Bootstrap Methods for Inference with Cluster-Sample IV Models

Keith Finlay and Leandro M. Magnusson*

January 31, 2009

Preliminary and incomplete. Please do not cite. Comments welcome.

Abstract

Microeconomic data often have within-cluster dependence. This dependence affects standard
error estimation and inference in regression models, including the instrumental variables model.
Standard corrections assume that the number of clusters is large, but when this is not the case,
Wald tests can either over-reject or under-reject and weak instrument robust tests can over-
reject. We examine the use of bootstrap methods to construct appropriate critical values for
these tests when the number of clusters is small. We find that a variant of the Wild bootstrap
performs well and reduces absolute size bias significantly, even with a small number of clusters.
We also provide guidance in the choice among possible weak instrument robust tests when data
have cluster dependence. These results should extend to fixed effect panel data models.
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1 Introduction

Microeconometric data often have a group structure. When regression errors are correlated within
these groups or clusters, it is well-known that standard error estimates can be biased and hypothesis
testing can be misleading. The common solution to this problem is to use cluster-robust standard
error estimation methods. The asymptotic performance of these standard error estimators requires
a large number of clusters. When the number of clusters is small, tests can be oversized even when
cluster-robust methods are used. Research on the implications of cluster data in estimation has
focused on ordinary least squares, but the problem is just as important in instrumental variables
models.

In the linear IV model, we show that cluster-robust standard error adaptations fail when in-
struments are weak and when the number of clusters is small. In addition, we show that weak
instrument robust tests also perform poorly when the number of clusters is small. We propose
bootstrap techniques for weak-instrument robust tests that perform well even under weak instru-
ments and as few as 5 clusters.

Our Monte Carlo simulations provide strong evidence of the benefit of bootstrap techniques in
the IV model and with weak instrument robust tests. When we falsely assume that errors are iid,
we find rejection rates as high as 0.50 with Wald or weak instrument robust tests. Cluster-robust
versions of these tests can reduce the rejection rates to 0.10 to 0.30, but never as low as the nominal
size of 0.05. Using our wild cluster constrained residual bootstrap, we get rejection rates that are
very close to the 0.05. As is well know, bootstrap techniques cannot improve performance of the
Wald test when instruments are weak. Using our bootstrap methods with the weak instrument
robust tests provide a comprehensive and practical alternative for testing in the linear IV when
data have cluster dependence.

The paper proceeds as follows. First, demonstrate the inference problems with a small number
of clusters for standard Wald tests and weak instrument robust tests. Then, we describe our

bootstrap techniques and the results of Monte Carlo experiments using them.
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2 Cluster-robust inference

We consider a limited information cluster model with G clusters, index by g, and with N, obser-

vations per clusters, indexed by 4, represented by the following system:

Yig = migﬂ + WigY + Uig (1)

Tig = ZigTz + WigTy + Vig- (2)

where ;4 is a 1 x k; vector of endogenous variables, w;q is a 1 xk,, row vector of included instruments,

Zig is a 1 X k, vector of excluded instruments, u;; and vy are residuals. We can rewrite the model

as:
Yg = XgB+Xg7+1uy (3)
Xg = ZgT,+ WyTy + Vg, (4)
or simply
= XB+W~ry+U (5)
X = Zrm,+Wm, +V. (6)

The errors U and vec(V) are independent across clusters, but have some dependence within clusters.

