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Abstract

In this paper a Bayesian approach to unit root testing for panel data models is proposed based on
the comparison of stationary autoregressive models with and without individual deterministic trends,
with their counterpart models with a unit autoregressive root. This is done under cross-sectional
dependence among the units of the panel. Simulation experiments are conducted with the aim to
assess the performance of the suggested inferential procedure, as well as to investigate if the Bayesian
model comparison approach can distinguish unit root models from stationary autoregressive models
under or without cross-sectional depenendence. The approach is applied to real GDP data for a panel

of G7.
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1 Introduction

There is growing interest recently in developing methods of investigating the presence of a unit root or

L This stems

any other form of nonstationarity in the autoregressive model based on panel data sets.
from the fact that panel data, unlike single time series models, can considerably improve the power of
the suggested methods to distinguish the hypothesis of unit roots against its alternative of stationarity.
This happens due to the fact that panel data exploit both the cross-sectional (N) and the time-series (T")
dimensions of the data.

Most of the above methods are based on frequentist analysis. In this paper, we suggest a Bayesian
model selection method with the aim to detect the presence of unit roots in panel data models. This
method has several interesting features. Within our framework, the initial conditions of the model (known
as nuisance parameters) can be treated as unknown parameters and can be intergated out. The same
can be done for the individual effects of the cross-sectional units of the panel and their contemporaneous
cross-sectional dependence. The latter has been the focus of many recent studies in the literature of
panel unit roots?. As aptly is noted in these studies, ignoring the cross-section dependence may lead to
eroneous inference about the presence of unit roots in panel data models. To account for cross-section
dependence, the frequentist methods restrict the variance-covariance matrix of the error terms of the
panel to be determined by spatial effects or by a number K of unobserved (or observed) common factors
across the NV units of the panel, with K < N. In the Bayesian framework, we can relax this assumption.
Instead, we assume that the variance-covariance matrix consists of N(IN + 1)/2 free parameters.

In our model comparison setting, we calculate the marginal likelihood of the data under different
stationary and non-stationary models. In our analysis we consider autoregressive panel data models of lag
order 1 with or without individual deterministic trends and with or without cross-sectional dependence.
Competing models are their counterpart models with a unit autoregressive root. For each of the competing
models the calculation of the marginal likelihood is done by integrating the nuisance parameters of the
model out of the unnormalised posterior density, in order to compute the posterior model probabilities.
For the models with a unit autoregressive root, all the integrations with respect to the nuisance parameters
can be performed analytically, hence the calculation of the marginal likelihood is exact. For the stationary
models, all the parameters except for the autoregressive coefficient can be integrated out anallytically.
The latter integration is not feasible due to the prior constraints that ensure stationarity, but it can be
performed numerically via Monte Carlo integration. Finally, we can estimate the most probable model’s
parameters either using exact inference or by constructing a Markov chain Monte Carlo algorithm.

The paper proceeds as follows. In Section 2 we present our model specification and we discuss
its alternative reduced forms. In Section 3 we describe the Bayesian model comparison method that

we suggest for chosing the best model to describe the data. We show how to estimate the marginal

ISee, e.g. Maddala and Wu (1999), Harris and Tzavalis (1999), Phillips and Moon (1999), Hadri (2000), Levin, Lin and

Chu (2002), Im, Pessaran and Shin (2003) and Breitung (2002), inter alia.
2See, e.g. O’ Connell (1998), Phillips and Sul (2003), Chang (2004), Moon and Perron (2004), Pessarna (2004) and

Kapetanios (2005), inter alia.



likelihoods for the model specifications considered and hence obtain the posterior model probabilities. In

Section 4 we report the results of our empirical applications. Finally, we conclude in Section 5.

2 Panel Data Models

In this section, we present the models we consider for the analysis of panel data. We consider a stationary
autoregressive model, as well as some reduced specifications of it, under which we derive the likelihood
of the observed data integrating out the initial observation. This is also done for the case of a unit

autoregressive root.

