & and p; replaced withe; and p,. The first
derivativeh(A (&, pr)) and second derivativel (A(g, p;)) of this objective function with respect to
A¢ IS given by

z

A~

h(Ac (&, pr)) = — Op(Git — Ae(ee, ) (D)2t

(A

Z|H

E=s
—~

MZ Q)

)\(8| —t, &, p| —t, Pt )) _QB)Kimt (Et)(ﬂt(pt),

bt (Gie — A&, pr)) x

E
N 2

{btt(l)t(flit A (&, pr +;btl¢l Gi —Mi(EnL i) — S als [3} Kiit (&) wit (Pr),

&M*

N
H(At (&, pt)) :%_Zlbtt (d¢ (Gt — Ae(er, pt)))zKi(Uit (&) wx (pr)-

This implies that for giver\;,t = 1,---,T, one can updatd; by the following single Newton-

13



Raphson step:

h(At (&, pt))
H(A(e, )

We are now in a position to state the algorithm for computimg ¢election model. For arbitrary
initial choicespl? and( t[0]7 )\t[o]), t=1---,T, the backfitting algorithm works as follows.

(4.12) N'Wie, p) = M(e, pr) —

Backfitting Estimator for the Extended Model (BF2)

Do forr > 1 until convergence i is reached
Updateh;, t=1,--- | T by{
G Y)

M p) =N "Y(e, p) -
t HE-I O (e, )

Setlj{itr] =G — )\tm(éita Bit )-

}
Initialize with q>“ Y q or ]) and do forj > 1 until convergence ig;,t = -+, T is reached
Dofort=1toT
il _ A1z -1 B[]ty P -1 oy | Ko ()
¢t (ut) N Zi <| » btt B ,thtt (I)I (p’ll ) /thtt ¢| (pﬂ )) ﬁ(l_,lt) s
. )
¢tm(ut) — inf supf' u¢ ( ) ( )

V2 Heu< fl u ft(l)dl

. . N .
@3l = olliw) 5 ol o)

Denote the fixed point values lq;?],t =1---,T.

}
updateB by

m_ |1 k g5 a1 &5-1ngl) d
= NiZLKI ) Ni;KI "
}-

The fixed point solution is denoted &3,$,A). The algorithm BF2 is exactly BF1 with an added
step to update thg’s. It seems intuitive, therefore, that this algorithm atemverges. Indeed based
on our experience, the algorithm does converges. Howewdieet proof of convergence is beyond
the scope of this paper, but does belong to our research agend

There is still the unresolved issue of obtaining the estim&tof the weighting matrixz. The
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solution is to perform a two-step estimation method by fitdissituting the(T — 1)-dimensional
identity matrixlt_, for £. This provides consistent estimates of the parametergereist. As will
become clear in the following section, a consistent estmabf = can then be constructed using
these initial consistent estimates. The second step ishistiite this estimate into the objective
function and repeat the algorithm. As discussed in NewewWwaciEadden|(1994), the second stage
algorithm needs to be executed for a single iteratioa [ = 1) if the first stage estimates are used
to initialize the second stage algorithm.

5 Asymptotic Properties

In this section, we derive the asymptotic properties of trafe selection model. This asymptotic
properties of the basic model are presented as a coroll@ridse corresponding theorems of the
sample selection model.

We assume thaliyg and hyg, as well as the kernels used to constrf]ptﬁg also satisfy the
conditions of As:sumptio@.?,. We also make the followinguagstions on the weighting matrix
and its estimatokE.

Assumption 5.1. ||Z|| < o, ands 2 5.

After deriving the asymptotic properties of thg estimatoder this condition, we will define the
efficient choice oz and a corresponding estima®that satisfy Assumption 4.4.