The two-stage least squares estimator is:
Bosrs = [X'X]7'[X'y], (7)

where X = Pszx, PMWZ = sz(Z/MWz)_lz,Mw, and MW =1I- PW with PW =
W(W'W)- 1w’
When the errors are assumed to be independent identically distributed, the variance of BQSLS is

o2 [)_(’ X} ' However, in the presence of intra-cluster dependence, even when this dependence is

negligible, the two-stage least squares estimator of the variance of BQSLS can be severely downward

biased.
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To see this point, let us assume that the number of observations per cluster is the same and
equal to M, and the residual u, can be decompose into individuals and cluster specific shocks,
ie., uy = ¢4t + €4, where ¢4 is a intra-cluster specific effect with E(cg) = o2 for all m, €g =
(€1,9---,EM,g) is the vector individual effects with E(egg) =02 and E(g; 4ej,) = 0 for i # j, and ¢
is a vector of ones. Let us also assume that Xg does not present within cluster variation. We can
use the same arguments as in Moulton (1990) to show that ratio between the two-stage least squares
o2

c 1 3 _
oTio7 18 the intra-cluster

variance and the iid asymptotic variance is 1 + (M — 1)p., where p.. =
correlation. In this example, the usual iid two-stage least square variance under estimate the true
variance by (M — 1)pce.

The most commonly used variance estimator of ﬂAgSLs is an adaptation of the Huber-White
heteroskedasticity-robust sandwich estimator (White 1980), which does not impose any structure
on the variance of the unobserved component:

Vidsisl = XX lzxgngxg xxX], )
g

/

where 5 = E(uguy

) is the variance-covariance matrix of the errors. Although the sandwich
estimator is not the most efficient one, it does not suffer from the underestimation and is general
enough to accommodate different residual structures. However, when the number of clusters is
small, the asymptotic results from cluster-robust variance estimators are a poor approximation of
the true distributions of the test statistics. We will return to this point later.

The crucial assumption behind the two-stage least squares estimator is that the instruments
Z should be correlated with the explanatory endogenous variables. There exists a vast literature
on weak instruments robust tests. In the context of linear instrumental variable model, we have
the pioneering AR-test of Anderson and Rubin (1949), the Kleibergen (2002, 2007) score, or LM,
test and its orthogonal complement, the J-test, and Moreira’s (2003) conditional likelihood-ratio
(CLR) test.

The standard derivation of the AR, LM, and CLR tests uses the optimal covariance matrix
estimator (see Kleibergen (2007)), which is different from the non-optimal sandwich cluster matrix

in equation (8). Davidson and MacKinnon (2006), Chernozhukov and Hansen (2008), and Fin-

lay and Magnusson (2009) extend the prior weak instruments tests are also robust to arbitrary
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heteroskedasticity or cluster dependence.
We can derive these robust versions of the AR, LM, and CLR tests by starting with the unre-

stricted reduced-form model that follows from equations (3) and (4):

Vg =240, + Wy, + €4
: (9)

Xy =2Zym, + Wymy, + vy
where e, = vy3+u,y and 6, = 7.3 represents the restrictions imposed by the structural model over
the reduced-form parameters. Tests on the structural parameter 5 can be conducted indirectly by
testing if , — 7,8 = 0 under the null hypothesis. In this representation, the identification of 3

requires that ||7,| # 0. As 7, approaches zero, the instruments become weaker.

As in the linear IV model, W can be projected out by Mw without affecting the inference. For
simplicity, we keep the same notation for the regressors in the following discussion, although they
are projected out of the space spanned by the columns of W. We also omit the subscript z in ¢,

and 7. Let (3,7#) be the OLS estimators of the parameters derived from the stacked model

y Z 0 0 e
= + : (10)
vec(X) 0 I, ®Z| |vec(m) vec(v)

and A be the heteroskedasticity and cluster-autocorrelation consistent cluster variance estimator:

A=B'AB™!, where B=1® (Z'Z), A=Y, ,(I ® Z)) Y 4(I ® Zg)

. é e é, vec(v,)
T, - €y gvec(Vy) ’ (11)

vec(Vg)éy  vec(Vy)vec(Vy)’

and (&4, v4) are the OLS residuals. The consistency properties of the OLS estimators do not depend
on the value of the structural parameter 3. The (ky+1)k x (ky+1)k. variance A can be partitioned

accordingly as

A&S A&rl v A&rkz
A . [\56 Aérr . Amé Amm e Ammx
Ams A T
L A Tk 0 A Tk g Aﬁkz Tka |
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Define the k. x k.k, matrix Ay = [Amm Aﬂ'iﬂ'k fori=1,...,ks," and /A\Twr,g = Arr(B®

It.). Let us introduce four more statistics, before introducing the weak instruments robust tests:

Uy = Ass— (In. @ ) Asr — Ars(B@ Ii.) + (I, @ B)Arr (B @ I.)