2.1 Stationary Models

Consider having observations for N cross-sectional units on T time periods, y: = (y1t, Y2t .- -, Ynt)

t=1,...,T. The N-variate observation at time t is modelled as
yt:(5+Bt+¢(yt_1—5—B(t—1))+ut, U.tNN(O,E), (1)

where 6 = (01,...,0n)" is a vector of constant terms, § = (51,...,0n)" is a vector of trend parameters

and ¢ is an autoregressive coefficient, common across units. We assume that the multivariate process is
stationary, that is —1 < ¢ < 1. Furthermore, we assume that the errors u; of the panel at time ¢ follow
a multivariate normal distribution with zero mean and covariance matrix 3. This assumption allows the
N cross-sectional units to be correlated.

The cross-sectional dependence assumption can be relaxed by taking ¥ = (0%,.. ., 012\,), where o?, ..., 012\,
are unit-specific error variances. In this case model (1) reduces to N independent autoregressive mod-

els with common autoregressive coefficient. Finally, note that the general model specification (1) nests

models which do not allow for the presence of deterministic trends, if we take 8 = 0.

y11_¢7y/0 1-¢ 1-9¢+¢
- Yo — oy - 1—¢ 2-20+¢ o
Let Y = , X = , and B =
: : : g
Yr—oy'r_q 1l—¢ T-To+9¢

Then, the likelihood of the observed data y1,...,yr, conditional on the initial observation yy and the

model parameters, is given by
1 - - - -
L(y1,-...y7 | B,Z,6,y0) = (2m) N[/ exp {gtr [27U(¥ - XB)(Y - XB)| } G

The initial condition of the panel series {yt}, yo = (y10,---,¥Yn0)’, is not observed and, hence, under the
Bayesian approach it is treated as a further set of parameters. Treating yy as random is appropriate for
unit root testing as shown in Lubrano (1995). Alternatively, the initial condition can be treated as fixed,

i.e. be given specific values, however this imposes a degree of subjectivity into the analysis. In unit root



testing, dependence on fixed initial conditions may affect inferences concerning the unit root hypothesis
[see Zivot (1994)].

We assume that the initial observation comes from the stationary process (1). Under this assumption,
we assign a multivariate normal prior distribution on yq, i.e. yo ~ N (6, (1 — ¢)71¥). We integrate the
conditional likelihood (2) with respect to this prior distribution on yo to obtain the, so called, exact
likelihood of the observed data (see Box and Jenkins, 1976; Hamilton, 1994). The exact likelihood is

given by
L(Ylv e yT | sza ¢) = (2W)_NT/2|E|_T/2(1 - ¢2)N/2 exp {%tr I:E_l(Y - XB)I(Y - XB)} } ) (3)

where
VT ) N e RN

Yo — oy’ 1-9¢ 2-2¢0+¢

Y = , and X =

Y'r—oy'r l—¢ T-To+¢
Note that the likelihood for the model without deterministic trends is given by (3) with X = (/1 — ¢2,1—
¢,...,1—¢) and B =4,

2.2 Case of a Unit Autoregressive Root
In the case that ¢ = 1, model (1) reduces to a random walk (RW) model with drift, i.e.
ye=B+yi-1+u, u~N(0X). (4)

Again, if ¥ = (0%,...,0%), model (4) is equivalent to assuming N independent RW processes for the
cross-sectional units. Finally, if 3 = 0, model (4) reduces to an N-variate pure RW process (without
drift), if there is cross-sectional dependence, or to N independent univariate RW processes if not.
Although in the case of a unit autoregressive root the parameter ¢ in (1) cancels, d still contributes
to the initial level of the process, since yg = § + x¢. Thus there is a need to make an assumption about
vo. As stated in the Bayesian unit root literature [for example, see Zivot (1994)], it is preferable to treat
the initial condition as random both in the stationary case and in the presence of a unit root. In this
way we can treat the effect of the initial condition symmetrically in order to remove the dependence of
inferences on yg. A class of prior distributions which have been proposed (see Uhlig, 1994, Zivot, 1994,
and Jarocinski and Marcet, 2005, Meligkotsidou et. al, 2008) as an appropriate choice for univariate RW
models is the class of S-type priors. In our setting, the S-prior takes the form 7(yo) = N(J,5%). S is
interpreted as the start-up time of the process before starting being observed. In some applications the
value of S may be known, however in most cases it will be unknown. One possible choice is to assume
that the process starts at ¢ = 0, which implies that S = 1. However, better practice would be to consider
different values of S and check the robustness of the results to the choice of S. Reasonable choices of S
are those values which are of the same magnitude with the quantity 17—1% which is used under stationarity

(see Meligkotsidou et. al, 2008).