5.1 Consistency

Define the distancel on © as follows: d[61,0] := [B1 — B2llk + Si—1(/|d1 — Gatlls2 + Azt —
Azxlls2), where| - ||k is the Euclidean norm oflX and || - ||s2 is the supremum Sobolev norm
of smoothness 2. The supremum §ois with respect taS«, and the supremum fov is taken over

N, (%)
Theorem 5.2. Consider the estimator defined as minimizing the objectisetion defined in equa-

tion (3.8). Let the assumptions P[I, 124, Z5] 4.3, 4.4dtisfied. The — By, and for
t=1,--,T, | drolls2 — 0, and A, — Mofls2 —*~ 0.

Proof. See Appendik Al4. O

Consistency of the basic model is therefore presented ifotlosving corollary.

Corollary 5.3. Consider the estimator defined as minimizing the objectimetion defined in equa-
tion (3.3). Let the assumptions R[1,12.2.]4.3, 4.4 holtenP - Bo, and for t=1,---, T,
|16 — drolls2 — O.
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5.2 Asymptotic normality

The backfitting algorithm in BF2 work by iteratively solvirdgr A and¢ given a fixedB, and then
solving for3. In a neighborhood of the minimum, it is then clear that thgoathm concentrates
out A and¢ by solving for it as a function of, and then solving fo. We shall use the no-
tation ¢(q—A(g, p;B); B) to make this explicit. LeB;(h) := Ogd(qi — A(&i, pi; B);B) —s. Also,
let n; == pi + Sk 1(D%k — Sk) + Rui(Yi — G) — Rai(di — pi) + Raigi where Ry == Adj(gi — A(pi)),
Roi := RyiA1(&i, pi), andRsi := RyjAz(gi, pi) (A1 andA» denote the partial derivatives afwith re-
spect to its first and second arguments). Finallyet= E[nionjy], wherenjq is n; evaluated at the
true parameter values. Then we have the following theorem.

Theorem 5.4. Consider the estimator defined as minimizing the objectimetion defined in equa-

tion (3.3). Let the assumptiohs P.1,12.4] 2.5] 4.3,[and 4 ghkisfied. Then/N(B— Bo) LN N(O,V),

where
V := E [kiBio(hio) Z 'Bio(hio)] E [KiBio(hio)' =~ *QZ*Big(hio)] e [KiBio(hio)'= 'Bio(hio)]
Proof. See Appendik A5 O

For the basic model we redefiig h) := Ogd(q;; B) ands; := p; + zﬁzl(Axik —sk)+Ri(Yi—a)-

Corollary 5.5. Consider the estimator defined as minimizing the objectimetion defined in equa-
tion (3.3). Let the assumptiohs P 1,12.2]14.3, 4.4 hatenT/N(B — Bo) 4, N(0,V), where

V = E [kiBio(hio)'Z *Bio(hio)] E [KiBio(hio)'= Q= *Bio(hio)] E [KiBio(hio)'Z *Bio(hio)]

From the preceding, it is clear that the efficient choice @& #eighting matrix is given by
> = Q, reducing the variance matrix ¥ = E [KiBio(hio)'Zleio(hio)]. with the obvious choice
for the estimator given b = TN, ki&&//N. The following lemma establishes that these choices
satisfy the conditions of Assumption b.1.

Lemma 5.6. Consider the estimator defined as minimizing the objeatinetion defined in equation
(3.5). Let the assumptions P[1,14.4]2.5, 4.3 be satisfieel|Z || < o ands > 5.

5.3 Consistent asymptotic variance estimation

In order to estimate the asymptotic variance, one also habtain an estimate dBjo(hio). We
propose the esUmatcB.( ) = 0pd (G — (p,,B),B) where the derivative is taken numerically by
perturbing each element @fand performing a single iteration of the inner loop of theoalkihm
BF2 (settingr = j = 1). The estimator of the asymptotic variance is then given by

P4

Vi= kiBi(h)'S~1B;i(h).
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Theorem 5.7. Consider the estimator defined as minimizing the objectimetion defined in equa-
tion (3.8). Let the assumptions PL1,12.4]2.5, 4.3 befedi The/ >V,

6 Monte Carlo study

In this section, we present two limited Monte Carlo exerxiseillustrate the performance of the
estimators. The first simulation investigates the perforreaof the estimator for the basic model,
where all the explanatory variables are predetermined anelated with the individual-specific

effect. The second investigates the performance of thenasir for the sample selection model,
which augments the basic environment.

