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1 Introduction

The objectives of this paper are to: (i) provide new conditions for the identification of a class of
nonlinear single-index panel data models with individual specific effects; (ii) derive a new kernel
based semiparametric minimum distance estimator for the parameters of the model, and; (iii) de-
velop an algorithm to compute the estimator that fully implements the identification restrictions of
the model. The model considered allows for all the explanatory variables to be predetermined, for
the individual effect to be correlated with all the observedexplanatory variables, and for the index
function to be generally unspecified. The estimator is shownto be root-n consistent, and the estima-
tors of the finite dimensional parameters are shown to be asymptotically normal. The basic model
under consideration is of the form

yit = Ft (xit β+ci)+uit , i = 1, · · · ,N; t = 1, · · · ,T,(1.1)

wherexit is ak-dimensional vector of explanatory variables which may allbe predetermined in that
they do not depend on current and future values ofuit . In particular, this allows for the lagged
dependent variableyi,t−1 to be included inxit . We do not explicitly include the lagged dependent
variable because it requires no special treatment in what isto come. The unobserved error termuit

is assumed to be mean independent ofci , and current and past values ofxit . This class of models
includes the class on linear single index models given by

yit = 1{xit β+ci − εit > 0} , εit ∼ Ft .

The contribution of this paper is therefore discussed generally in the context single-index panel data
models and specifically in the context of single-index binary response models.

In the case whereyit is continuous, the basic model is extended to jointly allow for sample
selection and endogeneity. This extends the results of Das et al. (2003) to the dynamic panel data
framework.

The model presented in (1.1) belongs to the class of nonlinear panel data models with cor-
related individual effects. They belong to a particular subclass that impose restrictions to obtain√

N-consistent estimators for the finite dimensional parameters. Most of these models can be char-
acterized by the tradeoff between the restrictions placed on the correlation between the regressors
and the individual effects on one hand, and the restrictionsplaced on the index function. At one end
of this spectrum is the conditional logit model of Rasch (1960) and Anderson (1970) which makes
no assumptions about the correlation between the regressors and the individual effects, but assumes
a logit index function. Indeed, Chamberlain (1993) shows that the logit index function is the only
one under which

√
N-consistent estimators ofβ can be achieved. One can consider the other end of

the spectrum to be the case where no assumption is placed on the index function, but the individual
specific effect is defined as a known function of observed regressors.

Models that impose semiparametric restrictions on the index function and the distribution of the
individual effects in order to achieve root-n consistency include Chamberlain (1980), Chamberlain
(1984), Newey (1994a), Arellano and Carrasco (2003), Chen (1998), and Gayle and Namoro (2005).
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Chamberlain (1984) and Newey (1994a) consider a model with only strictly exogenous variables,
where the distribution of the error term is normal with unknown mean and variance. Chamberlain
(1984) assumes that the individual effect is a parametric function of the regressors and Newey
(1994a) relaxes this assumption by imposing that the individual effect is an unknown nonparametric
function of the regressors. Chen (1998) extends the model ofNewey (1994a) by relaxing para-
metric assumption on the index function, assuming only thatit is a smooth and strictly increasing
unknown function. Chen (1998) however assumes that the individual effects are conditionally in-
dependent of one continuous regressor given the other regressors. Gayle and Namoro (2005) and
Gayle and Viauroux (2007) extend the model of Chen (1998) to include lagged dependent and other
predetermined variables.

Moving in a different direction, Arellano and Carrasco (2003) extend the model of Newey
(1994a) by allowing all the regressor to be predetermined, as well as allowing all the regressors
to be be correlated with the individual effects. The model presented in this paper extends and uni-
fies these two branches by allowing for all the regressors to be predetermined and correlated with the
individual effects, as well as assuming only that the index function is a smooth and strictly increas-
ing unknown function. This is achieved by imposing a mild invariance condition on the conditional
expectation of the individual effects given one of the regressors. Specifically, for any time period,
the marginal relationship between this explanatory variable and the individual effect is invariant over
current and past realizations of the random variable, although the marginal relationship may change
from period to period. This is a reasonable assumption to make given the nature of the individual
effect. One attractive feature of this model is that it is notsubject to the time-inconsistency problem
faced by the other aforementioned models (excepting that ofArellano and Carrasco (2003)), where
the estimator is inconsistent with the arrival of a new wave of observations for each individual.

The paper also presents an estimator for parameters of interest. The estimator is a variation of
the generalized additive partial linear model (GAPLM) of Hardle et al. (2004). We also develop a
new kernel based modified backfitting algorithm to compute the estimator that fully implements all
the identification restrictions of the model. The algorithmmakes use of the backfitting estimator
proposed in Buja et al. (1989), Mammen et al. (1999), and Mammen et al. (2001). The algorithm
is attractive in that the convergence properties are well known, and that it is easy to implement.
Furthermore, the algorithm provides a convenient and internally consistent way to impose the iden-
tification constraints of the model. We find that the algorithm is well-behaved in that it converges
fast and the solution is not sensitive to the choice of starting values.

We perform limited Monte Carlo simulation that illustrate that the estimators perform well in
small samples. The simulation results verify

√
N convergence of the finite dimensional parameters.

2 Identification

In this section we prove identification under conditions that allows ci to be correlated with all the
explanatory variables. We first provide conditions for identification of the reduced form version
of the basic model 1.1 and then extend these conditions to those sufficient for the identification of
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a corresponding reduced form version of the extended model??. In both cases, identification in
proven in the case where three observations are available for each individual.

2.1 Identification of the basic model

We first impose conditions to obtain a reduced form version ofthe basic model. Specifically, de-
fine xt

i := (xi1, · · · ,xit ), write ci = E[ci|xt
i ] + vit and letηt(xt

i ) := E[ci |xt
i ]. We make the following

assumptions.

Assumption 2.1.

1. For t = 1, · · · ,T the index function Ft is strictly increasing on its support.

2. For each t, the conditional distribution of vit given xti is absolutely continuous and independent
of xt

i , with density given by fv.

Assumption 2.1.1 is standard in the literature of semiparametric identification of single index
models. Assumption 2.1.2 is an extension of the assumption Arellano and Carrasco (2003) to an
unknown conditional distribution of the individual effects givenxt

i .

Given assumption 2.1 we have for all(i, t),

yit = Ft(xit β+ ηt(x
t
i )+vit )+uit ,⇒

qit := E[yit |xt
i ] = Φt(xit β+ ηt(x

t
i )),⇒

yit = Φt(xit β+ ηt(x
t
i ))+eit ,(2.1)

whereeit := yit −E[yit |xt
i ] with E[eit |xt

i ] = 0. SinceFt is strictly increasing, so isΦt . Differentiability
of Φ is inherited fromfv andFt . Equation (2.1) provides the starting point of our analysis. This result
implies that predictions made from the estimation of equation (2.1) are predictionsafter averaging
over the part of the unobserved individual effects that are independent of the observed explanatory
variables (ie., the “pure” random effect).

The parameter vector of interest for identification is defined asπ := (Φ,η,β), whereΦ :=
(Φ1, · · · ,ΦT), andη := (η1, · · · ,ηT). We provide the following sufficient conditions for identifi-
cation ofπ.

Assumption 2.2.

1. The random vector xit contains at least one continuous regressor, xit1 without loss of general-
ity.

2. For t = 2, · · · ,T ,∂ηt(xt
i )/∂xit1 = ∂ηt(xt

i )/∂xi(t−1)1 6= 0with probability one for all(xit1,xi(t−1)1).

3. For t = 2, · · · ,T, E[(1 xit−1)
′(1 ∆xit )] has rank K+1.

4. β1 6= 0, and‖β‖ = 1.
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5. E[ηt(xt
i )] = 0, t = 1, · · · ,T.

Assumption 2.2.1 is essential for the identification of the nonparametric components of the
parameter set. This assumption is standard in the literature of semiparametric identification of
single index models (see Ichimura (1993) for discussions).

Assumption 2.2.2 is motivated by the Mundlak (1978) specification of fixed effects in linear
panel data models, where the individual effect is often specified as a function of time average of the
explanatory variables. However, this is not a necessary condition for the assumption to hold. This
assumption says that for any time periodt ≥ 2, the marginal relationship between this explanatory
variable and the individual effect is invariant over current and (immediate) past realizations of the
random variable, although the marginal relationship may change from period to period. Indexing
η by t is not only theoretically attractive, but has practical significance since the conditioning set
xt

i increases over time. This specification also implies that time-specific effects are not separately
identified in this model, because they are absorbed inηt .

An example that helps to clarify the restrictions of Assumptions 2.2.2 and 2.1.2 is the follow-
ing conditional normal distribution. Let the vectorxit contain two elements(xit1,xit2), with xit1

satisfying Assumption 2.2.1 and

(c, xt
i1)

′|xt
i2 ∼ N

(

µ(xt
i2), Σ(t)

)

,

whereµ(xt
i2) = (µc(xt

i2),µ1(x1
i2), · · · ,µt(xt

i2))
′ and

Σ(t) =

[

σ2
c Σ12(t)

Σ21(t) Σ22(t)

]

.