The exact likelihood function for model (4) having integrated yo under the above prior is given by

1
L(yr,....yr | B,S) = (2m) N[5 ~T/2(§ + 1)~/ eXP{gtr [271(Yo - XoB)' (Yo - XOB>]},

(5)
where
yi(S+1)71?2 (S+1)712 (S+1)71/2
Yo=Yy 0 1
Yo = ' , and Xg=
Yr—Yr_1 0 1

3 Calculation of the Marginal Likelihood

3.1 Bayesian Model Comparison

The objective of the Bayesian approach, in the model comparison setting, is to determine how probable
one model is relative to another or various other alternative models. Consider K competing models

mi,...,mg. The posterior probability of model my, £k =1,..., K, is given by

m _ L(y|mg)p(my) 6
pmy) iy Lylm;)p(my)” ©

where
Liylmy) = / L(y |6, mi)p(Oslms)d6y (7)

is the marginal likelihood of the vector of observations y under model my, 0; denotes the model specific
parameter for model my, L(y|0,,mx) is the likelihood function given model my, p(fx|my) is a prior
distribution on 6, and p(my) is the prior probability of model my. In this paper we assign equal prior
probability to all competing models. It can be easily seen from (7) that the marginal likelihood under
model my is just the likelihood function integrated over the specified prior distribution for that model,
provided that the integration is feasible. Equivalently, it can be seen as the normalizing constant of the
posterior distribution of 8, defined as the integral of the product likelihood times prior, which is known
as the unnormalized posterior.

The marginal likelihoods L(y|my) defined in (7) are in general difficult to calculate. Kass and Raftery
(1995) provide an extensive description of available numerical strategies. However, if the prior specifica-
tion is conjugate to the likelihood function, some of the model parameters can be integrated out of the
posterior distribution analytically. Under our choice of prior for the parameters of the stationary autore-
gressive models all of the integrations in (7) can be calculated analytically, except for the integration of
the autoregressive coefficient which is done via Monte Carlo integration. The marginal likelihood of the

random walk models can be evaluated analytically.



3.2 Marginal Likelihood Calculation for the Stationary Model

In this section we show how the marginal likelihood of the stationary autoregressive model (1) can be
computed. First we need to specify prior distributions for the model parameters. The prior specification is
very crucial in model comparison, as the choice of prior can affect the marginal likelihoods of the different
models considered. As a general principle, note that flat priors tend to penalize more the models which
are more complex [see Bernardo and Smith (1994), chapter 6]. In the unit root problem, choosing an
appropriate prior distribution is not an easy task. Sims (1988) used a flat prior as a non-informative prior
for testing the unit root hypothesis in autoregressive models of order one, while Phillips (1991) argued
that a flat prior is actually informative and proposed an ignorance prior (or Jeffreys invariant prior).
We adopt proper prior distributions for the parameters of model (1). Specifically, we assume a matrix-
variate normal prior distribution for B, which will be denoted by Nay n (Bg,H, X), where By is the 2 x N
matrix of means and H is a 2 X 2 symmetric positive definite matrix. The probability density function

pdf) of the matrix-variate normal prior distribution for B is given by
g
_ _ _ 1 _ _
7(B|X) = (2n) N [H|TV? 3| 1eXp{—§tr (="' (B-Bo)H ' (B —Bo)}}.

Now, for ¥ we assume an inverted Wishart prior distribution, which will be denoted by IW (Q, v), where
Q is a N x N hyperparameter matrix and v denotes the degrees of freedom. The pdf of the inverted
Wishart prior distribution for X is given by

2(E) = 2N/ 2 N~ 1)/4HF<”+1 )IQI /2

1
|2|7(’IJ+N+1)/2 exp |:§t7’ (ZlQ):| ’

where v > N. Finally, let p(¢) be an appropriate prior distribution on the autoregressive coefficient with
support in the stationary region. Since in this paper we are dealing with unit root testing, we expect
that in such applications the value of ¢ will be close to unity. Hence we consider a Beta prior on ¢, i.e.
¢ ~ Be(a,b), concentrated to a region near unity.