6.1 The basic model

For the first exercise, we consider the following data gdmmaraprocess foi = 1,--- ,N; t =
1.4
Vit = (BXitr + BaXie2 + Ci)° + Ug.

The explanatory variables are generated as follows:
Xitj = O1Vitj +OUit—1, j = 1,2,

with vij, j = 1,2 independently distributed (0, 1) andu; independently distributet(0,1). We
simulate the model for two choices &f (0.9, 0.1) and (0.6, 0.4). The individual-specific effect
is generated byg; = 0.5(Vi11 + - - + Via1) /4 + 0.5(Vi12 + - - - + Viaz) /4 + Via, With viq independently
distributedN(0,1). We make the following initializationsip = 0 and se{B10, B20) = (0.6, 0.8).
We perform 100 Monte Carlo replications of the model withethsample sizes N: 100, 200, and
400. The mean bias and root mean square error (RMSE) ardataltdor each sample size. The
first stage estimator wheieis set to be the identity matrix is denoted by KMD, and the selco
stage estimator is denoted by EKMD. The results are presém{Eable 1.

The results in Table 1 indicate that the estimators perfoeth w recovering the finite dimen-
sional parameters, even in very small samples. The resistisvarify /N convergence of the
estimator.
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6.2 The sample selection model

In the sample selection model, we extend the environmergatics 6.1 as follows:

Vi = (BaXir + BoXie2 +Gi)° + U,
Vit = dit i,
di = 1{—01+ 0.2%it1 + 0.2%it2 + 0.6Xit3 — €t > 0}

As we are not interested in recovering the parameters ofdleetion equation, we choose a rela-
tively straightforward selection rule. Note however, that can easily accommodate a complicated
selection rule, as general as that of the basic model abgyés independently distributed (0, 1)
andg;; independently distributed(0,0.5). These choices result in censoring of approximately 30
percent of the original sample. The other variables arergéed as in sectidn 8.1. As above we set
(B10, B20) = (0.6, 0.8) and perform 100 Monte Carlo replications of the model witteéhsample
sizes N: 100, 200, and 400. The results are presented in Zable

The results indicate that the estimator performs quite imetklative small samples and with
significant censoring. Again the results verifN convergence of the finite dimensional parameters.

7 Conclusion

This paper investigate identification and estimation ofas€lof single-index panel data models
with: (i) All the explanatory variables may be predeterndginéi) The index function is unspecified.
(iii) The individual effects may be correlated with all thepganatory variables. The model is ex-
tended to allow for a general form of sample selection. Wesldgvkernel based minimum distance
estimators of the finite and infinite dimensional parametét®oth models. These estimators extend
the minimum distance estimator|of Mammen etlal. (1999) anchMan et al.[(2001). We develop
a new algorithm to compute the estimators that fully impleteghe restrictions of the models.
The algorithm makes use of the backfitting estimator propas8uja et al.|(1989), Mammen etlal.
(1999), and Mammen etlal. (2001). The algorithm extends dh@ayle and Namora (2005) for
semiparametric panel data models. We find that the algor@gbnverges fast and is robust to the
choice of the starting values. We show that the estimatarthéofinite dimensional parameters are
v/N-consistent and asymptotically normal. We also show thatetimator of the infinite dimen-
sional parameters are consistent. The paper illustragenite sample properties of the estimators
by way of small Monte Carlo studies. We find that the estimp&form well in very small samples.
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A LEMMA AND THEOREMS

A.1 Proof of Theorem2.3

Proof. Since the random variabtg := E[yi x| can be consistency estimated, it is known in large
samples. This, equatioh (2.1) gives for eagtropping the subscript):

(A.1) Pro(%it Bo+ Neo(X)) = Pea (it B1 + Nea(X)).