~ ~ ~ ~

o= - |:A/A\m75 — Aﬂ-lmﬁ\ifﬁ_l(d —70),..., /A\ﬂ-kxg — Aﬂ-kzmﬁ\ifﬁ_l(d — ﬁ'ﬁ)]

S5 = Aen— [Ars — Aun(80 1) | 85 [Rr = (8 @ Ik ) Ara

The first statistic is an estimate of the asymptotic covariance matrix of /n(é — #3). The second
statistic is an estimator of m which is independent of (7, —II, 3).2 The third statistic is an estimator

of the covariance of vec(7z), and rk((3) is a test for the rank of 7.

We define the weak instruments robust tests for the cluster model as follows:

Definition 1. (Weak instruments robust tests for the cluster model) Under the null hypothesis

Hy: 38 =0y, the AR, LM, J, and CLR are:

AR(G)) = (5-#6) ! (5 #60) (12)
LM(Bo) = F%éﬁ—ﬁﬁoym%h%éﬁ—ﬁmﬂ (13)
T(Bo) = [d@%é (54-w¢h)},bnﬁo [i% : (5<—-ﬂﬁb>} (14)

CLR(By) = % AR(Bo) — rk(fo) +
VARG + k() = 4Gk | (15)

where:

NI

1 -1 /
- T 5 A 2 T 12 T 5 2~
Pﬁo = ( ﬂ027'r/30> (ﬂ'éo\l’ﬁo 7T50> < 3 7T50>

Mg, = I, — Pg,

'The matrix /A\m is the i*" block row of matrix Aﬁﬁ.
*More details are discussed in (Magnusson 2008).
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Asymptotically we have:

AR(Bo) -5 XP(k.)

LM(Bo) 5 X(ks)

T(Bo) 5 (ks — k)

where the value inside the parentheses indicates the x? distribution degrees of freedom. The CLR-
test converges to a nonpivotal distribution. However, its critical values, for a given value of 7k(53),
can be simulated from independent chi-squared distributions. The convergence of the tests are

independent of whether the instruments are weak.

The AR tests simultaneously the value of the structural parameter and the overidentification
restriction. It can be decomposed into two orthogonal two statistics, namely the LM and J tests.
Under the null hypothesis, the LM statistic tests the value of the structural parameter given that
the overidentification condition holds, while the J statistic tests the overidentification restriction
given that the value of By. It is well-known that the LM-test suffers from a spurious decline
of power at some regions of the parameter space. In those regions, the J-test approximates the
AR-test which always has discriminatory power.

The asymptotic distribution of the CLR is not pivotal and depends on rk(fy). The critical
values of this test are calculated by simulating independent values of x?(1) and x?(k, — 1) for a
given value of rk(fy). This approach is not satisfactory because accuracy demands a large number of
simulations which can be computationally intensive. For linear IV models under homoskedasticity,
Andrews, Moreira, and Stock (2007) provide a formula for computing the p-value function of the
C LR-test. Although this is not the correct p-value function when homoskedasticity is violated, our
simulations indicate that it provides a good approximation.