The unnormalized posterior of the parameters of the stationary autoregressive model (1) can be
integrated analytically with respect to the parameters B and ¥ under the above prior distributions.
This results to the unnonrmalised marginal posterior of ¢, i.e. L(y1,...,yr | #)p(¢), which is given by

T+v{HF((T+v+1‘i)/2)}(1(;52)% @, ®

NT N N v
~SK|"FHITF|Q}|C - MK
) < (o1 N(OES e

i=1
where M= X'Y + H 'Bg, K= X'X+H ' and C=Y'Y + B,H ' B,.

The marginal likelihood of model (1) can be obtained by Monte Carlo integration of L(y1,...,y7 |
@)p(@) with respect to ¢. Following Kass and Raftery (1995), we can use Monte Carlo integration with
importance sampling to evaluate the integral [ L(y1,...,yr | #)p(¢)d¢. After specifying an importance
function, with domain in the stationary region (—1,1), denoted as g(¢), the importance weight of a

random draw ¢U) from g(¢) is defined as w') = p(¢))/g(¢)). Then, an estimate of the marginal



likelihood L(y1,...,yr), denoted as i/(yl, ...,¥yT), can be calculated as

X Z}-Izl wD Ly, ....yr | 99)
L(y1,....yr) = ) :
Zj:l w(])

)

with all normalizing constants included, where ¢() j = 1,...,J, denotes a sample of J draws from the
importance function g(¢).

The importance function must be carefully chosen in order to obtain an importance sampling scheme
which is effective and efficient, thus leading to accurate Monte Carlo estimates of the integral of interest.
The effective sample size (ESS) of a weighted sample of J draws from an importance sampling scheme is
a measure of the efficiency of the scheme which is defined as

J
E S
S5(7) 1+ varg(w)’

where varg(w) is the variance of the normalized weights which can be estimated by the coefficient of
variation of the unnormalized weights [see Liu (2001)]. The ESS shows how close to the target the
importance function is. A sample of size J from a given importance function g corresponds to ESS(J)
iid. draws from the target. Hence, the closer to J the ESS(J) is, the more effective the importance
sampling scheme is. A measure of the numerical accuracy of the Monte Carlo integration is the relative

numerical efficiency (RNE) defined as
Z;‘Izl ’U_)(]) [L(yla YT | ¢(j)> - A(yla R aYT>]2
S (D2 (Liy1,. . yr | 69) = Liya, .. yr))?
Values of the RNE close to one show that the Monte Carlo integration is particularly accurate [see Geweke

(1989), and DeJong and Whiteman (1996)].

RNE =

In the case of an autoregressive model without deterministic trends, i.e. if in model (1) § = 0, we
assume a multivariate normal prior on 6, i.e. § ~ N(&,72X). Again, all of the model parameters but ¢
can be integrated analytically and the above Monte Carlo approach can be followed in order to perform
numerically the integration with respect to ¢. The unnormalised marginal posterior of ¢ in this case is

given by

r 4= T - 1)+ (1 - 6] T QA + QI {H F(r%i = 5%2)} )

where

A = T HY Y+ (1= yayd — (72 + (1=’ (T -1+ (1-¢%)"

(7264 (- YLy ra + (1 - ) (T2 + (L= Yyl + (- )y

X

with Y{_1) being the matrix Y excluding the first row, and 171 being the (T' — 1) x 1 vector of ones.
For the case of independent errors across units we assume independent priors for the parameters of

the model for each cross-sectional unit. Specifically, we use a N (&4, 7502) prior for §;, a N (a4, 75,02)



prior for §; and an inverted Gamma IG(c;, d;) prior for 01-2, i=1,...,N. Under this prior specification,

L(y1,...,y7 | ¢) can be calculated analytically and it is given by a product of the form

N
L(ylv"'ayT | ¢) :HL(yilv'--vyiT | ¢)a
=1

where L(yi1,...,vir | ) = [ LWi1,---,yir | 0is Bis 07, ¢)dd;dB;ido? if deterministic trends are present
in the model and L(yj,....yir | ¢) = [L(yi,....yir | 8,02, ¢)dd;do? if not (for details on these

calculations, see Meligkotsidou et. al., 2008).