Then sufficient conditions onΣ(t) for Assumptions 2.2.2 and 2.1.2 hold are that: (i) all the elements
of Σ12(t) are the same, and (ii)Σ22(t) is equicorrelated. Under these conditions, the distribution
of ci conditional onxt

i is given byci = δ(xt
i2) + τt ∑t

s=1xis1 + vit , wherevit ∼ N(0,σ2
v) and vit is

independent ofxt
i . As in Arellano and Carrasco (2003), identification will require the law of iterated

expectations (LIE) to hold, so thatE[E[ci|xt
i ]|xt−1

i ] = E[c|xt−1
i ]. In this case however, we require that

application of the LIE does not violate Assumptions 2.2.2 and 2.1.2. An additional restriction that
ensures this consistency in assumptions is thatxi(t+1)2 is independent ofxt

i1 givenxt
i2, that is,x1 does

not Granger causex2.

This example illustrates that the restrictions imposed on the model by Assumptions 2.2.2 and
2.1.2 are substantial. This example, however, only provides sufficient conditions. Assumption 2.2.2
holds if the pair(xt

i1) enters the conditional density ofci conditioned onxt
i only as∑t

s=1xis1, that is,
fc(c|xt

i1,x
t
i2) = fc(c|∑t

s=1xis1,x
t−2
i1 ,xt

i2). Given our mean independence assumption onuit , this as-
sumption can be partially tested, since it implies thatE[yit |xt

i1,x
t
i2] = E[yit |xit1,∑t

s=1xis1,xt
i2], which

is restrictive fort ≥ 3. The quantities on both sides of the equality can be estimated nonparametri-
cally, which implies that this equality can be tested.

Assumption 2.2.3 is a variation of the usual full rank assumption. Pre-multiplying byxi,t−1

instead of∆xi,t−1 is attractive because it results in onlyT = 3 needed for identification as against
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T = 4. This assumption implies that the coefficients on observedtime-constant random variables
are not identified in this model. We also cannot identify the coefficients on random variables, such
as age, that change deterministically over time by the same about. Under the assumption that a
subset of the explanatory variables are independent of the individual effect, the model may be able
to identify these parameters under proper rank conditions.Since the focus of this paper is to allow
for general form of correlation between the individual effects and all the explanatory variables,
and also to allow for all the explanatory variables to be predetermined, we do not investigate these
possibilities.

Assumptions 2.2.4 and 2.2.5 are normalizations used to obtain point identification of the param-
eters. Assumptions 2.2.4 is only one of a variety of scale normalization of the finite dimensional
parameters that can be used (see Gayle and Namoro (2005) for discussion). Assumptions 2.2.6
is analogous to the normalization on the individual effectstypically imposed in linear panel data
models, that the mean of the individual specific effects is zero.

Denote the true model byπ0 := (Φ0,η0,β0). Suppose there exists an observationally equivalent
modelπ1 := (Φ1,η1,β1) also satisfying assumption 2.2. We show that under assumption 2.2 the
parameter setθ0 is uniquely identified.

Theorem 2.3. Consider the model (2.1) and let Assumption 2.1 and parts 1-3of Assumption 2.2
hold. Then for constants R and c> 0 we have thatβ0 = cβ1, ηt0(xt

i ) = cηt1(xt
i )+R, andΦt0(a) =

Φt1((a−R)/c), for t = 1, · · · ,T . Furthermore, if parts 4 and 5 of Assumption 2.2 hold, then c= 1,
and R= 0.

Proof. See Appendix A.1

Definingϕt := Φ−1
t , equation (2.1) implies that

∆ϕt0(qit ) = ∆xit β0 + ∆ηt0(x
t
i ).(2.2)

By the law of iterated expectations, we have thatE[∆ηt0(xt
i )|xt−1

i ] = 0. This will be the starting
point of our estimation strategy.

2.2 Identification with sample selection and endogeneity

In this section, we extend the basic model to account for sample selection and endogeneity in a
fashion similar to Das et al. (2003). The extended model is given by

y∗it = Ft (x1it β1 +z2it β2 +ci)+u∗it , i = 1, · · · ,N; t = 1, · · · ,T,

x1it = π(z1it ,z2it )+ εit , i = 1, · · · ,N; t = 1, · · · ,T,(2.3)

yit = y∗it dit ,

wherex1it , z2it , andz1it areK1, K2, andL1(≥ K1) dimensional random vectors. Letxit = (x1it ,z2it ),
zit = (z1it ,z2it ), β = (β′

1, β′
2)

′, K = K1 + K2, andL = L1 + K2, . The vector of functionsπ has
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dimensionK1. In this extended model, we restrict the dependent variabley∗it to be continuous. We
assume thatxit andzit are observed for all individuals. As in Das et al. (2003), we assume that the
vector zit determines selection. Note thatzit may contain lagged values ofdit as well as lagged
values ofyit . Define the propensity scorepit = Et [dit |zt

i ]. Again, we writeci = E[ci|xt
i ]+vit and let

ηt(xt
i ) := E[ci |xt

i ]. In order to derive the reduced form model, we make the following assumptions:

Assumption 2.4.

1. For t = 1, · · · ,T the index function Ft is strictly increasing on its support.

2. For each t, the conditional distribution of vit given xit , z1it and dit is absolutely continuous
and independent of xit , z1it and dit , with density given by fv.

3. Et [u∗it |xt
i ,z

t
i ,dit = 1] = λt(εit , pit ).

Assumption 2.4.1 is the same as Assumption 2.1.1. Assumption 2.4.2 strengthens the indepen-
dence assumption of Assumption 2.1.2. This assumption imposes restrictions on the process by
which dit is determined. For example, suppose thatdit = 1{zit δ+µi − r1it > 0}, and as in the basic
model, assume thatµi = E[µi |zt

i ]− r2it . Let r it = r1it + r2it . Then Assumption 2.4.2 implies thatvit

is independent ofr it . A necessary condition would therefore be; it is not the casethatci = µi with
probability one. Specifically, all the relationship between ci andµi is contained in the relationship
betweenη(xt

i ) and E[µi|zt
i ]. Assumption 2.4.3 is implied by many semiparametric panel limited

dependent variables model, including the one introduced here (see Das et al. (2003)). Under these
assumptions, we have that

y∗it = Ft(xit β+ ηt(x
t
i )+vit )+u∗it ,⇒

qit := E[yit |xt
i ,z

t
i ,dit = 1] = Φt(xit β+ ηt(x

t
i ))+ λt(εit , pit ),⇒

yit = Φt(xit β+ ηt(x
t
i ))+ λt(εit , pit )+eit ,(2.4)

where whereeit := yit −E[yit |xt
i ,z

t
i ,dit = 1] with E[eit |xt

i ,z
t
i ,dit = 1] = 0. By the same arguments as

above,Φt is strictly increasing and differentiable.

The parameters of interest for identification in this selection model areπ := (Φ,η,λ,β), where
λ := (λ1, · · · ,λT). We impose the following restrictions on the reduced form model (2.4)

Assumption 2.5.

1. The random vector xit contains at least one continuous regressor, xit1 without loss of general-
ity.

2. For t = 2, · · · ,T ,∂ηt(xt
i )/∂xit1 = ∂ηt(xt

i )/∂xi(t−1)1 6= 0with probability one for all(xit1,xi(t−1)1).

3. The random vector zit is continuous, theλt(εit , pit )’s are continuously differentiable, pit and
π(zit ) are continuously differentiable in zit , and with probability one, rank[∂(π(zit ), p(zt

i ))
′/∂z1it ] =

K1 +1.

4. For t = 2, · · · ,T, E[(1 xi(t−1))
′(1 ∆xit )] has rank K+1.
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5. β1 6= 0, and‖β‖ = 1.

6. E[ηt(xt
i )] = 0, t = 1, · · · ,T.

7. E[λt(εit , pit )] = 0, t = 1, · · · ,T.

Assumptions 2.5.1 and 2.5.2 are the same Assumptions 2.2.1 and 2.2.2. Assumption 2.5.3
requires that one of the instruments be continuous. This is not necessary for identification, but
it makes the exposition clear. The rank condition is a nonparametric generalization of the rank
condition for linear models (see Newey et al. (1999)). Parts4, 5, and 6 of Assumption 2.5 are the
same as parts 3, 4, and 5 of Assumption 2.2. Assumption 2.5.7 is a normalization imposed to fix
the location of theλt ’s. Other normalizations may be used, such as fixing the levelof theλt ’s for a
given pit .

