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Abstract

This paper provides an estimation and testing framework to iden-
tify the source(s) of spuriousness in a large nonstationary panel. This
can be determined by two non mutually exclusive causes: pooling
units neglecting the presence of heterogeneity and genuine presence
of I (1) errors in some of the units. The paper proposes two tests
that complement a test for the null of cointegration: one test for the
null of homogeneity (and thus presence of spuriousness due to some of
the units being genuinely spurious regressions) and one for the null of
genuine cointegration in all units of the panel (and thus spuriousness
arising only from neglected heterogeneity). The results are derived
using a linear combination of two estimators (one consistent, one in-
consistent) for the variance of the estimated pooled parameter. The
paper also derives two estimators for the degree of heterogeneity and
for the fraction of spurious regressions; consistency is achieved as long
as (n,T) — oo, with no need for special restriction on the rate of
expansion between n and T as they pass to infinity.
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1 Introduction

Consider the heterogeneous panel regression model
Yit = @ + BTt + Wi, (1)

where i = 1,...,n, t = 1,...,T and the variables y;; and x;; are both I (1) for
each ¢. As far as estimation is concerned, sometimes the pooled version of
(1) is employed, i.e.

Yie = o + By + vy, (2)

either because the assumption of homogeneity (5, = 3 for all 7) is not rejected
by the data or because the object of interest are not the unit-specific slopes
but the long-run average parameter [ - see also the comments in Temple
(1999). However, pooling introduces a further component in the error term,
(B; — B) @iy, which is I (1) and thus makes the panel spurious, unless 3, = 3;
this was noted by Phillips and Moon (1999), who proved that under hetero-
geneity, (2) is equivalent to a spurious regression and the estimate of [ is
\/n-consistent as opposed to \/nT-consistent which would be the case in a
cointegrated panel. Thus, imposing homogeneity leads to a spurious panel.
On the other hand, in (1), for each i the error term w;; can be either I (0),
and thus the unit is a cointegration relationship, or I (1), and therefore unit
1 is genuinely a spurious regression, irrespective of heterogeneity. This situa-
tion could e.g. correspond to the case (often found in empirical applications)
where u;; is truly stationary in accord with some theory, but it is observation-
ally equivalent to an I (1) process due to mis-specification. A comprehensive
review of the literature on the possible causes of this is in a recent contri-
bution by Fuertes (2008). Thus, letting A € [0, 1] be the proportion of units
that are spurious regressions, (1) could be a cointegrated panel (A = 0), a
panel where all units are described by spurious regressions (A = 1), or any
situation in between. In light of these considerations, a pooled panel model
can thus be spurious due to two (not mutually esclusive) reasons: neglected
heterogeneity or genuine spuriousness of some units. Therefore, a test for

the null of panel cointegration applied to (2) is in fact a test for both homo-



geneity /poolability and A = 0.

The question then arises as to how to disentangle the two possible sources
of spuriousness. The purpose of this paper is to provide a step further after
rejecting the null of panel cointegration, by providing two tests, one for the
null of homogeneity and one for the null of panel cointegration. These two
tests make it possible to identify the source of spuriousness in the panel.
As a by-product, this paper also proposes two consistent estimators, for the
degree of heterogeneity across units and for the fraction of spurious regres-
sions, A. The two estimators are consistent and use the model in levels,
(2), as opposed to models in differences where the risk of overdifferencing is
present. Particularly, the two estimators are based on a linear combination
of two estimators, one consistent and one inconsistent, of the variance of the
estimate 3 in (2). Note that in a mixed panel context (where some units are
cointegrated and some are not), estimating the degree of heterogeneity using
data in levels is a nontrivial exercise as some of the unit specific estimates
Bis will be inconsistent and therefore cannot be used. Estimation of the
fraction of spurious regressions A has been recently addressed by Ng (2008),
where a different estimator is proposed to estimate A € (0, 1]. In this paper,
a consistent estimator for A is proposed and consistency is shown in all the
interval [0, 1], including the boundary A = 0; no special assumptions, such
as unit long run variances in the u;s are required. Based on this estimator,
a test for the null of cointegration Hy : A = 0 can be constructed, which has
various advantages, since often cointegration is the working hypothesis of
interest. Results are derived jointly for (n,T") — oo, and all the asymptotics
is derived allowing for cross dependence of various strength, including strong
cross dependence that could arise from a factor structure in the error term.

The paper is organised as follows. Section 2 discusses the model and
the main assumptions; consistent estimation of the degree of heterogeneity
and of the fraction of spurious regressions is discussed in Section 3, and the
results concerning testing are in Section 4. Section 5 concludes.

Notation is fairly standard. Throughout the paper, — denotes the or-

. .., d d
dinary limit, — weak convergence and e weak convergence under the null
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hypothesis of a test, and - convergence in probability. Stochastic processes
such as W (r) on [0, 1] are usually written as W, integrals such as fol W (r)dr
as [ W; Wi, Wy ete. denote independent demeaned standard Brownian mo-
tions. We let M;, M, etc. such that M; < oo be generic positive constants,

not depending on 7' or n.

2 Model and assumptions

Recall the model (1), where for the sake of simplicity we consider only one

regressor, T;;, and its pooled version

Yie = o+ BT + Wi,
Yie = &+ By + vy

We let
iy = u dy +uly ™V (1= dy), (3)
with dy = 1 for i = 1, ..., [nA] and zero otherwise. We assume that v is

A)

. 1— . . .
non-stationary and ul(-t 1s stationary, 1.e.

wy) = )+ el,

(I)u(L)ugtl_A) = 82&?

where @, (L) is a lag polynomial with all roots within the unit circle. In (2),
it holds that vy = uy + (8; — ) . The regressor x;; is assumed to be i.i.d.
across ¢ have the following DGP

. T
Tit = Tip—1 + €.

Let wy = [e%, %]’ and consider the following assumptions.

Assumption 1: [cross sectional properties| there exists an invariant o-field
C' such that F (wy|C) =0 and wy| C is i.i.d. across i.

Assumption 2: [time series properties] (i) E ||wy| C|I*™ < oo for some



d > 0; (i1) and an invariance principle holds for the partial sums of w;; such
that for all € [0, 1]

LTr)
1 as. 1
—Zwit = Bz (T)‘i‘OP ( —> y
VT = T
where B; (r) is a vector Brownian motion with covariance matrix

a?m- 0
0 o2 .

U,b

Assumption 3: [heterogeneous coefficients] (i) for all i, the ;s are i.i.d.
with E (8;) = 8, Var (8;) = 03 € [0, +00) and E 18" < oo for some 8§ > 0;
(i1) {B,;} and {z;,u;} are two mutually independent groups.