The cluster-robust versions of the weak instrument robust tests can reduce size bias provided
that the number of clusters is large. In much applied microeconometrics, there are data with
intra-cluster dependence in which the number of clusters are small and the asymptotic results are
a poor approximation of the true distributions of the test statistics. For example, many papers in

labor economics use research designs that rely on policy changes at the state level, in which the
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number of clusters is 50. Tests that use cluster-robust variance estimators still overreject with as
many as 50 clusters. We now present discuss the potential for the bootstrap to provide improved
test performance even with as few as 5 clusters. The weak instrument robust tests provide valid
inference even when instruments are weak, and so the bootstrap techniques also provide valid

inference in this case.

3 Cluster bootstrap methods

The bootstrap provides one set of possible solutions to improve inference when cluster-dependent
data are used. Resampling is usually done at the same level as the clustering. In this section, we
describe some applications to single-equation models and, then, instrumental variables models. We
then describe the variant of the bootstrap that we use.

Recent work has highlighted the use of the bootstrap to improve inference when there is intra-
cluster dependence. Bertrand, Duflo, and Mullainathan (2004) examine the bootstrap, but their
bootstrap sampling techniques do not fully account for the clustered error structure of the data
generating process. Recently, Cameron, Gelbach, and Miller (2008) show that a variant of the wild
bootstrap with cluster-based sampling performs well in a variety of cases, and bootstrap techniques
dominate any cluster-robust standard error estimation technique. But these papers only examine
use in OLS.

In general, this literature has not examined the cluster-robust inference in the two-stage least
squares model.

Bootstrap methods only offer asymptotic improvements when used with pivotal statistics. The
AR, LM, and Wald tests all have x? pivotal distributions. These tests behave like symmetrical,
two-tailed tests, and under Hy the difference between their nominal size and true rejection rates are
O(n~1) with asymptotic critical values but O(n~2) with bootstrap critical values (Horowitz 2001).
The CLR test, however, is pivotal only after conditioning on the rk statistic. For linear IV models
under homoskedasticity, Andrews et al. (2007) provide a formula for computing the p-value function
of the CLR-test. Although this is not the correct p-value function when homoskedasticity is violated,

our simulations indicate that it provides a good approximation (Finlay and Magnusson 2009).
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Moreira, Porter, and Suarez (2004, forthcoming) develop the asymptotic theory for using the
bootstrap with IV models. Using Edgeworth expansions, they show that the bootstrap can im-
prove inference even with weak instruments. Davidson and MacKinnon (2006) develop bootstrap
techniques for IV models using weak instrument robust tests, but they assume homoskedasticity.

Although there is some evidence that the bootstrap can improve inference using the Wald test
in an IV model when there is strong identification, this is not a solution under weak identification.
In fact, in small samples the numerical accuracy of the bootstrapped Wald test may be even worse
than that of first-order asymptotic approximations when instruments are weak.

Gelbach, Klick, and Stratmann (2007) implement a variant of the wild cluster bootstrap of
Cameron et al. (2008) in an instrumental variables setting. They examine its performance in
Monte Carlo simulations and find that it performs well. But they do not consider tests that are

robust to weak instruments.

3.1 Wild cluster constrained residual bootstrap

We now discuss our bootstrap algorithm, which combines features from the algorithms of Cameron
et al. (2008), Gelbach et al. (2007), and Davidson and MacKinnon (2006). Recall the model in
equations (3) and (4). Let T be the test statistic generated from the original sample using this

model. The wild cluster constrained residual bootstrap works in the following way:

1. Under the null hypothesis Hy : 8 = By, run the restricted OLS regression y — X5y = Wy +u.

Define the constrained estimated residuals by Gt and the constrained estimate 4(f).

2. Sample (n1,...,n¢) where 1y = ke&y — E(kg)E(&y),

kg ~ N ) , and (16)
& ~ N — 5 3" (17)

3. Define the bootstrap residuals as {aj,..., a5} = {77111{%, . ,ngﬁg} and define the bootstrap

sample {(37, X1, W1),..., (3% Xa, Wa)}, where 37 = X0 + W5 (fo) + .
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4. Estimate the IV model using the bootstrap sample. Compute the bootstrap statistic 7, using

the bootstrap sample.