Denote the true model byπ0 := (Φ0,η0,λ0,β0). Suppose there exists an observationally equiv-
alent modelπ1 := (Φ1,η1,λ1,β1) also satisfying Assumption 2.5.

Theorem 2.6. Consider the model (2.4) and let Assumption 2.2 and parts 1-4of Assumption 2.5
hold. Then for constants(R1t ,R2t) and c> 0we have thatβ0 = cβ1, Φt0(a) = Φt1((a−R2t)/c)−R1t ,
λt0(εit , pit ) = λt1(εit , pit )+R1t , andηt0(xt

i ) = ηt1(xt
i )+R1t +R2t , for t = 1, · · · ,T. Furthermore, if

parts 5 - 7 of Assumption 2.5 hold, then c= 1, and R1t = R2t = 0.

Proof. See Appendix A.2

Inverting and taking first difference of equation 2.4 gives

∆ϕt0(qit −λt0(εit , pit )) = ∆xit β0 + ∆ηt(x
t
i ),(2.5)

where againE[∆ηt0(xt
i )|xt−1

i ] = 0 by the law of iterated expectations.

3 The Estimator

In this section, we propose estimators of the basic and extended models under the restriction thatxt
i1

entersηt as∑t
s=1xis1. An alternative approach to imposing the restriction wouldbe to impose the

constraint directly onηt . However, this would require a different formulation sinceηt is annihilated
in the estimator developed in this section. We use the notation wit := (∑t

s=1xis1,xt
i2) in the basic

model andwit := (∑t
s=1x1is1,xt

1i2) in the extended model.

3.1 The basic model

Suppose a sample ofN independent realizations(yi ,xi i = 1, · · · ,N) are drawn from the distribution
of theT × (K + 1)-dimensional random matrix(y,x) with supportY ×X , whereY ⊆ R andX ⊆
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R
K . Let fx(x) be the probability density function of the distribution function defined onX with

respect some dominating measure.

We need to first address implementation of the orthogonalityconditionE[∆ηt0(wit )|wi(t−1)] = 0
to obtain an appropriate objective function from equation (2.2). Definesit = E[∆xit |wi(t−1)]. Then,
for t = 2, · · · ,T, equation (2.2) implies

E[∆ϕt(qit )|wi(t−1)] = sit β ⇒
∆ϕt(qit ) = sit β+ ξit ,(3.1)

whereξit := E[ϕt(qit )|wi(t−1)]−ϕt(qit ). Note that sincesit is a function ofwi(t−1) we have also
that E[ξit |sit ] = 0. This is simply a conditional expectation derivation of two stage procedure for
estimation with instruments.

Because the predicted outcomesqit := E[yit |xit1,wit ] has the density of(xit1,wit ) in the de-
nominator, this density must be bounded away from zero. We therefore impose a fixed trim-
ming condition by defining the compact subsetχ ⊂ X where fx is bounded away from zero on
χ. Because(xit1,wit ) is a transformation ofxt

i with nonzero Jacobian of transformation, the in-
duced density of(xit1,wit ) is also bounded away from zero on its support (see Mood et al. (1974)).
This fixed trimming condition implies that there is a compactsubsetK ⊂ R in which all theq’s
lie. By the same argument, the density offq(q) is also bounded away from zero onK . Let
Λ2

c2
(K ) := { f ∈ C 2(K ) : ‖ f‖s,2 ≤ c2 < ∞}, where‖ · ‖s,2 is the supremum Sobolev norm (see

Newey and McFadden (1994)), andSK be a compact subset ofΛ2
c2

(K ), composed of increasing
functions.

Assume thatθ0 := (β′
0,ϕ0)

′ ∈ Θ := B ×
(

×T
t=1SK

)

, whereB ⊆ ℜK is compact and convex
with non-empty interior. Definesi := (s′i2, · · · ,s′iT ), and the function∆ asa := (a1, . . . ,aT)′ 7−→
∆a := (a2−a1, . . . ,aT −aT−1)

′. Then stacking equation (3.1) int obtains∆ϕ(qi) = siβ+ εi . Define
ρit (θ) := ρ(qit ,sit ,θ) := ∆ϕt(qit )− sit β and defineρi(θ) accordingly. Finally define the trimming
function κit := 1{xit ∈ χ} and κi = ∏T

t=1κit . Then under the constraints of Assumption 2.2,θ0

uniquely minimizes

(3.2) Q0(θ) := E
[

κρ(θ)′Σ−1ρ(θ)
]

,

overΘ, whereΣ is a (T-1)-dimensional symmetric, positive definite weighting matrix.

In order to derive a feasible empirical analog to 3.2, we firstneed to estimateqit andsit for
all i andt. Define the generic functionKit (a) := σ−daK(σ−1(ait − a)), whereda is the dimension
of a andK is a generic kernel. Let ˜yit = (1 yit ) and x̃it = (1 xit ). Define the kernel estimator of
h10(xt1,wt) := [ f (xt1,wt) E[y|xt1,wt ] f (xt1,wt)] as

ĥ1(xt1,wt) := (NT)−1
N

∑
j=1

T

∑
l=1

ỹ jl K jl (xt1,wt).
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Define also the kernel estimator ofh10(wt−1) := [ f (wt−1) E[xit |wt−1] f (wt−1)] as

ĥ2(wt−1) := (NT)−1
N

∑
j=1

T

∑
l=1

x̃ jl K jl (wt−1).

With these in hand, let ˆqt := ĥ1,2(xt1,wt−1)/ĥ1,1(xt1,wt−1) andŝt := ĥ2,2(wt−1)/ĥ2,1(wt−1). Define
ρ̂it (θ) := ρ(q̂it , ŝit ,θ) := ∆ϕt(q̂it )− ŝit β and definêρi(θ) accordingly. Then under the constraints of
Assumption 2.2,̂θ is defined to minimize

(3.3) Q̂(θ) :=
1
N

N

∑
i=1

Q̂(xi ;θ) =
1
N

N

∑
i=1

κi ρ̂i(θ)′Σ̂−1ρ̂i(θ),

overΘ, whereΣ̂ is a consistent estimator ofΣ.

3.2 Estimating the extended model

Suppose now that a sample ofN independent realizations(yi ,xi ,zi i = 1, · · · ,N) are drawn from the
distribution of theT × (K + L + 1)-dimensional random matrix(y,x,z) with supportY ×X ×Z,
whereZ ⊆ R

L. Let fx,z(x,z) be the probability density function of the distribution function defined
onX ×Z with respect some dominating measure. A similar derivationas in the basic model obtains
the following equation that is analogous to equation (3.1)

(3.4) ∆ϕt(qit −λt(εit , pit )) = sit β+ ξit .

Letθ0 := (β′
0,ϕ0,λ0)

′ ∈Θ := B×
(

×T
t=1SK

)

×
(

×T
t=1Λ2

c2
(K )

)

. Defineρit (θ) := ρ(qit ,εit , pit ,sit ,θ) :=
∆ϕt(qit − λt(εit , pit ))− sit β and defineρi(θ) accordingly. Then under the conditions of Assump-
tions 2.2 and 2.5,θ0 uniquely minimizesQ0(θ) := E

[

κρ(θ)′Σ−1ρ(θ)
]

. Let x̃1it = (1,x1it ) andd̃it =
(1 dit ). Define the kernel estimators ofh30(zt) := [ f (zt) E[x1it |zt ] f (zt)] andh40(zt) := [ f (zt) E[dit |zt ] f (zt)]
as

ĥ3(zt) := (NT)−1
N

∑
j=1

T

∑
l=1

x̃1it K jl (zt), and,

ĥ4(zt) := (NT)−1
N

∑
j=1

T

∑
l=1

d̃ jl K jl (zt).

Let π̂t(zt) := ĥ3,2/ĥ3,1, ε̂it := x1it − π̂t(zit ), and p̂t := ĥ4,2(zt)/ĥ4,1(zt). Redefineh10(xt1,wt) to
h10(xt1,wt ,zt ,dt = 1) in the obvious way. Definêρit andρ̂i analogous to above. Thenθ̂ minimizes

(3.5) Q̂(θ) :=
1
N

N

∑
i=1

Q̂(xt
i ,z

t
i ;θ) =

1
N

N

∑
i=1

κiρ̂i(θ)′Σ̂−1ρ̂i(θ),

overΘ.
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4 Computing the estimator

The method presented in this section develops a technique that makes use of the method of alter-
nating projections (Bauschke and Borwein, 1996; Deutsch, 2001) and back fitting algorithm devel-
oped in Hastie and Tibshirani (1986), Buja et al. (1989), Mammen et al. (1999) and Mammen et al.
(2001). The actual implementation follows closely the two latter references. The advantages of
this representation for our purpose are that constraints can be imposed in an internally consistent
fashion, and the convergence of properties of these estimators are well understood and obtained
under weak conditions. The objective function defined in equation (3.3) is however not the one
defined in Mammen et al. (1999) and Mammen et al. (2001). Our first task therefore is to show
that this objective function is asymptotically equivalentto those defined in Mammen et al. (2001)
under our restrictions on the parameter space and under conditions on the kernels to be used in
the estimation of the infinite dimensional parameters. Again, we shall use the generic notation
ωit (a) := σ−1

K(σ−1(ait − a)) whereK denotes a generic kernel. It is important to note that this
is only to conserve on notation, and does not mean we are usingthe same kernel to estimate ˆq,
p̂, or ŝ. Furthermore, the kernel notation here makes explicit thatwe will be working with single
dimensional kernels. We make the following assumptions on the kernels used to estimate theϕ’s.