The setup considered here allows for a mixed panel, where |nA| units are
spurious regressions and the rest of the units are cointegration relationships.
Note that allowing for A € [0, 1] means that the boundary cases whereby all
units are cointegration/spurious relationships can be accommodated within
this framework. Thus, we entertain the cases that (a) all units are cointe-
grated, (b) all units are spurious regressions and (c¢) the panel is a mixture of
cointegrating and spurious regressions (mixed panel). Hence, the tests dis-
cussed below are robust to the boundary cases of cointegration or spurious
regression across all units as well as the case of a panel with mixed I (0) and
I(1) error terms. Likewise, allowing 0% € [0, +00) means that the results
derived henceforth are valid under both homogeneity and heterogeneity. Note
that when U% > 0 model (2) represents a spurious regression for all units 7
since the error term is always I (1) because it contains (8, — ) Z; ~ I (1)
for all 7 - see also Phillips and Moon (1999a, p. 1080) - and also possibly
because u;; ~ I (1) for some i.

Assumption 1 considers a general specification for the cross sectional prop-
erties of panel y;;. Cross sectional independence is allowed for, in which case
wi| C is ii.d. across ¢ for C' being the empty set. On the other extreme,

strong cross sectional dependence as could arise form a factor model is con-



sidered also. Letting e.g. wy = wj, + Ajf; with wj; iid across units and \; a
nonrandom vector of loadings, and considering the o-field defined by { ft}thl,
cross sectional independence can be achieved by conditioning on { ft}thl. A
similar argument, to prove the panel asymptotics with common shocks, is
also used in Kao, Trapani and Urga (2008). Other forms of cross sectional
dependence can be also considered. Note that achieving cross sectional inde-
pendence by conditioning on some o-field is needed to prove the asymptotics
hereafter; essentially, the zero mean iid condition assumed in Assumption 1,
together with the moment conditions in Assumption 2(%i), make it possible to
use a Central Limit Theorem (CLT henceforth) and a Law of Large Numbers
(LLN) for Martingale Difference Sequences (MDS). A similar approach was
proposed, in a cross sectional framework, by Andrews (2005), and it heavily
relies on Hall and Heyde (1980). Last, it is important to note that whilst the
presence of a common factor structure is allowed for by Assumption 1, the
common factors are required to be I (0). Although some of the asymptotics
with I (1) common factors has been discussed in Trapani (2008), in this con-
text it is necessary to rule out the presence of common nonstationary factors,
as these would render the error term u;; ~ I (1) for all units, thereby leading
to A = 1 with no need for estimation. A similar argument (with discussion)
is also in Ng (2008).

Time dependence is assumed, as long as the Functional Central Limit
Theorem holds. Assuming that the remainder is of order O, (T~'/?) is quite
standard and could e.g. be proved if one assumed a linear process with
a Beveridge and Nelson decomposition, by applying the method of proof
proposed in Phillips and Solo (1992) - see also Phillips and Moon (1999).
The moment condition in Assumption 2 (i) is required to prove a Liapunov
condition in the asymptotics below.

Assumption 3 is needed only in order for the CLT and the LLN to hold for
the 3;s such that e.g. n =230 | (8; — ) 5 0% and (na%)*l/2 S (8- B) S
N (0,1); less strict assumptions could be considered as long as the CLT and
the LLN hold.

Let Zyy = xpy — T, oy and G = yir — T Y, yir and define the LSDV



estimator for £ in (2) as

i=1 t=1 t=

. n T -1 n T
:[ zxz] [2 y]
=1 1

and consider the following (inconsistent and consistent respectively) estima-

tors of the variance of B

— n T2
) -
2
- 7. Zi: Zt: Tt Uit
Var <5 ) l [Zln[l ZtT; %241

2 2

_ % -1
= limpoon™ 33 0%,

—_

and 02 = lim, ., ([nA])™" ZLMJ . The asymptotics for 3, Var (ﬁ) and

where 0;; = Yy — B@t. Henceforth, we define o7

—

Var* <B) is given in the following Theorem.

Proposition 1 Let Assumptions 1-3 hold, and assume that the first |n\|
units are spurious regressions. Then, as (n,T) — oo with % — 0 it holds
that

Vi (5-8) 4[5k + sohx 2 ()
with Z ~ N (0,1). As (n,T) — o0
. o2
{Var (ﬂ)] g Uo;u + %a%, (5)
— 2
{Var* (B)] )\:2“ + a%. (6)

Proposition 1 states that B is estimated consistently at a rate \/n. This
result is typical in panel spurious regression as shown by Kao (1999) and
Phillips and Moon (1999a). The novel result in (4) is the asymptotic distrib-
ution of B under the broadly general Assumptions 1-3. Note that the limiting

distribution of 3 is normal instead of mixed normal, contrary to what one
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might expect in light of Andrews (2005) and Kao, Trapani and Urga (2008a,
2008b). This is due to the assumption that the common factors are station-
ary, and thus disappear when the terms that contain them are normalised by
T—2. Note that however, as noted by Kao (1999), se <B) is an inconsistent

estimator of the variance of B .

—_

Equations (5) and (6) provide the probabilily limits for Var (B) and

—

Var* <B) As it can be seen, and as also proved in Trapani (2008) building

—

on an idea in Phillips and Moon (1999), Var (B) estimates the asymptotic

variance of 3 consistently, whilst Var* (ﬁ) is an inconsistent estimator. Note
that, as it is usually the case for results that involve a LLN as opposed to a

CLT, no restrictions on the rate of expansion of n and T is required here.

3 Consistent estimation of \ and a%

From (5) and (6), define for brevity the probability limits as

22X 4

Yy = E?Jrgaéa (7)
o2

¢2 - 0_2 +O—% (8)

T

If ¢, and 1, were observable, the estimators of A and 0% could be expressed

as, after solving the linear system defined by (7) and (8)

o2 5
02 - _§¢1 + 21/}27 (9)
)
U% = 51/)1 — y. (10)

Equations (9) and (10) show that (although infeasible) there exists a ”direct”
estimator for a%. As far as )\ is concerned, this cannot be estimated directly,

and estimates of 62 and of o2 are required also. From (5) and (6), consistent



estimates for ¢, and 1, are

n T - =« 2
n Yy | S0 T
1 — 2 )

by A

T .
%2 _ Do D g D 3
T _ ;

Z?:l Zt 1$12t

solving the linear system entails

G5 = 511 — by (11)

As far as estimation of ) is concerned, given an estimate of o2, say 62, after

defining
)\02

= _—¢1 + 21/’27

Z‘

it would be possible to estimate directly Ao? from (7)-(8) as

—

5 . R
L= |50+ 2] o2 (12

A 7natural” estimator of o2 is given, also in light of (26) in Appendix, by

O nT2 szlt7 (13)