5. Repeat steps (2), (3), and (4) B times. Compute the simulated p-value of the original statistic
T:
1 & .
) =1 53107 <D (18)

Reject or do not reject the test accordingly.

Notes of the bootstrap algorithm

Residual weights. Weights used for the wild bootstrap must have three properties to ensure that
the resampled residuals have the same first three moments as the sample residuals: E[n;] = 0,
E[n?] =1, and E[n}] = 1. Many residual weights have been proposed for the wild bootstrap that
satisfy these properties. The most commonly used weights come from discrete distributions. These
include the Mammen (1993) weights, defined as

. . . 1+v5
(1—+/5)/2 with probability =2

. . . e . 145 ’
1—(1-+5)/2 with probability 1 NG

i =

and the Rademacher weights, defined as

1 with probability 1/2
" -1 with probability 1/2 ‘
Liu (1988) proposes a few continuous distributions from which to draw the residual weights. Since
we are resampling entire clusters of residuals, we find that the continuous weights performed better
because they provide more replication variation. The weights presented in the algorithm above
come from Liu (1988), so we call these the Liu normal weights, which are also used in Gelbach
et al. (2007). She also proposes a set of weights defined as 1y = (; — E((y), where (4 is a gamma

1

random variable with shape parameter 4 and scale parameter 5. We call these the Liu gamma

weights, and also present results using these weights.
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Resampling first-stage residuals. In Davidson and MacKinnon’s (2006) bootstrap algorithm,
residuals are not just resampling from the second-stage of the IV model, but also from the first-
stage. In our simulations (not shown), we found that this step offers no reduction in the size bias,
so we present the simpler algorithm.?

Bootstrap replications. In our experiments, we use 399 bootstrap replications. In repeated
Monte Carlo experiments, the sampling error from a small number of bootstrap replications should

cancel out. In actual practice, at least 999 replications should be used.

4 Monte Carlo simulations

We evaluate the performance of the wild cluster bootstrap using Monte Carlo simulations. We
experimented with a variety of data generating processes. Our data generation process has a

structure that resembles the random effects model. This dgp takes the form:

Yig = Bo+ B1Tig + Uig (19)
= fo+ bizig + (g + €ig), (20)
and
Tig = OO+ Q12149 + Q22249 + €ig (21)
= o+ ai(ag + aig) + azbig + (ng + nig), (22)

where €4, ag, a;g, big, and 7y are each drawn independently from a standard normal distribution,
and €4 and 7;, are drawn from a bivariate normal distribution A [(8) , (Fl, ’f)} We set Gy = 0,
61=1,a0=0, and ap = 0.

We set a; according to a pseudo concentration parameter p = o (Var(aq)) ™", where
-1

-1
Var(a;) = (Z Z;Zg> (Z Zgzgzg> (Z Z;Zg> , (23)
g g g

3Results are available upon request.
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and

Yy = E[egelg]

_ 2 / 2
=0y,,lglg + Umg[g-

Here, ¢4 is a vector of ones, I, is an Ny x N, identity matrix, E[ngg]agig is the individual-level

2

g 18 the group-level variance. Using these cluster-robust equations, we

variance, and E[ng] =o0
experiment with three values for the concentration parameter: p = 1 for weak identification,
w =10 for good identification, and p = 50 for strong identification.

Table 1 shows the results using the group-level random errors dgp using 5 cluster each with 30
observations. For each test, we show the rejection rate if we (1) assume that the errors are iid,
(2) use the cluster-robust variance estimator, (3) use the wild cluster bootstrap-t with Liu normal
weights, and (4) use the wild cluster bootstrap-t with Liu gamma weights. With 5 clusters, all
tests perform poorly when we assume that the errors are independently distributed or if we use
the cluster-robust versions of the tests. Assuming iid errors, the weak instrument robust tests have
rejections rates between 0.452 and 0.510. Using the cluster-robust variance estimator version of the
tests, the rejection rate is reduced to between 0.387 and 0.432. This is minor improvement, and
not sufficient for valid inference. The next two rows show the rejection rates when using the two
bootstrap methods. For the CLR and LM tests, the rejection rates are close to the nominal size of
0.05 (between 0.046 and 0.059).