Assumption 4.1. (i) For a ≥ 2, K(a) is differentiable of order a, the a-th derivatives bounded,
K(a) is zero outside a bounded set,K(a) ≥ 0,

∫

K(a)da= 1,
∫

aK(a)da= 0,
∫

a2
K(a)da< ∞, and

∫ |K(a)|2da< ∞. (ii) σ → 0 and Nσ2 → ∞ as N→ ∞.

These conditions are used to show that the objective function defined in equation (3.3) is equiva-
lent to the those defined in Mammen et al. (2001). Letm(z1i ,z2i) be a bounded continuous function.
The following lemma is essential for the computation of our estimator.

Lemma 4.2. Let m(z1i ,z2i) twice differentiable in its arguments with bounded second derivatives.
Let Assumption 4.1 hold. Then we have that

1
N

N

∑
i=1

m(z1i ,z2i) =

∫

1
N

N

∑
i=1

m(z1,z2i)ωi(z1)dz1 +op(1)(4.1)

=
∫

1
N

N

∑
i=1

m(z1i ,z2)ωi(z2)dz2 +op(1)(4.2)

=

∫

1
N

N

∑
i=1

m(z1,z2)ωi(z1)ωi(z2)dz1dz2 +op(1)(4.3)

Proof. See Appendix A.3

4.1 Computing the estimator for basic model

In order to use Lemma 4.2 in defining the algorithm, require the following assumptions and Lem-
mas. The following assumption places restrictions on the kernel used to estimatesi . These restric-
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tions, while stronger than needed for this section, will be required when evaluating the asymptotic
distribution of the finite dimensional parameter estimators.

Assumption 4.3. 1. K(a) is differentiable of order d≥ 2, the derivatives d are bounded, K(a) is
zero outside a bounded set,

∫

K(a)da = 1, there is a positive integer m such that for all j< m,
∫

K(a)[⊗ j
ℓ=1]da= 0. 2. There is a version of h20(w) that is continuously differentiable to order d

with bounded derivatives on an open set containingW . 3. There is p≥ 4 such that E[‖x̃‖p] < ∞
and E[‖x̃‖p|w] f0(w) is bounded. 4. The bandwidthσ = σ(N) satisfies N1−(2/p)σL/ lnN −→ ∞,√

Nσ2m −→ 0, and
√

N lnN/(NσL+2d) −→ 0

The following assumption on the weighting matrix is easily verified in practice.

Assumption 4.4. The inverse of the weighting matrix,Σ̂−1, exists and is finite.

We are now in a position to define the estimator forϕt , t = 1, · · · ,T for a given value ofβ. For
eachi, let ϕ(q̂i,−t ,qt) be ϕ(q̂i) with q̂it replaced withqt . Given the assumptions on the parameter
space, the second derivative ofQ̂(θ) with respect toqt is uniformly bounded. Then Lemma 4.2
implies that the objective function (3.3) can be written as

(4.4) Q̂(θ) :=
∫

1
N

N

∑
i=1

κi(∆ϕ(q̂i,−t ,qt)− ŝiβ)′Σ̂−1(∆ϕ(q̂i,−t ,qt)− ŝiβ)ωit (qt)dqt +op(1),

whereωit (qt) = σ−1
K(σ−1(q̂it −qt)). For fixedqt the unconstrained estimatorϕ̃t(qt) is defined as

follows (see Mammen et al. (2001)):

(4.5) ϕ̃t(qt) = arg min
ϕt∈Λ2

c2
(K )

1
N

N

∑
i=1

κi(∆ϕ(q̂i,−t ,qt)− ŝiβ)′Σ̂−1(∆ϕ(q̂i,−t ,qt)− ŝiβ)ωit (qt)+op(1)

The solution to (4.4) is characterized by the first-order condition

(4.6)
1
N

N

∑
i=1

κi(∆·,t)
′Σ̂−1(∆ϕ̃(q̂i,−t ,qt)− ŝiβ)ωit (qt) = 0,

where∆·,t denotes thet-th column of∆. Let a := ∆′Σ̂−1 andb := ∆′Σ̂−1∆. Then straightforward
calculation show that equation (4.6) implies

ϕ̃t(qt) =
T

∑
l=2

at,l−1

btt

1
N

N

∑
i=1

κi
ŝil βωit (qt)

f̂t(qt)
−∑

l 6=t

btl

btt

1
N

N

∑
i=1

κi
ϕ̃l (q̂il )ωit (qt)

f̂t(qt)
,(4.7)

=
1
N

N

∑
i=1

(

T

∑
l=2

at,l−1

btt
ŝil β−∑

l 6=t

btl

btt
ϕ̃l(q̂il )

)

κiωit (qt)

f̂t(qt)
,(4.8)

where ft(qt) := N−1∑N
i=1 κiωit (qt). Note the similarity between the estimator defined in equation

(4.7) and equation (12) of Mammen et al. (1999). While the equation (12) of Mammen et al. (1999)
requires one- and two-dimensional marginal density estimates, equation (4.8) requires only one-
dimensional density estimates. The advantage of this equivalence is that while the estimator defined
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here is easier to compute, we can still appeal to the convergence theorems of Mammen et al. (1999)
for convergence of the iteration (to be defined). To impose the monotonicity constraint, we further
project ϕ̃t onto the setSK . The results of Brunk (1958), and Mammen et al. (2001) imply the
following solution to this projection

(4.9) ϕ̂t(qt) = inf
v≥qt

sup
u≤qt

∫ v
l=u ϕ̃t(l) f̂t(l)dl
∫ v

l=u f̂t(l)dl

Given estimates of theϕt ’s, the estimator forβ is obtained by solving the objection function (3.3)
for β to get

(4.10) β̃ =

[

1
N

N

∑
i=1

κi ŝ
′
i Σ̂

−1ŝi

]−1
1
N

N

∑
i=1

κi ŝ
′
i Σ̂

−1∆ϕ̂(q̂i).

For arbitrary initial choicesβ[0] andϕ[0]
t , t = 1, · · · ,T, the backfitting algorithm therefore works as

follows.

Backfitting Estimator for the Basic Model (BF1)

Do for r ≥ 1 until convergence inβ is reached{
Initialize with ϕ[r−1]

t (qt) and do for j ≥ 1 until convergence inϕt , t = 1, · · · ,T is reached{
Do for t = 1 toT{

ϕ̃[ j]
t (qt) =

1
N

N

∑
i=1

(

T

∑
l=2

at,l−1

btt
ŝil β[r−1]−∑

l<t

btl

btt
ϕ[ j]

l (q̂il )−∑
l>t

btl

btt
ϕ[ j−1]

l (q̂il )

)

κiωit (qt)

f̂t(qt)
,

ϕ[ j]
t (qt) = inf

v≥qt
sup
u≤qt

∫ v
l=u ϕ̃[ j]

t (l) f̂t(l)dl
∫ v

l=u f̂t(l)dl

ϕ[ j]
t (qt) = ϕ[ j]

t (qt)−
1
N

N

∑
i=1

κiϕ
[ j]
t (q̂it )

}
Denote the fixed point values byϕ[r ]

t , t = 1, · · · ,T.
}
updateβ by

β[r ] =

[

1
N

N

∑
i=1

κi ŝ
′
i Σ̂

−1ŝi

]−1
1
N

N

∑
i=1

κi ŝ
′
i Σ̂

−1∆ϕ̂[r ](q̂i)

}
The fixed point solution is denoted as(β̂, ϕ̂). Notice that we explicitly write the algorithm as a nested
loop. The reason is that the projection defined in the inner loop for fixedβ is well understood to
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converge (see Mammen et al. (1999)). The outer loop defines a sequence of alternating projections
between two closed convex sets, with one set is finite dimensional. The convergence of this sequence
is also well understood (see Cheney and Goldstein (1959) andGayle and Namoro (2005)).

Proposition 4.5. Under assumption 4.1, the algorithm the algorithm (BF1) converges with proba-
bility one.

