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Abstract

Bayesian Model Averaging (BMA) provides a coherent mechanism to address the
problem of model uncertainty. In this paper we extend the BMA framework to panel
data models where the lagged dependent variable as well as endogenous variables appear
as regressors. We propose a Limited Information Bayesian Model Averaging (LIBMA)
methodology and then test it using simulated data. Simulation results suggest that
asymptotically our methodology performs well both in Bayesian model selection and
averaging. In particular, LIBMA recovers the data generating process very well, with
high posterior inclusion probabilities for all the relevant regressors, and parameter es-
timates very close to the true values. These findings suggest that our methodology is
well suited for inference in dynamic panel data models with short time periods in the
presence of endogenous regressors under model uncertainty.
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1 Introduction

Model uncertainty is an issue encountered often in the econometric study of socioeconomic
phenomena. Initially pointed out by Leamer (1978) and later elaborated by Durlauf and
Quah (1999) model uncertainty arises because the lack of clear theoretical guidance and
trade-offs on the choice of regressors result in a broad number of possible specifications, and
often contradictory conclusions. In addition, attempts to deal with model uncertainty by
engaging in unsystematic searches of possible model configurations, may result in overcon-
fident and often fragile inferences. As a result, a growing number of researchers are turning
to the Bayesian Model Averaging (BMA) framework in order to deal with the problem of
model uncertainty.

Conceptually, BMA bases inferences on a weighted average of the full model space in-
stead of on one selected model, and thus incorporates uncertainty in both predictions and
parameter estimates.! Seminal contributions to BMA include those of Moulton (1991),
Madigan and Raftery (1994), Kass and Raftery (1995), Raftery (1995), and Raftery, Madi-
gan and Hoeting (1997). The BMA framework has been applied in various areas of social
sciences.? In economics, some of the most notable work includes Brock and Durlauf (2001),
Fernandez, Ley and Steel (2001a), and Sala-i-Martin, Doppelhofer and Miller (2004). De-
spite the increasing interest in BMA, most of the work thus far uses static models, focusing
mainly on cross section analysis with data averaged over the time dimension, thus ignoring
dynamic relationships among variables.®> Moreover, to the best of our knowledge, none of
the models allow for the inclusion of endogenous variables.

In this paper we propose a methodology for dealing with model uncertainty in the con-
text of a panel data model with short time periods where the lagged dependent variable as
well as endogenous variables appear as regressors. We use a limited information approach
which refines the limited information version of Bayesian Model Averaging (LIBMA) in-
troduced by Tsangarides (2004). Specifically, we propose a method for constructing the
model likelihoods and posteriors based only on information elicited from moment condi-
tions. We evaluate the performance of the proposed framework relative to both Bayesian
model selection and averaging by performing Monte Carlo simulations.

The remainder of the paper is organized as follows. In Section 2 we introduce the concept
of model uncertainty in the Bayesian context and then review model selection and model
averaging. Section 3 develops the theoretical framework of the LIBMA methodology in the
context of dynamic panels with endogenous regressors. It includes the model setup, the
moment conditions, the limited information criterion, and estimation. Section 4 discusses
the proposed simulation experiment and presents the results. The final section concludes.

'In contrast to BMA, Bayesian model selection uses information criteria to select one model (one set of
variables) from a set of potential models.

?These include biology (Yeung, Bumgarner, and Raftery (2005)), ecology (Wintle et al. (2003)), public
health (Morales et al. (2006)), and toxicology (Koop and Tole (2004)).

3Moral-Benito (2007) considers a panel data model where the lagged dependent variable is correlated
with the individual effects but not correlated with the error term.



2  Model Uncertainty in the Bayesian Context

For completeness, this section reviews briefly the basic theory of uncertainty in the Bayesian
context. Excellent reviews include Hoeting, Madigan, Raftery and Volinsky (1999), and
Chipman, George and McCulloch (2001).

2.1 Model Selection and Hypothesis Testing

Consider the standard linear regression model

Y = Z0+u (1)

where Y is the variable of interest, Z is a matrix of explanatory variables, 6 is a vector
of unknown parameters and u is the error term. Suppose there is a universe of k£ possible
explanatory variables indexed by U = {1,2,...,7,7 + 1,....,k}. Let Z be the matrix of all

possible explanatory variables. For a given model M; that considers only a subset of the
k

m,n=1
choice matrix such that its diagonal will have 1’s if the corresponding variable is included

in the model and 0’s otherwise. Hence c;;, M; =1 {i € M;}. Therefore, for a given model

possible explanatory variables, M; C U, let Cy; = {cmn, M].} be a k x k diagonal

M;, Z=2zC M; and model (1) can be now written more generally as

Y = ZCy,0 + u 2)

where 6 = ( 01 605 ... 0O ) is the set of parameters to be estimated.