=1 t=1

and we prove that 67 = o2 + O, (T~1/?), thus being consistent. In or-
der to estimate )\, we need to filter out 02 as well. Note that is is not
possible to estimate o2 directly, since it is not known a priori which units
are spurious regressions and which ones are cointegrated. Thus let Bl =
[Zt L mlt] - [23:1 jityit}, and define u; = Uy — B@zt Then a kernel esti-

mator of o, ; can be constructed for each i as 6,; = 74, (U, ..., Uir), and we

10



can define

n T ~ 2
~HAC 1 _ Uy
Uy = . 5N E xita_ )
n —92 - u,t
b;ﬂzzﬂxA

~HAC (%%
¢2 B Zz IZt 12tzlt 1 (U“Z>

(2

so that a feasible estimator of A is given by

~HAC

5 HAC’ R
A= |- 2 o2 (14)
Then it holds that

Theorem 1 Let Assumptions 1-3 hold, and assume (for the sake of conve-

nience) that the first |[n\| units are spurious regressions. Let d be defined

g 1ifA=0
Sl oifa>0"
define dy = 1 if A = 1 zero otherwise, and let d, = 0 if 0% =0andd, =1

otherwise. Assume that 6,,; = 0,,; + O, (T~°) fori=1,...,|n\| and 6,,; =

O, (T~=2) fori = [nA|+1,...,n for someer, e € (0,3). Then as (n,T) — oo

65 —05 = O, (%) +d,0, <ﬁ) + O, (%) +0, (1), (15)
1

M2 -\ = O, (ﬁ) +0, (%) +o,(1). (16)

Corollary 1 Under the same assumption as Theorem 1 and using the same
notation, it holds that as (n,T) —

as

1

. T=2
A—A=(1-d)O, (T—> +(1—d)O,

min {\/ﬁ, \/T}

+0,(1). (17)

11



Theorem 1 states that &% and )Ta\% are consistent estimators for a% and \o?
respectively, as long as (n,T) — oco. No restrictions on the expansion rate of
n and T is required as they pass to infinity: therefore, from a practical view-
point, the estimators can be applied to panels with all the possible combina-
tions of n and T". The Theorem states that 6%—(7% =0, (1/ min {\/ﬁ, \/T})

for A € (0,1] and 0% > 0, and 63 — 0% = O, <l/min{ﬁ,n}> for A\ =0 or
0% = 0. Thus, a discontinuity is present in the rate of convergence (and it
can also be expected in the limiting distribution) of 6% when one of the two
parameters {)\, 0%} is on the boundary. However, contrary to what found in
Ng (2008) using a different estimation technique, no discontinuities are found
in the rate of convergence of )TUE when A = 0.

Consistent estimation of A is possible according to Corollary 1 ,although
at a "slow" rate that depends essentially on n and T and also on the rate
of convergence of the HAC estimators 612”. Note that (17) states that there
are discontinuities in the rate of convergence (as found in Ng, 2008) at the
boundaries for A € [0,1]. Particularly:

e if A €(0,1), then

~ 1 Te2
A—A=0 ( )+O +o0,(1);
"\T= : min{\/ﬁ,ﬁ} :
o if A\ =0,
. T2
)\:OP +OP(1)7

e finally if A =1,

A—1=0, (%)H)p <%>+op(1).

The rate of convergence of A when )\ € (0,1) depends on the speed of
convergence of the HAC estimators, €; and e5. Assuming ,as it could be

expected, that £; = €5 = ¢, the optimal rate of convergence ¢ that maximises

12



the rate of convergence of A can be found as a solution of

) 1 T°
min

€ F—i_mim{\/ﬁ,\/f}

which after some algebra yields 7° = min {n'/*, T"/4}. This provides an

indication as to the optimal choice of the bandwidth when estimating o7, ;.

3.1 Limiting distribution for 57

As an ancillary result, the following theorem provides the limiting distribu-

tion of 67 for 0% € (0, +00)

Corollary 2 Let Assumptions 1-8 hold. As (n,T) — oo, the limiting distri-
bution of o3 € (0,+00) is given by

(i) when X\ >0, under %z — 0

Vi (6% —a%) L N(0,V,), (18)
where
V, =4 (\o2) 0205 % 6, (19)
with
N2 ) 2
(510- == E (/ W1W2) (15/W12 - 1) ]
Lemma 1

(ii) when \ =0, under 7= —0

. d 2
n (6% —o3) > ﬁaéoivégo X X%1) (20)

where Xa) 1 a random variable with a chi-squared distribution with one

13



degree of freedom and

09o = F

(fo) o )

4 Tests for cointegration and homogeneity

This section provides the next step forward after applying to (1) a test for
the null of panel cointegration. As pointed out in the introduction, (1) can
be a spurious panel according to a panel cointegration test due to two rea-
sons (not mutually exclusive), namely that A = 0 and/or 03 = 0. Whilst the
former case means that some of the units in the panel are genuinely spuri-
ous regression, the latter arises from neglecting heterogeneity after pooling.

Formally, a test for the null of cointegration would be based on
Ho: A =0and o} = 0. (21)
When H is rejected, then three possible cases can be considered:

1. A > 0 and 0% = 0: the panel is homogeneous and thus pooling is
appropriate, but some of the units are (observationally equivalent to)
spurious regressions. In this case, a natural further step is the consistent

estimation of the fraction of spurious regressions A;

2. A =0 and 0% > 0: the panel is heterogeneous, and thus pooling is
not appropriate. All the units in the panel are genuine cointegration
relationships, and therefore the null of panel cointegration is rejected
simply due to pooling which introduces a nontrivial / (1) component,
given by (8, — ) Ti, in the error term. A natural step is to avoid

. . . . 2 .
pooling, and possibly to estimate the degree of heterogeneity, o3;

3. A>0and 0'% > 0: in this case, the panel is heterogeneous and some of
the units are spurious regressions. Corollaries 1 and 2 allow to estimate
the fraction of spurious regressions in the panel, A, and the level of

heterogeneity, 3.

14



Based on the passages in the proof of Theorem 1, two tests are derived

as a follow-up for (21).