4.2 Computing the estimator for the extended model

We begin by defining the computation of theϕ’s for fixed β andλt , t = 1, · · · ,T. Let µ̂it := q̂it −
λ(ε̂it , p̂it ) and ϕ(µ̂i,−t ,µt) be ϕ(µ̂i) with µ̂it replaced withµt = qt − λ(εt , pt). Then Lemma 4.2
implies that the objective function (3.5) can be written as equation (4.4), which in turn implies that
the unconstrained solution for fixedµt is given by

ϕ̃t(µt) =
1
N

N

∑
i=1

(

T

∑
l=2

at,l−1

btt
ŝil β−∑

l 6=t

btl

btt
ϕ̃l(µ̂il )

)

κiωit (µt)

f̂t(µt)
.(4.11)

The constrained solution is given in equation (4.9).

To computeλt , t = 1, · · · ,T at a point, for fixedβ andϕt , t = 1, · · · ,T, note that Lemma 4.2
implies that the objective function (3.5) can be written as

Q̂(θ) :=
∫

1
N

N

∑
i=1

κi(∆ϕ(q̂i −λ(ε̂i,−t ,εt , p̂i,−t , pt))− ŝiβ)′Σ̂−1×

(∆ϕ(q̂i −λ(ε̂i,−t ,εt , p̂i,−t , pt))− ŝiβ)ωit (εt)ωit (pt)dεtdpt +op(1),

where for eachi, λ(εi,−t ,εt , p̂i,−t , pt) is λ(ε̂i, p̂i) with εit and pit replaced withεt and pt . The first
derivativeh(λ(εt , pt)) and second derivativeH(λ(εt, pt)) of this objective function with respect to
λt is given by

h(λt(εt , pt)) =− 1
N

N

∑
i=1

ϕ′
t(q̂it −λt(εt , pt))(∆·,t)

′Σ̂−1×

(∆ϕ(q̂i −λ(ε̂i,−t ,εt , p̂i,−t , pt))− ŝiβ)κiωit (εt)ωit (pt),

=− 1
N

N

∑
i=1

ϕ′
t(q̂it −λt(εt , pt))×

{

bttϕt(q̂it −λ(εt , pt))+∑
l 6=t

btl ϕl (q̂il −λl(ε̂il , p̂il ))−
T

∑
l=1

atl ŝil β

}

κiωit (εt)ωit (pt),

H(λt(εt , pt)) =
1
N

N

∑
i=1

btt
(

ϕ′
t(q̂it −λt(εt , pt))

)2κiωit (εt)ωit (pt).

This implies that for givenλt , t = 1, · · · ,T, one can updateλt by the following single Newton-
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Raphson step:

(4.12) λnew
t (εt , pt) = λt(εt , pt)−

h(λt(εt , pt))

H(λt(εt , pt))
.

We are now in a position to state the algorithm for computing the selection model. For arbitrary
initial choicesβ[0] and(ϕ[0]

t , λ[0]
t ), t = 1, · · · ,T, the backfitting algorithm works as follows.

Backfitting Estimator for the Extended Model (BF2)

Do for r ≥ 1 until convergence inβ is reached{
Updateλt , t = 1, · · · ,T by{

λ[r ]
t (εt , pt) = λ[r−1]

t (εt , pt)−
h[r−1](λ[r−1]

t (εt , pt))

H [r−1](λ[r−1]
t (εt , pt))

Setµ̂[r ]
it = q̂it −λ[r ]

t (ε̂it , p̂it ).
}
Initialize with ϕ[r−1]

t (µ̂[r ]
it ) and do for j ≥ 1 until convergence inϕt , t = 1, · · · ,T is reached{

Do for t = 1 toT

ϕ̃[ j]
t (µt) =

1
N

N

∑
i=1

(

T

∑
l=2

at,l−1

btt
ŝil β[r−1]−∑

l<t

btl

btt
ϕ[ j]

l (µ̂[r ]
il )−∑

l>t

btl

btt
ϕ[ j−1]

l (µ̂[r ]
il )

)

κiωit (µt)

f̂t(µt)
,

ϕ[ j]
t (µt) = inf

v≥µt
sup
u≤µt

∫ v
l=u ϕ̃[ j]

t (l) f̂t(l)dl
∫ v

l=u f̂t(l)dl

ϕ[ j]
t (µt) = ϕ[ j]

t (µt)−
1
N

N

∑
i=1

κiϕ
[ j]
t (µ̂it )(4.13)

Denote the fixed point values byϕ[r ]
t , t = 1, · · · ,T.

}
updateβ by

β[r ] =

[

1
N

N

∑
i=1

κi ŝ
′
i Σ̂

−1ŝi

]−1
1
N

N

∑
i=1

κi ŝ
′
i Σ̂

−1∆ϕ̂[r ](µ̂[r ]
i )

}.
The fixed point solution is denoted as(β̂, ϕ̂, λ̂). The algorithm BF2 is exactly BF1 with an added
step to update theλt ’s. It seems intuitive, therefore, that this algorithm alsoconverges. Indeed based
on our experience, the algorithm does converges. However, adirect proof of convergence is beyond
the scope of this paper, but does belong to our research agenda.

There is still the unresolved issue of obtaining the estimator Σ̂ of the weighting matrixΣ. The
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solution is to perform a two-step estimation method by first substituting the(T − 1)-dimensional
identity matrixIT−1 for Σ̂. This provides consistent estimates of the parameters of interest. As will
become clear in the following section, a consistent estimator Σ̂ of Σ can then be constructed using
these initial consistent estimates. The second step is to substitute this estimate into the objective
function and repeat the algorithm. As discussed in Newey andMcFadden (1994), the second stage
algorithm needs to be executed for a single iteration (r = j = 1) if the first stage estimates are used
to initialize the second stage algorithm.

5 Asymptotic Properties

In this section, we derive the asymptotic properties of the sample selection model. This asymptotic
properties of the basic model are presented as a corollariesto the corresponding theorems of the
sample selection model.

We assume thath10 and h20, as well as the kernels used to constructĥ1 ĥ2 also satisfy the
conditions of Assumption 4.3. We also make the following assumptions on the weighting matrixΣ
and its estimator̂Σ.

Assumption 5.1. ‖Σ‖ < ∞, andΣ̂ p−→ Σ.

After deriving the asymptotic properties of the estimator under this condition, we will define the
efficient choice ofΣ and a corresponding estimatorΣ̂ that satisfy Assumption 4.4.

5.1 Consistency

Define the distanced on Θ as follows: d[θ1,θ2] := ‖β1 − β2‖K + ∑T
t=1(‖ϕ1t − ϕ2t‖s,2 + ‖λ1t −

λ2t‖s,2), where‖ · ‖K is the Euclidean norm onℜK and ‖ · ‖s,2 is the supremum Sobolev norm
of smoothness 2. The supremum forϕ is with respect toSK , and the supremum forλ is taken over
Λ2

c2
(K ).

Theorem 5.2. Consider the estimator defined as minimizing the objective function defined in equa-
tion (3.5). Let the assumptions 2.1, 2.4, 2.5, 4.3, and 4.4 besatisfied. Then̂β p−→ β0, and for
t = 1, · · · ,T, ‖ϕ̂t −ϕt0‖s,2

p−→ 0, and‖λ̂t −λt0‖s,2
p−→ 0.

Proof. See Appendix A.4.

Consistency of the basic model is therefore presented in thefollowing corollary.

Corollary 5.3. Consider the estimator defined as minimizing the objective function defined in equa-
tion (3.3). Let the assumptions 2.1, 2.2, 4.3, and 4.4 hold. Then β̂ p−→ β0, and for t= 1, · · · ,T,
‖ϕ̂t −ϕt0‖s,2

p−→ 0.
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5.2 Asymptotic normality

The backfitting algorithm in BF2 work by iteratively solvingfor λ andϕ given a fixedβ, and then
solving for β. In a neighborhood of the minimum, it is then clear that the algorithm concentrates
out λ and ϕ by solving for it as a function ofβ, and then solving forβ. We shall use the no-
tation ϕ(q− λ(ε, p;β);β) to make this explicit. LetBi(h) := ∇βϕ(qi − λ(εi , pi ;β);β)− si . Also,
let ηi := ρi + ∑K

k=1(∆xik − sik) + R1i(yi − qi)−R2i(di − pi) + R3iεi whereR1i := ∆ϕ′
i(qi − λ(pi)),

R2i := R1iλ1(εi , pi), andR3i := R1iλ2(εi , pi) (λ1 andλ2 denote the partial derivatives ofλ with re-
spect to its first and second arguments). Finally letΩ := E[ηi0η′

i0], whereηi0 is ηi evaluated at the
true parameter values. Then we have the following theorem.