Differentiating with respect tgj; obtains

(A2)  D(xcBo+Nio(X))(Bor+ M) = 1 (%t B1+ Nea (X)) (Ba1+ M)
aan axttl

Differentiating equation (Al1) with respect #_1 1 obtains

(A3) gl Bo-+ o)) 100 _ a5 ¢ By 4y ) 220,

OXit—1,1
Assumptior 2.P.2, along with equations (A.1) ahd {A.2) iilepkhat
Pio(XitBo+Nto(X))Por = Pf1(XitBr+ N2 (X))Pr1 <

Plo(Pio (Git))Bor = Ppy (P (Git))Brr <
(A.4) O (Gr) = ot (or),

wherec = Bo1/B11, which is non-zero and finite by of Assumption]2.2.4. Funthere, sincep; > 0
we have that > 0. Equation[(A.%4) implies that

(A.5) dlar) = cPt(ge) + R, e
XtBo+Nw(X) = c(XPr+Nu(X))+ R,
(A.6) Xt(Bo—cB1) —R = cnu(X)) —Nw(X)

whereR; is the integrating constant. Assumptidns|2.2.5[and 2.2@yimhatR, =0, t =1,---,T.
Taking first difference of equatiof (A.6), definidg:= ((Bo — cB1)’, (R — R_1))’, pre-multiplying
by (xt_1 1)’ and taking expectations gives

(A.7) E[(xt-1 1) (&% 1)]8 = CE[(%t-1 1)'Ania(x)] — E[(Xt—-1 1) Aneo(4)].

By the law of iterated expectations we have tBEdx 1 1)'Ane (X)) = E[(%t—1 1)'E[An: ()XY

and E[An, (X)X 1] X)X —ne (X1 = 0, thus implyingE[(% 11)’Ar]t(x})] 0. ThIS
along with equanrE(E?) |mpI|es that

(A.8) E[(Xt-1, 1)"(Ax¢, 1)]& =0,
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which, by Assumptiof 2]2.3 implies thB§ = cf; andR = R._; = R. This, along with equations
(A5) and [A6) imply thatbip(a) = D1 ((@a— R)/c) andnip(X) =nu(®) +R.

By Assumption[ZR.4, k& ||Bo|| = ||B1]|, which implies thatc = 1. By Assumptior 2]2.5,
ENw(®)] = E[nu(xX)] = 0, which implies thaR = 0. O

A.2 Proof of Theorem[2.6

Proof. As in[A the random variablej; := E|y; |z,di = 1] can be consistency estimated, it is
known in large samples. This, equations [2.3) gives for ¢ach

Pro((T& (2t ) + &t )Bro+ Z2it Boz + Nto(X)) + Awo(Eit, Pit ) —
(A.9) D1 (T8 (2 ) + &t )Baa + Z2it Brz+ Ner (])) + Awa(€it, pit) = O.

Differentiating equation (Al9) with respect #; ande;t obtains

e (00 (o 5)) (o (s G ) )
— | (D (Brot =2 ) ) = (@fy- (Brat == ) )| +
0zt to- | Pro OXijt - | Pu OXait

api [OAo  OA
I A T

(o0 (e ) )~ (o (55
(A.11) [Z)\Tt: — Z)\th =0.
The full rank condition of Assumptidn 2.5.3 implies thenttha
(r12) O (Bro+ 32 ) ~ 04 (B + 502 ) =o.

Ao OA

(A.13) a—pt; - a_p;tl =0,
(A.14) %tno - %:tl =0.