4.1 Testing for cointegration - Hy: A =0

The first test which we shall consider is based on

)

Ho: A =0and 0} € (0,400)
Hy:A>0and o3 € [0, +00)

i.e. a test whose null hypothesis is that all the units are genuinely cointe-
grated, and thus spurious regression at a panel level arises from neglecting
heterogeneity. Of course under the alternative that some units are spurious
regressions, the possibility that the panel is homogeneous (U% = 0) needs to
be entertained also. Note that the null hypothesis in this testing framework
is that there is cointegration, which seems natural since cointegration at a
micro level is normally assumed in light of some economic theory. Thus, the

test is a test for the null of cointegration.
o2
o3

rate of convergence and for which no distributional results were derived.
Since after (16)

)Ta\i o2 1 1

2o rolgr) o) o

under Hy : A = 0 we have ’\0‘72“2* =0, (T‘l/2) + 0, (n_l/Q). Thus, a natural
test statistic for the null of cointegration is (a suitably scaled transformation

of) min {\/ﬁ, VT } X %72‘ Consider also the class of local alternatives

instead of A, which has a slower

The test can be carried out by using

)\ 2
(nT) A0y _ ¢ and o € [0, +00),

o3 min{\/ﬁ,ﬁ}

where ¢ > 0. It holds that

15



Theorem 2 Let Assumptions 1-3 hold. Then, as (n,T) — oo with 7 — 0

N2
N <ﬂ> Hi kg X OrZ, (22)

2
Oz

where Z ~ N (0,1), kg = E (8, — )*, and

(o) (5]

—

n=F

As (n,T) — oo with £ — 0, \/T((;%) = O, (1). Letting the limiting

A% as (n, T) — oo be defined as D, we have

distribution of min {\/ﬁ, \/T} X =

that, under HXZ’T) as (n,T) — oo

—

)\ 2
min {\/ﬁ \/T} X 002" — ¢+ Dy, (23)

In light of Theorem 2, a test statistic for the null that A = 0 can be

constructed as -
S()\) - n )\0‘%
nl — IA{B X (5)\ 0'% ’

where kg is a consistent estimate of kg; then Sf;}) has a standard normal

distribution under Hy as (n,7) — oo, as long as 7z — 0. Thus, from the

practical viewpoint, the test applies to panels where the time series dimen-
sion is larger than the cross sectional one. When min {\/ﬁ, VT } = VT,

VT % — % = O, (1); however, this is not a sharp bound and the limit-
ing distribution of this random variable is not standard as it depends on the
assumptions on the DGP of the Z;s. According to (23), the test has power
versus local alternatives as (n,T") — oo for all combinations of n and 7.

A consistent estimate of kg can be constructed using the micro informa-

’%BZ%ZG}@'_EY’

tion as



where the Bis are the estimates from the individual regressions Ay, =
B;Aziy + Auy, and B=n"1Y " | ;.

4.2 Testing for homogeneity: H;: o3 =0

The second test that is of interest in this context is aimed at verifying whether
all the units have the same response to the idiosyncratic covariates x;, i.e.

if B, = B for all 7. Formally, this means

Hy:0%=0and X € (0,1]
Hy:0%>0and A€ 0,1]

In this testing framework, H, states that although some units are cointe-
grated and other are spurious, the panel is homogeneous, since the slopes [,
are the same across all units. Of course, whilst under the null some units
must be spurious regressions (A > 0), under the alternative we also entertain
the possibility that the panel is genuinely cointegrated so that A = 0. We

also consider the class of local alternatives

B o= — S and A€ 0,1],

min{n, \/T}

with ¢ > 0. It holds that

Theorem 3 Let Assumptions 1-3 hold. Then, as (n,T) — oo with \/LT — 0

Og
né’s Hi; (6)\03 1—()) X X%1)a (24)

(fusw) (- ()]

As (n,T) — oo with \/TT — 0, \/_&% = O, (1). Letting the limiting distrib-
ution of min {n, ﬁ} X 6% as (n,T) — oo be defined as D,, we have that,

where

0o =F

17



under H{"" as (n, T) — oo
min {n \/T} x 6% =c+D,. (25)

Theorem 3 suggests the following test statistic for the null that a% =0

(o) n 10 ~92
Sur = 6Aa2 zaﬁ’

SS’T) has a chi-squared distribution with one degree of freedom under Hj as

(n,T) — oo, as long as \/LT — 0. The same considerations as for Theorem

2 for the case min {n, VT } — /T apply here too, and this test too has

2
T

that are needed to make the test feasible, are defined in (12), (13) and (11)

respectively.

nontrivial power versus local alternatives. Estimates of \o2, o2, and 0%,

5 Conclusions

This paper provides an estimation and testing framework to identify the
source(s) of spuriousness in a large nonstationary panel. This can be deter-
mined by two non mutually exclusive causes: pooling units neglecting the
presence of heterogeneity and genuine presence of I (1) errors in some of the
units. The paper proposes two tests that complement a test for the null
of cointegration: one test for the null of homogeneity (and thus presence of
spuriousness due to some of the units being genuinely spurious regressions)
and one for the null of genuine cointegration in all units of the panel (and
thus spuriousness arising only from neglected heterogeneity). The results
are derived using a linear combination of two estimators (one consistent, one
inconsistent) for the variance of the estimated pooled parameter. The paper
also derives two estimators for the degree of heterogeneity and for the frac-
tion of spurious regressions; consistency is achieved as long as (n,7) — oo,
with no need for special restriction on the rate of expansion between n and

T as they pass to infinity.
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6 Appendix A: useful Lemmas

Lemma 2 Let Assumptions 1-8 hold. Then, as (n,T')

— 00, 1t holds that:

n 2
% 2 (:1 fft) = U—§ (27)
mEL LR E (). e
n T
(1 - NIT? e ; ) =0, (%) : (29)
(n)\l) =1 gi [xitagt ]2 as aégi Lo, (%) | (30)
W i XT: [fztﬁ(tl ”]2 =0, %) . (31)

i=|nA)+1 t=1

Proof. In order to prove the results in the Lemma, it is not possible

to use the central limit theory developed in Phillips and Moon (1999) due

to the possible presence of cross sectional dependence among units.

The

theoretical tools that will be employed are a Law of Large Numbers and a
Central Limit Theorem for Martingale Difference Sequences (MDS LLN and
MDS CLT henceforth), based on achieving cross sectional independence by

conditioning upon the (invariant) o-field C' - see Assumption 1.
Consider (26), and let Wyp = T-23." 72. Conditional on C, we have

that the Wi,;rs are iid across 7 in light of Assumption 1. For some constants

My, My < oo, we have

1

C T

<FE

E|W11T|C’§M1XE Zi’?t

t=1

1
T2

T

(
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> |zl cﬁ) .
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Assumption 2(7i) entails that as T — oo T723._, |Zu| C|* = O, (1) - sce
Theorem 5.3 in Park and Phillips (1999). Thus, E|Wyr|C| < oo. As
T — oo, the FCLT entails Wyp| C = Wy & o2 i W2+ 0, (T’l/Q) and an
MDS LLN can be applied whereby