Theorem 5.4. Consider the estimator defined as minimizing the objective function defined in equa-

tion (3.5). Let the assumptions 2.1, 2.4, 2.5, 4.3, and 4.4 besatisfied. Then
√

N(β̂−β0)
d→ N(0,V),

where

V := E
[

κiBi0(hi0)
′Σ−1Bi0(hi0)

]

E
[

κiBi0(hi0)
′Σ−1ΩΣ−1Bi0(hi0)

]−1
E
[

κiBi0(hi0)
′Σ−1Bi0(hi0)

]

Proof. See Appendix A.5

For the basic model we redefineBi(h) := ∇βϕ(qi ;β) andεi := ρi +∑K
k=1(∆xik−sik)+R1i(yi −qi).

Corollary 5.5. Consider the estimator defined as minimizing the objective function defined in equa-

tion (3.3). Let the assumptions 2.1, 2.2, 4.3, and 4.4 hold. Then
√

N(β̂−β0)
d→ N(0,V), where

V := E
[

κiBi0(hi0)
′Σ−1Bi0(hi0)

]

E
[

κiBi0(hi0)
′Σ−1ΩΣ−1Bi0(hi0)

]

E
[

κiBi0(hi0)
′Σ−1Bi0(hi0)

]

From the preceding, it is clear that the efficient choice of the weighting matrix is given by
Σ = Ω, reducing the variance matrix toV = E

[

κiBi0(hi0)
′Σ−1Bi0(hi0)

]

, with the obvious choice
for the estimator given bŷΣ = ∑N

i=1κi ε̂i ε̂′i/N. The following lemma establishes that these choices
satisfy the conditions of Assumption 5.1.

Lemma 5.6. Consider the estimator defined as minimizing the objective function defined in equation
(3.5). Let the assumptions 2.1, 2.4, 2.5, and 4.3 be satisfied. The‖Σ‖ < ∞ and Σ̂ p→ Σ.

5.3 Consistent asymptotic variance estimation

In order to estimate the asymptotic variance, one also has toobtain an estimate ofBi0(hi0). We
propose the estimator̂Bi(ĥ) := ∇βϕ̂(q̂i − λ̂(p̂i ; β̂); β̂), where the derivative is taken numerically by

perturbing each element ofβ̂ and performing a single iteration of the inner loop of the algorithm
BF2 (settingr = j = 1). The estimator of the asymptotic variance is then given by

V̂ :=
1
N

N

∑
i=1

κiB̂i(ĥ)′Σ̂−1B̂i(ĥ).
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Theorem 5.7. Consider the estimator defined as minimizing the objective function defined in equa-
tion (3.5). Let the assumptions 2.1, 2.4, 2.5, and 4.3 be satisfied. ThêV

p→V.

6 Monte Carlo study

In this section, we present two limited Monte Carlo exercises to illustrate the performance of the
estimators. The first simulation investigates the performance of the estimator for the basic model,
where all the explanatory variables are predetermined and correlated with the individual-specific
effect. The second investigates the performance of the estimator for the sample selection model,
which augments the basic environment.

6.1 The basic model

For the first exercise, we consider the following data generating process fori = 1, · · · ,N; t =
1, · · · ,4:

yit = (β1xit1 + β2xit2 +ci)
3 +uit .

The explanatory variables are generated as follows:

xit j = δ1vit j + δ2uit−1, j = 1,2,

with vit j , j = 1,2 independently distributedN(0,1) anduit independently distributedN(0,1). We
simulate the model for two choices ofδ; (0.9, 0.1) and(0.6, 0.4). The individual-specific effect
is generated byci = 0.5(vi11 + · · ·+ vi41)/4+ 0.5(vi12 + · · ·+ vi42)/4+ vi4, with vi4 independently
distributedN(0,1). We make the following initializationsui0 = 0 and set(β10, β20) = (0.6, 0.8).
We perform 100 Monte Carlo replications of the model with three sample sizes N: 100, 200, and
400. The mean bias and root mean square error (RMSE) are calculated for each sample size. The
first stage estimator wherêΣ is set to be the identity matrix is denoted by KMD, and the second
stage estimator is denoted by EKMD. The results are presented in Table 1.

The results in Table 1 indicate that the estimators perform well in recovering the finite dimen-
sional parameters, even in very small samples. The results also verify

√
N convergence of the

estimator.
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6.2 The sample selection model

In the sample selection model, we extend the environment of section 6.1 as follows:

y∗it = (β1xit1 + β2xit2 +ci)
3 +u∗it ,

yit = dit y
∗
it ,

dit = 1{−0.1+0.2xit1 +0.2xit2 +0.6xit3− εit > 0}.

As we are not interested in recovering the parameters of the selection equation, we choose a rela-
tively straightforward selection rule. Note however, thatwe can easily accommodate a complicated
selection rule, as general as that of the basic model above.xit3 is independently distributedN(0,1)
andεit independently distributedN(0,0.5). These choices result in censoring of approximately 30
percent of the original sample. The other variables are generated as in section 6.1. As above we set
(β10, β20) = (0.6, 0.8) and perform 100 Monte Carlo replications of the model with three sample
sizes N: 100, 200, and 400. The results are presented in Table2.

The results indicate that the estimator performs quite wellin relative small samples and with
significant censoring. Again the results verify

√
N convergence of the finite dimensional parameters.

7 Conclusion

This paper investigate identification and estimation of a class of single-index panel data models
with: (i) All the explanatory variables may be predetermined. (ii) The index function is unspecified.
(iii) The individual effects may be correlated with all the explanatory variables. The model is ex-
tended to allow for a general form of sample selection. We develop kernel based minimum distance
estimators of the finite and infinite dimensional parametersof both models. These estimators extend
the minimum distance estimator of Mammen et al. (1999) and Mammen et al. (2001). We develop
a new algorithm to compute the estimators that fully implements the restrictions of the models.
The algorithm makes use of the backfitting estimator proposed in Buja et al. (1989), Mammen et al.
(1999), and Mammen et al. (2001). The algorithm extends thatof Gayle and Namoro (2005) for
semiparametric panel data models. We find that the algorithmconverges fast and is robust to the
choice of the starting values. We show that the estimators for the finite dimensional parameters are√

N-consistent and asymptotically normal. We also show that the estimator of the infinite dimen-
sional parameters are consistent. The paper illustrates the finite sample properties of the estimators
by way of small Monte Carlo studies. We find that the estimatorperform well in very small samples.
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A LEMMA AND THEOREMS

A.1 Proof of Theorem 2.3

Proof. Since the random variableqit := E[yit |xt
i ] can be consistency estimated, it is known in large

samples. This, equation (2.1) gives for eacht (dropping thei subscript):

Φt0(xit β0 + ηt0(x
t
i )) = Φt1(xit β1+ ηt1(x

t
i )).(A.1)

Differentiating with respect toxit1 obtains

Φ′
t0(xit β0 + ηt0(x

t
i ))(β01+

∂ηt0(xt
i )

∂xit1
) = Φ′

t1(xit β1+ ηt1(x
t
i ))(β11+

∂ηt1(xt
i )

∂xit1
).(A.2)

Differentiating equation (A.1) with respect toxit−1,1 obtains

Φ′
t0(xit β0 + ηt0(x

t
i ))

∂ηt0(xt
i )

∂xit−1,1
= Φ′

t1(xit β1+ ηt1(x
t
i ))

∂ηt1(xt
i )

∂xit−1,1
.(A.3)

Assumption 2.2.2, along with equations (A.1) and (A.2) implies that

Φ′
t0(xit β0 + ηt0(x

t
i ))β01 = Φ′

t1(xit β1 + ηt1(x
t
i ))β11 ⇔

Φ′
t0(Φ

−1
t0 (qit ))β01 = Φ′

t1(Φ
−1
t1 (qit ))β11 ⇔

Φ−1′
t0 (qit ) = cΦ−1′

t1 (qit ),(A.4)

wherec= β01/β11, which is non-zero and finite by of Assumption 2.2.4. Furthermore, sinceΦt > 0
we have thatc > 0. Equation (A.4) implies that

Φ−1
t0 (qit ) = cΦ−1

t1 (qit )+Rt,⇔(A.5)

xit β0 + ηt0(x
t
i ) = c(xit β1 + ηt1(x

t
i ))+Rt,⇔

xit (β0−cβ1)−Rt = cηt1(x
t
i ))−ηt0(x

t
i )(A.6)

whereRt is the integrating constant. Assumptions 2.2.5 and 2.2.6 imply thatRt = 0, t = 1, · · · ,T.
Taking first difference of equation (A.6), definingδt := ((β0−cβ1)

′,(Rt −Rt−1))
′, pre-multiplying

by (xit−1 1)′ and taking expectations gives

E[(xit−1 1)′(∆xit 1)]δt = cE[(xit−1 1)′∆ηt1(x
t
i )]−E[(xit−1 1)′∆ηt0(x

t
i )].(A.7)

By the law of iterated expectations we have thatE[(xit−1 1)′∆ηt(xt
i )] = E[(xit−1 1)′E[∆ηt(xt

i )|xt−1
i ]]

andE[∆ηt(xt
i )|xt−1

i ] = E[ηt(xt
i )|xt−1

i ]−ηt(x
t−1
i ) = 0, thus implyingE[(xit−1 1)′∆ηt(xt

i )] = 0. This
along with equation (A.7) implies that

E[(xit−1, 1)′(∆xit , 1)]δt = 0,(A.8)
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which, by Assumption 2.2.3 implies thatβ0 = cβ1 andRt = Rt−1 = R. This, along with equations
(A.5) and (A.6) imply thatΦt0(a) = Φt1((a−R)/c) andηt0(xt

i ) = ηt1(xt
i )+R.