With the Wald test, there is much more variation in the rejection rates, and this variation is
clearly a result of the level of identification. When the instruments are weak (the concentration
parameter p = 1), the rejection rates are approximately 0.30 when we assume the errors are iid,
0.20 when we use the cluster-robust Wald test, and 0.01 using the wild cluster bootstrap. When
the instruments provide identification (the concentration parameter y = 50), the rejection rates are
approximately 0.50 when we assume the errors are iid, 0.30 when we use the cluster-robust Wald
test, and 0.01 using the wild cluster bootstrap.

Table 2 shows the results using the group-level random errors dgp using 10 cluster each with
30 observations. With 10 clusters, all tests perform poorly when we assume that the errors are
independently distributed or if we use the cluster-robust versions of the tests. Assuming iid errors,

the weak instrument robust tests have rejections rates between 0.462 and 0.525. Using the cluster-
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robust variance estimator version of the tests, the rejection rate is reduced to between 0.177 and
0.208. While this is an improvement, it is not sufficient for valid inference. The next two rows
show the rejection rates when using the two bootstrap methods. For the CLR and LM tests, the
rejection rates are close to the nominal size of 0.05 (between 0.038 and 0.060).

With the Wald test, there is much more variation in the rejection rates, and this variation is
clearly a result of the level of identification. When the instruments are weak (the concentration
parameter p = 1), the rejection rates are approximately 0.30 when we assume the errors are iid,
0.04 when we use the cluster-robust Wald test, and 0.01 using the wild cluster bootstrap. When
the instruments provide identification (the concentration parameter p = 50), the rejection rates are
approximately 0.50 when we assume the errors are iid, 0.15 when we use the cluster-robust Wald

test, and 0.02 using the wild cluster bootstrap.

5 Conclusion

In further work, we will examine the performance of the wild cluster bootstrap when different data

generating processes are used. We will also describe the power properties of the bootstrapped tests.
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Table 1: Size (in percent) for testing Hy : § = 0 at the 5% significance level, group-level random
errors, 5 clusters with 30 observations each

1 1 1 10 10 10 50 50 50
Test 0.1 0.5 0.8 0.1 0.5 0.8 0.1 0.5 0.8
Method LW @ B @ 6 6 O (5 O
CLR
1 Assume iid 479 48.0 47.6 50.5 50.5 50.7 50.7 50.7 51.0
(1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6)
2 Cluster-robust 40.3 40.3 40.0 41.0 414 417 43.0 43.2 426
(1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6)
3 Wild cluster bootstrap-t 5.2 5.3 5.3 5.3 5.4 5.4 5.1 5.1 5.4
(Liu normal weights) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7)
4 Wild cluster bootstrap-t 5.2 5.5 5.6 5.2 5.3 5.6 5.4 5.7 5.9
(Liu gamma weights) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.8)
LM
1 Assume iid 45.3 452 459 504 504 50.5 50.7 50.7 51.0
(1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6)
2 Cluster-robust 38.8 38.7 389 409 41.1 419 428 43.1 426
(1.5) (1.5) (1.5) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6)
3 Wild cluster bootstrap-t 4.8 4.6 5.0 5.2 4.9 5.2 5.1 5.1 5.3
(Liu normal weights) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7)
4 Wild cluster bootstrap-t 4.9 4.9 5.0 5.1 5.2 5.2 5.4 5.6 5.9
(Liu gamma weights) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.8)
Wald
1 Assume iid 289 304 31.8 48.0 47.8 472 50.2 50.0 49.9
(1.4) (1.5) (1.5) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6)
2 Cluster-robust 19.0 198 207 279 280 274 303 304 304
(1.2) (1.3) (1.3) (1.4) (14) (1.4) (1.5) (1.5) (1.5)
3 Wild cluster bootstrap-t 0.7 0.5 0.7 0.9 0.8 0.8 0.9 0.9 0.8
(Liu normal weights) (0.3) (0.2) (0.3) (0.3) (0.3) (0.3) (0.3) (0.3) (0.3)
4 Wild cluster bootstrap-t 0.8 0.6 0.9 1.1 1.1 0.8 1.3 1.0 1.1
(Liu gamma weights) (0.3) (0.2) (0.3) (0.3) (0.3) (0.3) (0.4) (0.3) (0.3)