1 _ 1
= Wir < o2E /W2>+O<—_);
(gt . i < T

we know from Kao (1999) that E ([ W?) = 1/6. As far as (27) is concerned,
2
define Woir = (T —2 Zthl fft> : then, conditional on C, the Whrs are iid

across ¢ and for some constants M7, My < oo
1 < 1 <
_4 — 4
ﬁint < MyE (7742]xit|0|>.
t=1 t=1

Similar arguments as before yield T — oo T3/, |74 C[* = 0,(1).
Thus, E|Wayr|C| < oo; as T — 00, the CMT yields Woip|C = Wayp
ot (fW?)? + 0, (T~Y/?). Thus, the MDS LLN implies that, as (n, T) — oo

()] ()

Kao (1999) proves that F [(f W2)2} = 1/45. The proof for (28) is very sim-
ilar to the proof for (26), and thus it is omitted. As far as (29) is concerned,

2
define Ws;p = T71 Zthl [aﬁtl _’\)} ; since conditioning on C' the Wjs;rs are

independent, and given that, as 7" — oo, Wsir| C' = O, (1) for all i in light

E|Wyur|C| < M E C

1 n
a.s. 4
- E WQZ'T = UxE
n -
i=1

of the LLN for stationary variables, we have

a.s. ]- ]_
WZW?’” LS TE(WM]C) =0, (T)
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2
We now turn our attention onto (30). Let Wy = T4 [Zthl T )} ; then,

conditional on C' Wy, is an iid sequence with

1 — 2
_ (X
E ﬁzx?t [uz(t)]

t=1

L 1/2 L N2
_ 4 _(A
ME (ﬁ E | Zi| O > (ﬁ uz(»t) C ) ,
t=1 t=1

and Assumption 2(7i) implies that as T — oo T~*3.]_ |Z4| C|* = O, (1) and
T4l 0’4 — 0, (1). Thus, E|Wyr|C| < oo; applying the FCLT
and the CMT leads to, for T — oo, Wyp| C = Wy = o2o? (f V_V1W2)2 +
O, (T~12), and the MDS LLN leads ton™' 21, War “ 202 | ([ W11¥3)?).
Baltagi, Kao and Liu (2008) prove that £ [( S W1W2)2] = 1/90. Considering

E|Wyur|C| <

IA

2
now (31), defining Wy = T2 [23:1 :zz-taﬁ _A)] , we have that conditionally
on C' the Wx;rs are independent and we could prove that, following similar
arguments as for (29) and (30), £ |Wsir| C] < oo. Thus, the MDS LLN

implies

1< s 1 1
Y War = L E(Warl 0= 0, ().
=1

7 Appendix B: Proofs and derivations

Proof of Proposition 1. See Trapani (2008). m
Proof of Theorem 1. Assume, with no loss of generality, that the first
|nA| units are spurious regressions. In order to derive the results, recall

(k)

(55 [ g

i=1 t=1 i=1 t=1
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and consider the following expansions:

g <t:1 fit@it)
= A” <i-7_fitait> +i [(61 _ﬁ)z <i@2t> ] + (B_B)Qi < ip jft)

+2 Z [(@ - 8) C :c) (Z xu)] -2(B-5) Z [(ﬁi ) (i a:) ]
g (£ )

and
n T
~2
E Uit
i=1 t=1
n T n 9 M T
_ =2 fo =2
=YY@+ +(B-8) Y
i=1 t=1 =1 i=1 t=1

~2(5-5) Z [(52- — ) (fj x)] | (33)

Consider first (15), and consider the quantity 327, S0 2. Tt is well
known, e.g. from Phillips and Moon (1999), that 327, S0 | 2 = O, (nT?);
Kao (1999) proves that, as (n,7) — oo, (nT?) 2" ST 722 = 62/6 +
0, (1). Replacing (nT?)"" 37 527 22 with its limit, using (32) and (33)
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after some algebra we have

. 5.
U% = 57/)1_1/}2

i (=A) 2 |- ) (i ﬁ) ]
_UQ?J”E)T‘l (B - ﬁ) Xj: _< ip j:?t) <2ip: J_Tz‘tl_tzt> % :L [(ﬁ, —B) <Zf: fit%t)]

2 (- (S )+ 2 (- )3

=1 t=1 i=1

- Al+A2—|—A3+A4+A5+A6+A7+A8+A9+A10. (34)

Consider A;:

[nA] n

T 2
15 15 1 _
A = (TQE SUuﬂht) —02nT2 E <TE l’it“it)
t=1

i=|nA|+1

= A11 + A12-
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As (n,T) — oo, (26) yields

o2 1
A = - —
H 90 7 <ﬁ) ’

where the term O, (T/2) is a sampling error - see also Phillips and Moon

(1999); also, A1z = O, (T~?). Similarly, as far as A, is concerned, we have

[nA] T
—4y = WZZ Bt > Z%
i=[nA]+1 t=1
= Ag + Ag,

and as (n,T) — oo

\o? 1
Agy = 20u —
21 6 P (\/T) )
whilst Ass = O, (T71). Thus, A, + Ay = O, (T*1/2). As far as Aj is

concerned, define

15 (<& oz
_ =2 =2 .
o= (£4) 2 (54):

t=1

Assumption 2 ensures that Z;;7 is independent of (8, — 8); as T — oo, we

1 1 1 1 1
()= 3= 5ot 0 () =57+ 0 (7).

where the term O, (T -1/ 2) arises from a sampling error. Thus, the sequence

have

(B; — B)? Zy;r is an iid sequence with E [(8; — B)? Zur) = E[(8; - ,6)2] E[Zyr] =

0%02/6 4+ O, (T~'/?); the MDS LLN entails

Aa'_s-o%o-i 19) 1
35 7% + U, JT)

Considering A4, we have



where Z1;7 is a sequence of nonzero mean, iid variables and the MDS LLN
yields -7, Zy;p = O, (n). Since B— 5 = O, (n=1/%), we have Ay = O, (n™1).