Equations[(A.1B) and (A.14) imply thato(&it, pit) = Ata(€it, Pit ) + Rat, whereRy is the integrating
constant. Differentiating equation _(A.9) with respectig 1) obtains

oy '[, 0w ., Onu } 0Pt /[07&0_57&1]:0
0zy1y | ©° -1 - OXig-1)]  OZic-1 LOPtx OPx ’
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which implies that

dnto onu
A.15 o.M gy '
(A-15) O Oxpey T Ot

Assumptior 2.b.2, along with equatiofs (A.12) and (A.15)lyrthat

(A.16) Dy - Brio= P - Prar-

Definepy := i — Aw(Eit, Pir)- Then equatior (A.16) can be written as

(A.17) Do (P (M) - Brio= Pfy (P (ke +Rur)) - Prur &
Dot (W) = ey " (Wi +Rat) =

(A.18) Pg* (W) = cPppt (e + Rar) + R,

WhereRy, is the integrating constant. The rest of the proof followaatly Appendix{’/A.1 to obtain
Bo = cB1, Pro(@) = Pra((a— Rar)/C) — Rur, Ao(€it, Pit) = Aea (it Pit) + Rur, andneo(X) = nea (X) +
Ryt + Ry. The normalizations of Assumptiohs P.5.5 - 7 imply then thatl andRy; = Ry = 0.

0
A.3 Proof of Lemmal4.2
Proof. First note that

/ mM(zy, 20 )i (z1)dz — M(z4i, 201

= / M(zy — OV1, Zi ) R(Va)dva — M(z1i, Z3i )

= / [M(z — OV1,20i) — M(2Z43, 21 )| R(v1)dvy

SRS LY.
:/ O—rrfl(zli,zzi)cvlJrnfll(zli—0v1,22i)7 A(v1)dvy
o’ [, _

(A.19) =5 / MY (z2 — OV1, 2 VG R (V1 )dva,

where the first equality comes from the change of variable (z;; — z;) /0, the third comes from
a the expanding aroural= 0, and the fourth equality comes from Assumpfiond 4.3. By aggion
|my;(z1i — OV1,251)| < C < o, thus giving

s N 2
%i;{/m(zl’zm)wi(zl)dzl - m(zli722i)} < %i;% / M4 (z2i — OV1, 251 ) V3R (V1) dwg
(AZO) < CO-Z/Vzﬁ(Vl)dV]_ _ Op(l),
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The rest of the proofs follows exactly these arguments. O

A.4 Proof of Theorem[5.2

Proof. Let hg := (ho, hzo, hgo) h:= (hy, Az,hg) and writeQ(8) = Q(6,h). DefineQy(8,hg) :=
) 1

B)=~

L3N ki (Adi(gio — T(pio)) — (Adi (Gio — T(pio)) — SoB). We make the following claims
(A.21) SUPIQN (8, o) — Qo()| 20
(A.22) SpIQx (8.7) ~ Qu (8, o) 20

Proof of claimfA.Zl Note that for anyd € ©, [|Q(x,6,ho)|| < Ki[|Ad(gi — A(gi, pi)) —sB|?|Z7Y <
(160 = A, )| + IS D=4l < Cr+Cells || +Cslls [|* < d(x) with E[d(x)] < e for somed(x).
The third inequality comes fror; being in the Sobolev ball, and the last inequality comes from
Assumption[4.8. This, the compactness@fand Lemma 2.4 of Newey and McFadden (1994)
proves claini A2l

Proof of claim[A.2R For all 6 € ©, we have thatQ(6,h) — QN(e ho)| < i ki(P/(8)S1pi(8) —

Pl (B)Z i () +P](8)Z i (8) — Plo(8)Z Pio(8))/N < [|=71 — =71 ki |pi(© JI/N+IE1 x
SiKillPi(8) — Pio(®)][2/N) + 2= | (Sikillpio(B) |2 /N) 2 (5 killpi (8) — pio(e)Hz/N)l/z- Also, by

the mean value theorem and the triangle inequality, we hiaae||p;(8) — pio(8)[|? < (Cy1[|Gi —
diol| +C2||& — €ioll +CallBi — Piol| +Call§ — Sol|)?. Assumption§ 413,511, and the results of Newey
(1994b) therefore implies th&®(8, h) — Qu (6, ho)| 2. 0 for all 8 € ©. Given that® is compact, the
convergence is uniform. This proves cldim A.22.