Note: Authors’ calculation from 999 Monte Carlo simulations. For bootstrap methods, each experiment consists of
399 bootstrap replications. Simulation standard errors in parentheses.
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Table 2: Size (in percent) for testing Hy : f = 0 at the 5% significance level, group-level random
errors, 10 clusters with 30 observations each

L 1 1 1 10 10 10 50 50 50
Test p 0.1 0.5 0.8 0.1 0.5 0.8 0.1 0.5 0.8
Method M @ 6B @ 6 © @O @6
CLR
1 Assume iid 49.6 49.5 496 51.8 521 52.1 525 524 524
(1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6)
2 Cluster-robust 19.8 19.5 200 205 204 208 20.8 20.5 20.5
(1.3) (1.3) (1.3) (1.3) (1.3) (1.3) (1.3) (1.3) (1.3)
3 Wild cluster bootstrap-t 5.7 5.4 5.4 4.8 4.9 5.1 4.8 4.8 4.7
(Liu normal weights) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7)
4 Wild cluster bootstrap-t 5.9 6.0 6.0 5.4 5.3 5.5 5.1 5.0 5.1
(Liu gamma weights) (0.8) (0.8) (0.8) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7)
LM
1 Assume iid 46.9 46.9 47.7 51.8 519 523 52,5 524 524
(1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6)
2 Cluster-robust 180 177 189 198 195 196 204 203 20.3
(1.2) (12) (1.2) (1.3) (L3) (1.3) (1.3) (1.3) (L3)
3 Wild cluster bootstrap-t 3.8 3.8 4.1 4.3 4.5 4.6 4.7 4.7 4.6
(Liu normal weights) (0.6) (0.6) (0.6) (0.6) (0.7) (0.7) (0.7) (0.7) (0.7)
4 Wild cluster bootstrap-t 4.2 4.0 4.5 4.7 4.9 5.0 5.0 4.9 4.8
(Liu gamma weights) (0.6) (0.6) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7) (0.7)
Wald
1 Assume iid 29.1 31.1 334 497 493 49.7 522 524 524
(1.4) (1.5) (1.5) (1.6) (1.6) (1.6) (1.6) (1.6) (1.6)
2 Cluster-robust 4.4 4.4 44 129 123 126 158 155 154
(0.7) (0.7) (0.7) (1.1) (1.0) (1.1) (1.2) (1.1) (1.1)
3 Wild cluster bootstrap-t 0.4 0.4 0.6 0.9 0.9 0.7 2.4 2.4 2.2
(Liu normal weights) (0.2) (0.2) (0.2) (0.3) (0.3) (0.3) (0.5) (0.5) (0.5)
4 Wild cluster bootstrap-t 0.1 0.3 0.6 0.8 0.9 1.0 2.3 2.4 2.4
(Liu gamma weights) (0.1) (0.2) (0.2) (0.3) (0.3) (0.3) (0.5) (0.5) (0.5)

Note: Authors’ calculation from 999 Monte Carlo simulations. For bootstrap methods, each experiment consists of
399 bootstrap replications. Simulation standard errors in parentheses.
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