As far as Aj is concerned, we have

n |_7l>\J n

30 30 30
o2n Z (B; — B) Zaoir = = Z (B = B) Zair + I Z (B; — B) Zoir
=1 =1 i=nA]+1
= Asi + Asy,

where Zoyp = (T‘2 Z; i’ft) (T‘2 ZL i’itﬂit). Note that the sequence
(B; — B) Zair is iid zero mean, and therefore a CLT ensures that As; =
O, (n’l/Z); as far as Asy is concerned, Zyr = O, (T~!) and therefore A5, =

O, (ﬁ) Thus, A5 = d,0, (ﬁ) Consider now Ag; defining Z3,7 =

2
T4 (Zthl f?t> , the sequence (8; — B) Zs;r is iid zero mean and thus

e = (5= 5) Y 5 B) Zur

2
o-n
z i=1

- o ()en ()40

As far as Ay is concerned, define Zyr = <T*2 ZL f?t> <T*2 23:1 f,»tﬂit>,
so that

[nA]

30 /- A 30
—A; = 72n (5 - 5) 121 Zyr + <5 - 5) P i_%ﬂ Zyit
= An + Ary;

as T — 00, E (Zyr) = O (T*/?) and thus

[nA [nA] [nA]

J
2 Zyr = ; [Zyir — E (Zuir)] + ; E (Zyr) = O, (\/m + O ﬁ) ;

~ Jun — En: (Zusr — B (Zuir)] + zn: E (Zuz) = O, (\/Tﬁ) +0 (757)
]

i=|nA|+1 i=|nA|+1 i=|nA|+1
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ThllS, A7 = Op (n_11~d>+0p (ﬁ) . Considering Ag, define ZSiT = T72 Z;T:l Tt Uit

we have

2
—Ag = — § (B; — B) Z5zT+— E (B; — B) Zsir
i=|nA|+1
= A81 + Ago;

since (8; — ) Zs;r is iid zero mean, we have Ag; = O, (n‘l/z) and Agy =

O, ( fT) so that Ag = d,0, (ﬁ) As far as Ag is concerned, note that
Ay = <5 ﬁ) % Zsit + — < ) Z ZsiT
i=[nA)+1

= Ag; + Agy;

as T — oo, we have E (Zs;r) = O (T~'/?), and therefore

[nA] [nA]

An = = (- 8) 3 e = E (Zor)] + 2 (5~ 8) 3 E (Zar)

- 0() 0 ch)

similar arguments lead to Ags = O, ( )+O ( FT) Hence, Ay = O, (ﬁ)"‘

O, (ﬁ) Last, as far as Ayg is concerned, letting Zg;7 = (8, — ) (T‘2 ST a‘:ft>,
we have F (Zg7) = 0, and E’ZﬁiT|2+6 < oo; thus, the MDS CLT yields
S Zeir = O, (v/n) and therefore Ajg = d,0, (1). Putting all together,

we have

., 6 0307 1 1 1
O'B:O_—gx 6 +Op ﬁ +Op E +d00p W —|—Op(1). (35)

The proof for (16) follows similar passages. We have

/\

>\ = {——1514’2@/12] Ogs
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and replacing (nT2)"' 7, 27 72 and 62 with their limit, using (32) and
(33) after some algebra we have

o 15 n T 2 9 n T
2 __ 7 4 i 72
)‘Ju = 6 J%?’LT4 Z < l‘zﬂht) + T2 Z Zvit

=1

30 . n T T
Jro—inT‘i <5_6> 2 ( jft) (Z jitait)

i=1 t=1

n T n
A (5-9) (zz) - (9%

= By + By+ Bs+ By + Bs + Bs + B; + Bs + Bg + Byy. (36)

We have, in light of similar arguments as before, that as (n,T) — oo

o2 1
B = —-15x—%40,(—
! “ 90 ° p(ﬁ)

o2 1
B, — 2 vy —
’ 6 " (ﬁ)

and therefore

o2 1
Bi+By=—"224+0,{—].
1+ D2 6 + p< T)
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Consider Bs, and define

9 [ 15 (<& ’
_ =2 =2 .
Zeir = ﬁ (Z :Bit) o a2T4 <Z xit) )

as T — oo, we have

Hence

n

Ba = 13006~ 0 ur — B Zar) + 2305, 6 B (Zar)
=1 i=1
= B3y + Bsy,

and since (8; — 8)° [Zeir — E (Zeir)] is an iid zero mean sequence, the CLT
entails By = O, (n'/2). Also, By = O, (I'"'/?). Thus,

1 1
B3=0,| — O, —=|.
As far as B, is concerned, we have
. 2] &
By = (ﬁ—3> E;Z&T

= (5 - ﬁ)z % i [(Zeir — E (Zeir)| + (ﬁ - ﬁ>2 = ZE (Zeir)

= By + Byo;

similar arguments as above, together with 3 — 5 = O, (n=1/2), lead to
1 1
Bi=0,(——)+0,(—=).
e (n\/ﬁ) . <n\/T )
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As far as the other terms are concerned, same arguments as in the proof for
(15) yield: Bs = O, (4a )5 Bo = Oy (n™); By = Oy (k) + O (b )
Bg = O, (de>’ By = Byy = O, (E) Putting all together, we have

2

3 =6x 2040, () 40, (J2) e @0

Proof of Corollary 1. The proof follows a slightly different approach

to Theorem 1, since HAC residuals are involved and thus the estimation

€erTors &iJ — o2 ; enter A — . Recall the definition of \

T

2
n ~
5 n Z _ Uit 6 i)
= -5 Tit 7 X—E E Tt
2 N - T2 Z
[Z?:l Zle x?t} i=1 \it=1 Ou,i n —
n T
1
1

>

Zz 121& 1_2 th

thl

Vit
(L) mzz%
n T
15 _ Uzt U’Lt
= — - A X xztA > ( )38
T2y 0D e T 12—: (t_l Tui nT2 =1 t=1 Oui

Replacing (nT?)"' S0, S°7 | 72 with its limit (and omitting higher order

terms for the sake of the notation), defining

(%7

and 4}, = wU;/0,,, and recalling that 0, = uy + (8; — 8) Ty — (B — 6) Tit,
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(38) can be further expressed as

2
. z(z)

90

90(8—-p) ~ Too\?
(s

90
 nTio? Z (Z xztu“) nT4o?

i=1 Wt og=1

=1

12
a2

180 = | (B =B [~~~ -
+nT402 Z [(W) (letu$>

180 (B —p) » T
%Zl [&u,i <Z TitUyy

12 [ 8 - ) o=
+m i=1 _( &uai ) ;ﬁt ’
24 & i B, — B - T
24(3—6)

nT?

0 (5-4) e
1 < Oui >

4
nl*o%

2

=) (5

= 1+ 0+ C3+Cs+Cs5+ Cs+ Cr 4 Cg + Cy + Chp + Ci1 + Chia.

Consider C].

O, =

We have

90 [nA]

01,1 + 01,2-
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no?