Given thatd minimizes®(6, h), we have that

Q(8,h) — Qo(Bo) < Q(80,h) — Qo(Bo)
(A.23) < suplQu (®. h) — Qn (8, ho)| +SUpIQu(8. o) — Qo(6)| 2o,

where convergence comes from claims A.21 and A.22. Als@rgthatfy minimizesQy(6) we
have that

0 < Qo(8) — Qo(6o)
= Qo(6) — Qn(8, ho) + Qn(8, ho) — Qn(8, ) -+ Qu (8, h) — Qo(Bo)
(A24) < suplQo(B) — Qu(B. ho)| +SupiQu (6. o) —Qn (8. R)[ +Qn (B, h) — Qo(80)| 20,

by claims[A.21 and_A.22 and by equatidn (A.23). The last iraditju on the RHS of equation
requires thab € ©. The conditions on the kernels, as well as the monotonizaifche estimates
of the ¢’s ensures that this is the case (see Gayle and Narnora (2008)stussions). Since the
model is identified, for alb > 0 there exist€ > 0 such thad[6, 8] > & = Qo(6) — Qo(6o) > &,
which implies that Rd[8, 8] > &) < Pr({Qo(8) — Qo(60)} > €). The latter converges to zeros in
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probability by equation(A.24). O

A.5 Proof of Theorem[5.4

Proof. Given the discussions at the beginning of Sedtioh 5.2, Ritipo 2 of Newey|(1994a) im-
plies that the estimation df andA can be ignored in calculating the asymptotic distributidr3.o
We begin by deriving the asymptotic distribution of the wadible estimatop which substitutex
for £ in the resulting objective function. The first order conmtitis given by

() = NZKB.O (B, (2bol@ —ho(&i. 1) —8B) = & 5 kiBio(B. A= pio(B.R) = 0

Expandingmﬂ?, ﬁ) aroundpg obtains
(A.25) (B, 1) = i(Bo, 1) + [Ma(B. h) +M2(B, 7)) (B — Bo),

vyheLeA[? is the mean value_bgtweefhand Bo, M@ h) := N-15N, KiBio(B, h)’=1Bio(B,h), and
Ma(B,h) := N~1 3N ki [pio(B,h)'Z 1@ Ik] TgBio(B, h). Invertibility implies

(A.26)
A ~ N A
V(B Bo) =IWa(B.F) -+ o8] 2 5 Bl ' (000(G ~Mo(e )~ $Bo)

Let g(x,z,h) := KiBio(Bo,N)’Z1(8do(G — Ao(&i, fi)) — §Bo). BecauseBy uniquely minimizes
Qo(B, ho), we have thaE[g(x;, z, ho)] 0. Furthermorejg(x,2, ho) || < i |Bio(ho)||[|Z~*|/[|pio(ho)[| =
Cki||Bio(ho) ||, givenE[||g(xi,z,ho)||?] < « by the boundedness conditions in Assumplion 4.1. The
rest of the proof proceeds by checking the conditions of Tém@03.11 of Newey and McFadden
(1994). Letf(x) := diag(f(x), t=1,---, T —1), and f(wj) := diag f(w¢), t=1,---,T).
Define Gy := diag((—si 1), t=2,---,T), Gy :=diag(—q¢ 1), t=1,---,T), andGy :=
diag((—pt 1), t=1,---,T). Define the linear (irfn) operator

D(w, h) = KkiB/p= ! <1‘1(>Q) %
k

Guikhaik + Ry f~H(Wi) Gaihgi — Roi f (W) G h3i> :

Conditions (i) and (i) of Theorem 8.11 of Newey and McFad{&994) are satisfied by noting the
appropriate boundedness conditions that gjigsv;, h) — g(w;,hg) — D(wi,h—ho)|| < c1(w;)||h—
ho||? with E[c1(w;)] < o and||D(w, h)|| < ca(w)]|h|| with E[co(w)?] < co. Direct calculations give