3.2.1 Calculation of the Marginal Likelihood for the Random Walk Model

For the RW model (4) the priors on the model parameters B and ¥ are identical to those for the stationary
model’s parameters. In the case of a unit autoregressive root the unnormlised posterior distribution
L(yi,...,yr | B,X)p(B | £)p(X) can be integrated analytically with respect to the model parameters

and the marginal likelihood is given by

nr N N roo [ T((T 1-4)/2 N
75 (Kol [H|~¥|QJ¥Co — MpK; Mo + Q|2 {H (F(((:jj_i)%)}(SHrz )
=1

where Mg = X(')Y() + HilBo, Ko = X(I)X() + H-! and Co = YOIY() + B(')HilB().
In the case of a RW model without drift a N (&, 72%) prior is assumed for §, as in the stationary case,

and the marginal likelihood of the model is given by

w2

N rioo [Lr T((T+v+1-1)/2
QU Yy Yooy H (511 (v~ Oy - €/ +Q| {H T )}<72+S+1> ,
=1

with Yp(—1) being the matrix Yp excluding the first row. Finally, if the errors across units are assumed

to be independent, similarly to the stationary case the marginal likelihood is a product of the form

N
L(yh s ayT) = HL(yllv oo ayiT)a
=1

where L(yi,....yir) = [ L(yis-...yir | 8, Bi, 07)dd;dB;do? in the case of independent univariate RW
models with drift and L(y;1,...,yir) = [ L(Yi1, ..., yir | Bi,07)dB;do? in the case of pure RW models

(for details on these calculations, see Meligkotsidou et. al., 2008).

4 Applications to macroeconomic data

In this section we present an empirical application of the proposed Bayesian model comparison approach
to unit root testing in panel data models. Our empirical study is concerned with the analysis of annual
GDP data concerning a panel of G7 countries for a period from 1970 to 20043. The group of seven (G7)
countries consists of Canada, France, Germany, Italy, Japan, United Kingdom and United States. This
group of countries is of particular interest since it is a representative subset of the OECD, which consists

of the leading economies worldwide and which has formed a forum that deals with major economic issues.

3This data has been obtained from the Penn World Table of Alan Heston, Robert Summers and Bettina Aten, Center

for International Comparisons of Production, Income and Prices at the University of Pennsylvania, September 2006.
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Figure 1: GDP series for G7 countries.

The aim of our empirical application is to detect the presence of a unit autoregressive root in GDP
panel data, as well as to examine whether there is cross-sectional dependence among the G7 countries’
GDP and estimate how strong this dependence is. It is sensible to believe that leading economies are
likely to affect each other and therefore expect that there will be correlation of GDP among the G7.
Indeed, looking at the plot of the analysed series (Figure 1) it can be seen that all countries follow a
similar increasing pattern. In our Bayesian model comparison setting we consider the following competing

models:

my Y = 0i + O(Yit—1 — 0i) + Uit, uig ~ N(0,02),i=1,...,N

Moyt =0+ ¢ (yi—1 —90) + u, uy ~ N(0,X)

m3 : Yir = 6 + Bit + ¢(Yii—1 — 0 — Bi(t — 1)) + wir, ugy ~ N(0,07),i=1,...,N
my iy =0+ Bt + ¢ (yi-1— 90— Bt —1)) +u, uy ~ N(0,%)

ms : Yit = Yit—1 + Wity uie ~ N(0,02),i=1,...,N

me 2yt =yt—1 + U, up ~ N(0,%)

m7 : yie = Bi + Yig—1 + ie, uir ~ N(0,07),i=1,...,N

ms Yyt = [+ yi—1+u, u ~ N(0,X)

The stationary models m; — mg3 can be nested in the general AR(1) panel data model my, while the
RW models ms — m7 are nested in model mg. For the parameters of the above competing models we
use prior distributions of the type described in section 3. For the more general models, m4 and msg, we
assume that B ~ Noyn (Bo, H,X), with the second row of the matrix By being equal to 0, the first
row being a vector of arbitrary logical values in the domain of the data and H = T'I,, where I is the