By Assumption 2.2.4, 1= ‖β0‖ = ‖β1‖, which implies thatc = 1. By Assumption 2.2.5,
E[ηt0(xt

i )] = E[ηt1(xt
i )] = 0, which implies thatR= 0.

A.2 Proof of Theorem 2.6

Proof. As in A.1 the random variableqit := E[yit |zit ,dit = 1] can be consistency estimated, it is
known in large samples. This, equations (2.3) gives for eacht

Φt0((πt(zit )+ εit )β10+z2it β02+ ηt0(xt
i ))+ λt0(εit , pit )−

Φt1((πt(zit )+ εit )β11+z2it β12+ ηt1(xt
i ))+ λt1(εit , pit ) = 0.(A.9)

Differentiating equation (A.9) with respect tozit1 andεit obtains

∂πt

∂z1it

′ [(

Φ′
t0 ·
(

β10+
∂ηt0

∂x1it

))

−
(

Φ′
t1 ·
(

β11+
∂ηt1

∂x1it

))]

+

∂pit

∂z1it

′ [∂λt0

∂pit
− ∂λt1

∂pit

]

= 0,(A.10)
[(

Φ′
t0 ·
(

β10+
∂ηt0

∂x1it

))

−
(

Φ′
t1 ·
(

β11+
∂ηt1

∂x1it

))]

+

[

∂λt0

∂εit
− ∂λt1

∂εit

]

= 0.(A.11)

The full rank condition of Assumption 2.5.3 implies then that

Φ′
t0 ·
(

β10+
∂ηt0

∂x1it

)

−Φ′
t1 ·
(

β11+
∂ηt1

∂x1it

)

= 0,(A.12)

∂λt0

∂pit
− ∂λt1

∂pit
= 0,(A.13)

∂λt0

∂εit
− ∂λt1

∂εit
= 0.(A.14)

Equations (A.13) and (A.14) imply thatλt0(εit , pit ) = λt1(εit , pit )+R1t , whereR1t is the integrating
constant. Differentiating equation (A.9) with respect toz1i(t−1) obtains

∂πt−1

∂z1i(t−1)

′ [

Φ′
t0 ·

∂ηt0

∂x1i(t−1)
−Φ′

t1 ·
∂ηt1

∂x1i(t−1)

]

+
∂pit

∂z1i(t−1)

′[∂λt0

∂pit
− ∂λt1

∂pit

]

= 0,
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which implies that

Φ′
t0 ·

∂ηt0

∂x1i(t−1)
= Φ′

t1 ·
∂ηt1

∂x1i(t−1)
.(A.15)

Assumption 2.5.2, along with equations (A.12) and (A.15) imply that

Φ′
t0 ·β110 = Φ′

t1 ·β111.(A.16)

Defineµit := qit −λt0(εit , pit ). Then equation (A.16) can be written as

Φ′
t0

(

Φ−1
t0 (µit )

)

·β110 = Φ′
t1

(

Φ−1
t1 (µit +R1t)

)

·β111⇔(A.17)

Φ−1′
t0 (µit ) = cΦ−1′

t1 (µit +R1t) ⇒
Φ−1

t0 (µit ) = cΦ−1
t1 (µit +R1t)+R2t ,(A.18)

WhereR2t is the integrating constant. The rest of the proof follows exactly Appendix A.1 to obtain
β0 = cβ1, Φt0(a) = Φt1((a−R2t)/c)−R1t , λt0(εit , pit ) = λt1(εit , pit )+R1t , andηt0(xt

i ) = ηt1(xt
i )+

R1t +R2t. The normalizations of Assumptions 2.5.5 - 7 imply then thatc = 1 andR1t = R2t = 0.

A.3 Proof of Lemma 4.2

Proof. First note that
∫

m(z1,z2i)ωi(z1)dz1−m(z1i ,z2i)

=

∫

m(z1i −σv1,z2i)K(v1)dv1−m(z1i,z2i)

=

∫

[m(z1i −σv1,z2i)−m(z1i ,z2i)]K(v1)dv1

=

∫

[

0−m′
1(z1i ,z2i)σv1 +m′′

11(z1i − σ̄v1,z2i)
σ2v2

1

2

]

K(v1)dv1

=
σ2

2

∫

m′′
11(z1i − σ̄v1,z2i)v

2
1K(v1)dv1,(A.19)

where the first equality comes from the change of variablev1 = (z1i −z1)/σ, the third comes from
a the expanding aroundσ = 0, and the fourth equality comes from Assumption 4.3. By assumption
|m′′

11(z1i − σ̄v1,z2i)| ≤C < ∞, thus giving
∣

∣

∣

∣

∣

1
N

N

∑
i=1

{

∫

m(z1,z2i)ωi(z1)dz1−m(z1i ,z2i)

}

∣

∣

∣

∣

∣

≤ 1
N

N

∑
i=1

σ2

2

∫

|m′′
11(z1i − σ̄v1,z2i)|v2

1K(v1)dv1

≤Cσ2
∫

v2
K(v1)dv1 = op(1).(A.20)
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The rest of the proofs follows exactly these arguments.

A.4 Proof of Theorem 5.2

Proof. Let h0 := (h10,h20,h30), ĥ := (ĥ1, ĥ2, ĥ3) and writeQ̂(θ) = Q̂(θ, ĥ). DefineQN(θ,h0) :=
1
N ∑N

i=1 κi(∆ϕi(qi0− τ(pi0))−si0β)′Σ−1(∆ϕi(qi0− τ(pi0))−si0β). We make the following claims

sup
Θ

|QN(θ,h0)−Q0(θ)| p→ 0(A.21)

sup
Θ

|QN(θ, ĥ)−QN(θ,h0)|
p→ 0(A.22)

Proof of claim A.21: Note that for anyθ ∈ Θ, ‖Q(x,θ,h0)‖ ≤ κi‖∆ϕ(qi −λ(εi , pi))−siβ‖2‖Σ−1‖ ≤
(‖ϕ(qi −λ(εi, pi))‖+‖si‖)2‖Σ−1‖ ≤C1+C2‖si‖+C3‖si‖2 ≤ d(x) with E[d(x)] < ∞ for somed(x).
The third inequality comes fromϕt being in the Sobolev ball, and the last inequality comes from
Assumption 4.3. This, the compactness ofΘ and Lemma 2.4 of Newey and McFadden (1994)
proves claim A.21

Proof of claim A.22: For all θ ∈ Θ, we have that|Q̂(θ, ĥ)−QN(θ,h0)| ≤ ∑i κi(ρ̂′
i(θ)Σ̂−1ρ̂i(θ)−

ρ̂′
i(θ)Σ−1ρ̂i(θ)+ ρ̂′

i(θ)Σ−1ρ̂i(θ)−ρ′
i0(θ)Σ−1ρi0(θ))/N ≤ ‖Σ̂−1−Σ−1‖∑i κi‖ρ̂i(θ)‖/N +‖Σ−1‖×

∑i κi‖ρ̂i(θ)−ρi0(θ)‖2/N)+2‖Σ−1‖(∑i κi‖ρi0(θ)‖2/N)1/2(∑i κi‖ρ̂i(θ)−ρi0(θ)‖2/N)1/2. Also, by
the mean value theorem and the triangle inequality, we have that ‖ρ̂i(θ)− ρi0(θ)‖2 ≤ (C1‖q̂i −
qi0‖+C2‖ε̂i − εi0‖+C3‖p̂i − pi0‖+C4‖ŝi −si0‖)2. Assumptions 4.3, 5.1, and the results of Newey
(1994b) therefore implies that|Q̂(θ, ĥ)−QN(θ,h0)|

p→ 0 for all θ ∈ Θ. Given thatΘ is compact, the
convergence is uniform. This proves claim A.22.