0y

T i=|n)\|

2
< E xzt“n)
+1



As far as ('} 1 is concerned, it holds that

[nA] T B 2 [nA] / A9 9 T o\ 2
90 1 _ Uy 90 Owi = Oui 1 _ Uy
Ci1 = E i — g : ’ — E it——
1,1 no? o~ (T4 £ T t0u7i> no? 2 < Ui,i ) <T4 - z tO'u,z‘)

= Chli + Ch2;

we know that C111 = A+ 0, (T_1/2); as far as 'y 1 o is concerned, we have

[nA] - o '
_Z< - >(T4let:::> < max | — ,

[nA

1 :
A8 (Rgee)

As far as (; 5 is concerned, note that
90 2
Uy
Cip = o Z ( 421'“50_“)
i=[nA]+1
n 1 T 2 .
Z <_4 Z ztuzt> = (Téz) Op (ﬁ) — Op (T52—2) '

i=[nA]+1

Hw‘

IN
=
®
>

Thus, C; = =X+ O, (T7V?) + O, (T**) + O, (T*>™?); clearly, the term of
magnitude O, (T~°") is present only if A > 0. Consider now Cy + Cy

n 2 T
1 8. —B\? 90 [~ 12 o
CﬁcSZgZ(T) — 7 <Z“’?t + e DT

and letting
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we can write

[nA] 2 n 2
1 L — 1 —
i=1 wt i=[nA|+1 Ut
= Cog1 + Coga.

Since E (X1r) = O, (T7/?), defining X1;7 = X1;r — E (X1;7) we have

Ln/\J LnM
Oy = —Z (50 B) Xyir + — Z [(50 B) (XliT)]
i=1 ul ul

= Css11+ Cog1;

the MDS CLT entails that Cos11 = O, (n™'/?), and

ey
Cos12 < max | B (Xuir)| —Z (ﬁo_ 5) =0, (%) .

=1

As far as Css 5 is concerned, we have

1 1 & _
Cao < maX<A2> - Z (5i—5)2X1iT

i o° .
u,t i=|nA|+1

+mzax<A1.> % > (B,— B E(Xur)
i=|nA|+1

_ op(Taz)o,; ﬁ>+op(T82)op (%)

( 1
Thus, Co+Cs = O, (T 2 / min {\/ﬁ, VT }), by definition, this term is present
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only if A < 1. Let us now turn our attention to C3 + Cy; we have

. 2
Cs3+Cy = (6_5) Xn:<A1 )2X1iT

" im1 \Tuwi
(5-5) B-5)
ey 6 gy
= X -~ 7 Xy,
n Z(&m) ur + n Z (61“) LT
=1 ’ i=nA]+1 ’
= (391 + Cs.

Recalling that 3—3 = O, (n='/?), similar arguments as above lead to Czg 1 =
O, (n*3/2) +0, (nflel/Q), and Cs90 = O, <T52/min {n n, nﬁ}) Con-

2
sider Cy, and define Xy = (3; — B) <T74 Zthl j?t)

2O (3—6)%(A1iX2iT)+M Z": (Alszz-T)

180 n n i1

Since E (Xoir) = E (B, — B) E [(T“* ST 5:,%) = 0 for all i and T, the

|
MDS CLT ensures that ZZLZ?J (Xoir/0ui) = O, (v/n), and thus Cy 1 = O, (n71).
Also

IN
N
=
|
@
N—

Caz o max 5 Z Xoir
T hi=nA+1
1 1 . 7=

Thus, Cy = O, (n~*T*?). Turning our attention to Cs, and defining X3,7 =
(B; = B) <T_2 ZtT:l fitﬂ;?) (T_Z Zthl f?t>, we have

C 1 < 1 1 1
2 Y5
Op=on = — E - X?n’T) + = E (A X3iT)
180 o \Oui 41 N

- 05’1 + 05’2.
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Since E (Xsir) = 0 for all i and 7', the MDS CLT yields Cs; = O, (n=/?).

When ;; is stationary, we have X3, = O, (T'), which implies

5 ne-oimio () (5)

z [nA]+1

C5 2 < max
)

O-’LLZ

Therefore, C5 = O, (n="/?) + O, (n=1/2T*271). As far as Cp is concerned, let

Xt = < - Zt 1 xltuzt) (T_2 Zthl 97;1216)

i = AR () 50 £ ()

i=1 u

= Cgs1+ Csa.

Note that E (Xsr) = O (T~'/?) when ; is nonstationary and E (Xyr) =

O (T~%?) when @ is stationary. Then we have

n n Owi
i=1 i=1 Ut

= Cga1+ Csa2,

where X4iT = X4iT - F (X4iT)- Then, recalling that 3 — 6 = Op (n’1/2),
applying the MDS CLT yields Cg 11 = O, (n™!) and

( ) [nA|
1
Co12 < m?X‘E<X4iT)| o Za

o))

hence, Cs 12 = O, (n_l/zT_1/2), and thus Cs; = O, (n" 1)+ 0, (n—1/2T—1/2)_

As far as Cj 5 is concerned, similar arguments as for Cs entail Cg 2 = O, (nfl/ 2T52*1) +
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O, (T*>73/2). Consider now C

[nA] T

R N
=1 t=1 1= n)\JJ,—lt 1
= Cr1+ Crpo.

)

Similar arguments as for (' ; yield C7; Lo+ O, (T7°) + O, (T*1/2). As
far as Chg, C1; and Ci5 are concerned, these are similar to (respectively) Cs,
Cs and (Y4, and therefore similar passages as above would prove that they
have the same asymptotic magnitude.

Putting all together, we have

A=A 22 +(1—d) O, (%) +(1—dy) {Op (%) +0, <%>} +o, (1),

which proves the theorem. m
Proof of Corollary 2. Consider first the case A > 0, which corresponds
to (18). As (34) and the passages thereafter show, as (n, 1)) — oo with & — 0,

the terms that dominate are A; and Ag; thus, the limiting distribution of

vn (6% — 0%) is given by

30 o d T
\/ﬁagnT4 Z [(51 — ) ( 1 f?t) (t:l fit%t)

=1 t=

2 X 1 &
= 7 Z {(@ —B) (—2 sz’tuit>
+% Z {(@ ) (ig Z xz‘t“z‘t)

i1=|n\|

[nA]

= \/_ZKT+OP(%>.
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The sequence {YiT}iLZiJ is i.i.d. across i, and, for all 7', it holds that

15 (<
_9 .
o272 (Z xit) - 1] } =0.
T =1

15 [« o
2
o272 (Z xit) - 1] )
T t=1

which is finite in light of the proof of Lemma 2. Thus, as (n,7) — oo, an
MDS CLT holds for n=%/23"" | Y;7 such that

1T
E(Yir)=E(B,—B)xE { (ﬁ - wituit)

Also, note that

LT 24
E Y """ = (8, = B)*" (ﬁ intuit>
=1

1 d . 9 1/2
—ZYZ»T—>[E<ThinT>] x Z =V, x Z,

with Z ~ N (0, 1) independent of V. As far as V, is concerned, as T' — oo

Y3 (8, - ) <auam / wm)z [(15 / W2 - 1)2

and thus

2
+Op (1)7

AE (Thm YfT) = )\aiaia% x B

(foss) s f52-)]

vn (6% —03) 4, 2&,/030%0% X /8y X Z.