2 x 2 identity matrix. Furthermore, we assume that 3 ~ IW(Q,v), with v = N 4+ 2 and Q taken equal



to the sample covariance matrix in order to replicate the covarince structure of the data. Finally, for the
autoregressive coefficient we adopt a Beta(a,b) prior, where @ = 5 and b = 0.5, which is concentrated
in a region near unity and results in the marginal likelihood of model m; being well defined. For the
models which assume cross-sectional dependence but do not allow for deterministic trends, B = ¢’ and
we assign a N(£,72Y%) to 6, with € = 0 and 7 = 30. For the case of independent errors across units we
assume that §; ~ N (&4, 7502), Bi ~ N (€2, 73,02) and 02 ~ IG(c;,d;) , i =1,..., N, with &; being an
arbitrary logical value in the domain of the data from the ith country, m; = 30, &; = 0, 75; = 2 and
¢; = d; = 0.01. Finally, we consider different values of S for the prior of yg under the RW models, namely
S =1,5,10,50,100, 150.

For all different values of S the most probable model, with posterior probability equal to 1, is the pure
RW model allowing for cross-sectional dependence (model mg). Under this model, the marginal posterior
distribution of X is IW(Q*, T+ v), where Q* = Y{ _,Yo(—1) + (T24+ S+ 1) Yy —&y1 - &) +Q.
The posterior mean of X is given by E (X) = (T + v — N — 1)71Q* while the posterior variance of the
ij element of 3, denoted by o35 is

(T+v—N+1)g7 +(T+v—N—1)g;q;
(T+v—N)(T+v—N-1)2(T+v—N-3)’

Var(o;;) =

where ¢;; is the ¢j element of Q*. In Table 1 are shown the posterior means and standard deviations (in
parenthesis) of the variances and covariances of the G7 countries’” GDP, based on the pure RW model
assuming cross-sectional dependence. From the posterior mean of the variance-covariance matrix, an
estimate of the correlation matrix can be easily obtained (see Table 2). It can be seen that all the
correlations are positive and high, with a minimum of 0.78 between Canada and Japan and a maximum
of 0.95 between Germany and France and between Italy and France. Our results indicate that there is
high positive correlation of growth among the leading economies worldwide. This can be explained by

the fact that ups and downs in one economy are transmitted to the other economies.
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Canada France Germany Italy Japan UK US
Canada 0.0018
(0.00044)
France 0.0015 0.0016
(0.00038)  (0.00039)
Germany 0.0014 0.0016 0.0017
(0.00039)  (0.00039) (0.00041)
Italy 0.0016 0.0017 0.0017 0.0020
(0.00043)  (0.00043)  (0.00044) (0.00049)
Japan 0.0017 0.0019 0.0020 0.0021 0.0027
(0.00048)  (0.00048) (0.00050) (0.00053) (0.00066)
UK 0.0018 0.0017 0.0017 0.0018 0.0021 0.0021
(0.00045)  (0.00043) (0.00043) (0.00047) (0.00054) (0.00051)
US 0.0018 0.0017 0.0017 0.0018 0.0021 0.0020 0.0021
(0.00046)  (0.00042) (0.00044) (0.00047) (0.00055) (0.00050) (0.00052)

Table 1: Posterior means and standard deviations (in parenthesis) of the variances and covariances for

the G7 countries’ GDP, based on the pure RW model with cross-sectional dependence.

Canada France Germany Italy Japan UK US

Canada 1.00

France 0.86 1.00
Germany 0.81 0.95 1.00

Italy 0.83 0.95 0.94 1.00

Japan 0.78 0.90 0.92 0.87  1.00

UK 0.91 0.92 0.88 0.88 0.87 1.00

UsS 0.92 0.89 0.91 0.87 086 0.94 1.00

Table 2: Estimated correlations for the G7 countries” GDP, based on the pure RW model with cross-

sectional dependence.

5 Conclusions

In this paper, we have suggested a Bayesian approach to comparing stationary autoregressive panel models

with and without individual deterministic trends, to their counterpart models with unit autoregressive

roots. We have also allowed for cross-sectional dependence among the units of the panel. This dependence

11



seems to be reasonable and consistent with evidence from financial series. It can be attributed to the
fact that changes to one economy affect other economies as well.

The Bayesian approach that we have followed in the paper employs analytic and Monte Carlo in-
tegration techniques for calculating the marginal likelihood of the panel models, which is necessary for
calculating the posterior model probabilities. The empirical application of our method to GDP series
of the G7 countries has shown that the Bayesian approach favors the RW model with cross-sectional

dependence among the units.
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