K
/D(W7 h) fo(w)dw = Béifl/K (Z Giikhik + RiiGaoihgi — RaiGsi h3i> dw,
&1

with ||h|| < e on the set, which is controlled by the trimming function This satisfies condition
(iii) of Theorem 8.11 of Newey and McFadden (1994). Condit{or) of Newey and McFadden
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(1994) is satisfied noting boundedness and almost evergadertinuity of (Gyj, j =1,---,K),

G, G3, Ry andR; on the set/, assumptions 413 and 4.1. See the derivations on pages 2209 a
2210 of Newey and McFadden (1994) for details. Defig@v) .= kG, k=1, ;K Wi1(W) :=
R1Gy and v, 2(W) := —RxG3. Let &(W) = W(W)AR — E[w(W)AR], k=1,--- K, & 1(W) :=
Vi+1(W)§ and dx;2(W) := Vi 2(w) . Then by Theorem 8.11 of Newey and McFadden (1994) we
have thatyN ; g(wi, h)/vN 4N (0, Varkg(wi, ho) + KByZ 1 5 8(w)]). Straightforward calcula-
tions show that fok = 1,--- K, w(wW)A% = Axx — Sk and by the law of iterated expectations
E[w(W)ARy] = 0, makingdx(w) = Axx — Sok- Similar calculations show th&, 1(w) = R1(Yi — Gio)

and 3., = —Ry(di — pio). Finally it is straightforward to show thaiVi; (B, h) — M (w)|| = 0p(1)
and||Mq(B,h)|| = 0p(1) whereM(w) := E[ByZ1By] is nonsingular. By Slutsky theorem we have
\/N(E— Bo) 9N (0,V). From this and under Assumption b.1 it is straightforwardshow that

VN(B-Bo) SN(OV) 0
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Table 1: Small sample properties of the estimator of theclrasidel.
B1 B2
Mean Bias RMSE Mean Bias RMSE
01=09 6=01

N=100
KMD -0.0352  0.3367 -0.1398  0.3906
EKMD  -0.0548 0.3383 -0.0815  0.2857
N=200
KMD -0.0375 0.3097 -0.0831  0.2863
EKMD  -0.0170 0.2222 -0.0677 0.1964
N=400
KMD -0.0027 0.2075 -0.0481  0.1848
EKMD  -0.0023 0.0895 -0.0102 0.0752

51 = 0.6, 5 = 0.4

N=100

KMD  -0.0567 0.3463 -0.1253  0.3854
EKMD -0.0746 0.3568 -0.0907 0.3275
N=200

KMD  -0.1179 0.3610 -0.0514  0.3056
EKMD -0.0712 02592 -0.0376 0.2807
N=400

KMD  -0.0148 0.1509 -0.0319  0.2146
EKMD -0.0086 0.0736 -0.0012 0.0546
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Table 2: Small sample properties of the estimator of the sas®lection model.
B1 B2
Mean Bias RMSE Mean Bias RMSE
0:=09 & =01

N=100
KMD -0.0731 0.3802 -0.1173  0.3617
EKMD  -0.1025 0.3890 -0.0831  0.3233
N=200
KMD -0.0459 0.3214 -0.1010 0.3366
EKMD  -0.0039 0.2133 -0.0578 0.2273
N=400
KMD -0.0072 0.2172 -0.0512 0.2084
EKMD  -0.0015 0.1010 -0.0088 0.0761

51 = 0.6, 5 = 0.4

N=100

KMD  -0.1043 0.4268 -0.1131  0.3520
EKMD -0.0598 0.3629 -0.1006 0.3178
N=200

KMD  -0.1285 0.3768 -0.0644  0.3394
EKMD -0.0693 02723 -0.0078 0.1467
N=400

KMD  -0.0131 0.1677 -0.0380 0.2199
EKMD -0.0028 0.0893 -0.0061 0.0714
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