Given thatθ̂ minimizesΘ̂(θ, ĥ), we have that

Q̂(θ̂, ĥ)−Q0(θ0) ≤ Q̂(θ0, ĥ)−Q0(θ0)

≤ sup
Θ

|QN(θ, ĥ)−QN(θ,h0)|+sup
Θ

|QN(θ,h0)−Q0(θ)| p→ 0,(A.23)

where convergence comes from claims A.21 and A.22. Also, given thatθ0 minimizesQ0(θ) we
have that

0≤ Q0(θ̂)−Q0(θ0)

= Q0(θ̂)−QN(θ̂,h0)+QN(θ̂,h0)−QN(θ̂, ĥ)+QN(θ̂, ĥ)−Q0(θ0)

≤ sup
Θ

|Q0(θ)−QN(θ,h0)|+sup
Θ

|QN(θ,h0)−QN(θ, ĥ)|+ |QN(θ̂, ĥ)−Q0(θ0)|
p→ 0,(A.24)

by claims A.21 and A.22 and by equation (A.23). The last inequality on the RHS of equation
requires that̂θ ∈ Θ. The conditions on the kernels, as well as the monotonization of the estimates
of the ϕ’s ensures that this is the case (see Gayle and Namoro (2005) for discussions). Since the
model is identified, for allδ > 0 there existsε > 0 such thatd[θ,θ0] > δ ⇒ Q0(θ)−Q0(θ0) > ε,
which implies that Pr(d[θ̂,θ0] > δ) ≤ Pr({Q0(θ̂)−Q0(θ0)} > ε). The latter converges to zeros in
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probability by equation (A.24).

A.5 Proof of Theorem 5.4

Proof. Given the discussions at the beginning of Section 5.2, Proposition 2 of Newey (1994a) im-
plies that the estimation ofϕ andλ can be ignored in calculating the asymptotic distribution of β̂.
We begin by deriving the asymptotic distribution of the unfeasible estimator̃β which substitutesΣ
for Σ̂ in the resulting objective function. The first order condition is given by

m̂(β̃, ĥ) :=
1
N

N

∑
i=1

κiBi0(β̃, ĥ)′Σ−1(∆ϕ0(q̂i −λ0(ε̂i , p̂i))− ŝiβ̃) =
1
N

N

∑
i=1

κiBi0(β̃, ĥ)′Σ−1ρi0(β̃, ĥ) = 0.

Expandingm̂(β̃, ĥ) aroundβ0 obtains

(A.25) m̂(β̃, ĥ) = m̂(β0, ĥ)+ [M̂1(β̄, ĥ)+ M̂2(β̄, ĥ)](β̃−β0),

whereβ̄ is the mean value betweeñβ andβ0, M̂1(β̄, ĥ) := N−1∑N
i=1 κiBi0(β̄, ĥ)′Σ−1Bi0(β̄, ĥ), and

M̂2(β̄, ĥ) := N−1∑N
i=1κi

[

ρi0(β̄, ĥ)′Σ−1⊗ IK
]

∇βBi0(β̄, ĥ). Invertibility implies

√
n(β̃−β0) =[M̂1(β̄, ĥ)+ M̂2(β̄, ĥ)]−1 1√

N

N

∑
i=1

κiBi0(β0, ĥ)′Σ−1(∆ϕ0(q̂i −λ0(ε̂i , p̂i))− ŝiβ0).

(A.26)

Let g(xi ,zi , ĥ) := κiBi0(β0, ĥ)′Σ−1(∆ϕ0(q̂i − λ0(ε̂i, p̂i))− ŝiβ0). Becauseβ0 uniquely minimizes
Q0(β,h0), we have thatE[g(xi ,zi ,h0)]= 0. Furthermore,‖g(xi ,zi ,h0)‖≤ κi‖Bi0(h0)‖‖Σ−1‖‖ρi0(h0)‖=
Cκi‖Bi0(h0)‖, givenE[‖g(xi ,zi ,h0)‖2] < ∞ by the boundedness conditions in Assumption 4.1. The
rest of the proof proceeds by checking the conditions of Theorem 8.11 of Newey and McFadden
(1994). Let f (xi) := diag( f (xt

i ), t = 1, · · · ,T − 1), and f (wi) := diag( f (wit ), t = 1, · · · ,T).
DefineG1ik := diag((−sitk 1), t = 2, · · · ,T), G2i := diag((−qit 1), t = 1, · · · ,T), andG3i :=
diag((−pit 1), t = 1, · · · ,T). Define the linear (inh) operator

D(wi,h) := κiB
′
i0Σ−1

(

f−1(xi)
K

∑
k=1

G1ikh1ik +R1i f
−1(wi)G2ih2i −R2i f

−1(wi)G3ih3i

)

.

Conditions (i) and (ii) of Theorem 8.11 of Newey and McFadden(1994) are satisfied by noting the
appropriate boundedness conditions that gives‖g(wi , ĥ)−g(wi ,h0)−D(wi, ĥ−h0)‖ ≤ c1(wi)‖ĥ−
h0‖2 with E[c1(wi)] < ∞ and‖D(w,h)‖ ≤ c2(w)‖h‖ with E[c2(w)2] < ∞. Direct calculations give

∫

D(w,h) f0(w)dw= B′
0Σ−1

∫

κ

(

K

∑
k=1

G1ikh1ik +R1iG2ih2i −R2iG3ih3i

)

dw,

with ‖h‖ < ∞ on the setW , which is controlled by the trimming functionκ. This satisfies condition
(iii) of Theorem 8.11 of Newey and McFadden (1994). Condition (iv) of Newey and McFadden
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(1994) is satisfied noting boundedness and almost everywhere continuity of(G1 j , j = 1, · · · ,K),
G2, G3, R1 andR2 on the setW , assumptions 4.3 and 4.1. See the derivations on pages 2209 and
2210 of Newey and McFadden (1994) for details. Definevk(w) := κG1k, k = 1, · · · ,K vk+1(w) :=
R1G2 and vk+2(w) := −R2G3.. Let δk(w) = vk(w)∆x̃k −E[vk(w)∆x̃k], k = 1, · · · ,K, δk+1(w) :=
vk+1(w)q̃ andδk+2(w) := vk+2(w)p̃. Then by Theorem 8.11 of Newey and McFadden (1994) we

have that∑N
i=1 g(wi , ĥ)/

√
N

d→ N
(

0,Var[κg(wi ,h0)+ κB′
0Σ−1∑k δk(w)]

)

. Straightforward calcula-
tions show that fork = 1, · · · ,K, vk(w)∆x̃k = ∆xk − s0k and by the law of iterated expectations
E[vk(w)∆x̃k] = 0, makingδk(w) = ∆xk−s0k. Similar calculations show thatδk+1(w) = R1(yi −qi0)
andδk+2 = −R2(di − pi0). Finally it is straightforward to show that‖M̂1(β̄, ĥ)−M(w)‖ = op(1)
and‖M̂1(β̄, ĥ)‖ = op(1) whereM(w) := E[B′

0Σ−1B0] is nonsingular. By Slutsky theorem we have√
N(β̃− β0)

d→ N(0,V). From this and under Assumption 5.1 it is straightforward toshow that√
N(β̂−β0)

d→ N(0,V)
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Table 1: Small sample properties of the estimator of the basic model.

β1 β2

Mean Bias RMSE Mean Bias RMSE
δ1 = 0.9, δ2 = 0.1

N=100
KMD -0.0352 0.3367 -0.1398 0.3906
EKMD -0.0548 0.3383 -0.0815 0.2857
N=200
KMD -0.0375 0.3097 -0.0831 0.2863
EKMD -0.0170 0.2222 -0.0677 0.1964
N=400
KMD -0.0027 0.2075 -0.0481 0.1848
EKMD -0.0023 0.0895 -0.0102 0.0752

δ1 = 0.6, δ2 = 0.4
N=100
KMD -0.0567 0.3463 -0.1253 0.3854
EKMD -0.0746 0.3568 -0.0907 0.3275
N=200
KMD -0.1179 0.3610 -0.0514 0.3056
EKMD -0.0712 0.2592 -0.0376 0.2807
N=400
KMD -0.0148 0.1509 -0.0319 0.2146
EKMD -0.0086 0.0736 -0.0012 0.0546
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Table 2: Small sample properties of the estimator of the sample selection model.

β1 β2

Mean Bias RMSE Mean Bias RMSE
δ1 = 0.9, δ2 = 0.1

N=100
KMD -0.0731 0.3802 -0.1173 0.3617
EKMD -0.1025 0.3890 -0.0831 0.3233
N=200
KMD -0.0459 0.3214 -0.1010 0.3366
EKMD -0.0039 0.2133 -0.0578 0.2273
N=400
KMD -0.0072 0.2172 -0.0512 0.2084
EKMD -0.0015 0.1010 -0.0088 0.0761

δ1 = 0.6, δ2 = 0.4
N=100
KMD -0.1043 0.4268 -0.1131 0.3520
EKMD -0.0598 0.3629 -0.1006 0.3178
N=200
KMD -0.1285 0.3768 -0.0644 0.3394
EKMD -0.0693 0.2723 -0.0078 0.1467
N=400
KMD -0.0131 0.1677 -0.0380 0.2199
EKMD -0.0028 0.0893 -0.0061 0.0714
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