As far as (20) is concerned, when A = 0, (34) and the passages thereafter

Thus,

entail that 6% — 0% = O, (n™!) as (n,T') — oo with J& — 0; the terms that

dominate are, in this case, A4 and Ag. Thus, the asymptotics of n (6% — 0%)
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is driven by

Letting Yo = T2 (3, — 8) 3., 72 with E (Yar) = 0, and recalling that

1 & TN (&) et
EZ 02T2 (Z Zt) _<int> = 6 x+0p<1)

t=1

and that when A = 0 it holds that

0 as 61
-0 = —2—ZyziT+0p(1)
03N ‘=
we have that
2 2
n (65 —0p)
2
036 (1, 1 & 306 [ 1 <& 1 &
— | = — Yo, - | —= Yo, — Yoirda; 1
P (6036) (ﬁ; 2T) 02 52 (ﬁ; 2T) (ﬁ; 2T 2T>+0p()
6 [ 1 < 1 & 30
— | — Yo, — Yo, 1 — —dy;
P (ﬁ; 2T> \/ﬁ,z: 2T< 2 2T>
with d2iT— 2Zt 1 . Note thatE(YngszT) =0. AISO E|Y721T|2+ < 00,

and E |Yaipdar|*™ = E |}/'21T]2+6 E|doir [>T < 0. Thus, as (n,T) — oo, the
MDS CLT yields

Q
vl

IS]
»

+0p (1),

G E(Jim v2,) | E

T—o0

30 2
Jim (Yr) (1 - ;d%T)
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with Z ~ N (0,1); we have

B (lim Vi) = E[(3, - 6] E

T—o0

and

E

Putting it all together, we have

Proof of Theorem ??. The results in the theorem follow immediately
from (37). Under the null that A = 0, it holds that

50, (3) () o0

and thus )Ta\i =0, (1 / min {\/ﬁ, VT }) Consider first the case whereby

2 — 0, which entails o2 = O, (n™"/?). From (36), and from the passages
thereafter, it follows that the term that dominates in the decomposition is

B3, given by

1 < a 15 (L)
By = — > (B:i—8) |2 (Z f?t) o (Z f?t)
t=1 :E t=1

=1

2
Let Zyp = 2772 ( L J_Eft> — 15 (o274 7! (Zle :Eft> . From the proof of

40
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Lemma 2 we have, as T" — oo

Zip = 202 /W2 1502 (/W2> +OP<%>,

where W is a demeaned standard Brownian motion; (26) and (27) entail

that, uniformly in ¢

E (Ziy) = 202 xé—15a x%+0(\/1?):o<%).

Thus, letting Z;r = Zir — E (Zir), Bs in (36) can be rewritten as

B 1Z<B 5 1T+ Z 6 6 ) BSI+B32

=1

Consider Bs;. Conditioning upon C, (5, — 6) ;7 1s an iid sequence with
E[(8; - B)? Zir| = E (B, — ﬁ)2] E (Zir) = 0. Also,

2+6 ‘24-5 2+5

E|B;—B) Za| " = E|(B; - 8" E|Za|

‘2+5 2+6 .

Assumption 3 ensures that E |(8; — 3)?

concerned, note that

< 00. As far as E’ZzT}

] T 2448 15 246 ] T 246
~ |2+6 244 } :—2 2 :—4
t=1 r t=1

and therefore in light of Assumption 2 and the passages in the proof of Lemma
, B ‘ZiT|2+6 < 00. Thus, (8, — 6) ;7 18 an MDS that satisfies a Llapunov
condition, and therefore the MDS CLT yields that Y7, (8; — 8)* Zir =
O, (v/n) with, as (n,T) — 6

S50 2 4\ [E (5, 8)* i 23] x 2,
=1
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with Z ~ N (0,1) independent of Zr. As (n,T) — oo, we have

B|(B;— ) lim Z%| = E[(3;-8)'] B | lim 2]

T—o0

(/o) ()]

e
o)

and thus it is dominated by Bsz; under 7 — 0. Finally, recalling that

= kg X 0LE

As far as Bss is concerned, it holds that

Ao?  — nT?

5 = Ady X 2 ,
0% 621 1 Zt 1L

it holds that, under Hy as (n,7T") — oo with % — 0

w4 L St x Z
2—);)( K}ﬁ(jz}\x .
xr

T

Vn x

g

—_

Agz = 0, (1). Last, consider H{""; since

When £ — 0, (37) entails

—

A 2 a.s 2
%y as min{\/ﬁ,ﬁ} x 27w 1,

x x

min {\/ﬁ, VT } X
the drift term is nonzero as (n,7T) — oo if

o2 1

o3 min{\/ﬁ, ﬁ}

Proof of Theorem 7?. The main result for the proof is (34), which
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will be constantly referred to henceforth. From (35), it emerges that

. 1 1 1
O'% - O'% = Op (ﬁ) + ngp (W) + Op (E) + Op (1),

thus, for A (0, 1] and 03 = 0, the term that dominates when (n,T') — oo (un-
der 7= — 0) is of order O, (n™'). As (34) and the passages thereafter show,
the terms that dominate are A4, A7 and Ag; thus, the limiting distribution

of n&% is given by

1/ 22| 15 (L) 1 —
AR D DA I PP
i=1 | % t=1 t=1
n T T
1 1 30
+— (ﬁ—ﬁ) > (— jitait) (2— Zf§t>] .
n =1 T2 t=1 O%TQ t=1

Let Yip = T2 Zthl T, and note that in light of Lemma 2 it holds

n T
1 _ as. 1

also,
2 e 6] 1
p—p= po) W;Y;T + 0, (1)
Thus, after some algebra, the limiting distribution of n (6% — 0%) is driven
by
][
Yir (T +dir)| +0,(1)
2 T 7,T T D )
noy =1 =1
with
30—
diT 2 - o272 it
et =1
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Thus, the MDS CLT yields

noy % 25 [B (V)] {E [VE 0+ dir)’]}

and

2 2
E[YZ(1+d)?] = E|lim (3— 30 ifﬂ) <ii§: ﬁ-)
T 7 Tooo 0'326T2 it ) it Wit

53 e %aiai\/%x Jgg (/W1W2>2 (1 10 (/mz))g
- ety (- )

As (n,T) — oo with \/TT — 0, (35) leads to /T (65 — 03) = O, (1). Last,

. T .
consider H{""; since

x 7% + 0, (1)

x Z*+0,(1).

min{n, \/T} X 6% = min{n, \/T} X 0%+DJ,

the drift term is nonzero as (n,T) — oo if

44