Given the universe of k possible explanatory variables, a set of K = 2F models M =
(Mj, ..., Mf) are under consideration. In the spirit of Bayesian inference, one can specify
priors p(0|M;) for the parameters of each model, and a prior p(M;) for each model in the
model space M.

Model selection seeks to find the model M; in M = (M, ..., M) that actually generated
the data. Let D = ( Y 7 ) denote the data set available to the researcher. The probability
that Mj; is the correct model, given the data D, is, by Bayes’ rule

D) - PPIM)p(M;)
POGID) = S~ D p(at) &

where

p(D|M;) = /p(Dij M;)p(65]M;)do; (4)
is the marginal probability of the data given model M;.

Based on the posterior probabilities, the comparison of model M; against M; is ex-
: o p(M;|D) _ p(D|M;) p(M;)
pressed by the posterior odds ratio p(MLID) = p(DIMy) " p(M) -

. . p(M;) p(D|M;) i
the prior odds ratio Pe0A) through the Bayes factor (DI to measure the extent to which

Essentially, the data updates

the data support M; over M;. When the posterior odds ratio is greater (less) then 1 the



data favor M; over M; (M; over M;). Often the prior odds ratio is set to 1 representing the
lack of preference for either model,* in which case the posterior odds ratio is equal to the
Bayes factor Bj;.

2.2 Bayesian Model Averaging

A natural strategy for model selection is to chose the most probable model M;, namely the
one with the highest posterior probability, p(M;|D). Alternatively, especially in cases where
the posterior mass of the model space M is not concentrated only on one model, M;, it
is possible to consider averaging models using the posterior model probabilities as weights.
Raftery, Madigan, and Hoeting (1997) show that BMA tends to perform better than other
variable selection methods in terms of predictive performance.

Using Bayesian Model Averaging, inference for a quantity of interest I' can be con-
structed based on the posterior distribution

K
p(TID) =Y p(T|D, M;)p(M;|D) (5)
j=1
which follows by the law of total probability. Therefore, the full posterior distribution
of T' is a weighted average of the posterior distributions under each model (M, ..., Mk),
where the weights are the posterior model probabilities p(M;|D). Going back to the linear
regression model (2) BMA allows the computation of the inclusion probability for every
possible explanatory variable.

K
p(Zi|D) = I(Z;|M;)p(M;|D) (6)
7j=1

where

rzn ={ o 4 7eN |

Using (5) one can compute the posterior mean for parameters 6; as follows.

K
E(6,|D) =Y E(6,|D, M;)p(M;| D) (8)
7=1

The implementation of BMA presents a number of challenges, including the evaluation
of the marginal probability in (4), the large number of possible models, and the specification
of the prior model probabilities p(M;) as well as the parameters’ prior, p (6|M;).

*As also in Fernandez, Ley and Steel (2001b).



2.3 Choice of Priors

Evaluating Bayes factors required for hypothesis testing and Bayesian model selection or
model averaging requires calculating the marginal likelihood

p(D|M;) = / p (D16, M;) p (0]M;) db. (9)

Here, the dimension of the parameter ¢ is determined by model M;. In many cases the
likelihood p (D|6, M;) is fully specified with some nuisance parameter (. Therefore, we may
write

p(D|M;) = / p (D], ¢, M) p (8, ¢|M;) dbd. (10)

In this case, determining the prior p (6, (|M;) becomes an important issue.’

For Gaussian models the nuisance parameter is the variance o2 of the noise term. A
common selection of the prior for the pair (9,0; 2) is the Normal-Gamma distribution,
which has the benefit of rendering a closed-form posterior.® With this prior, 6 is a Normal
random variable with mean 0y and variance o2V given o2, while 0,2 is a Gamma random
variable with mean § and variance J5. Due to the sensitivity of the Bayes factors to the
prior parameters {0y, V,7, A}, one often avoids choosing specific values for them, in order
not to affect substantially the posterior distribution. As discussed in Kass and Wasserman
(1995), and Fernéndez, Ley and Steel (2001a), one possibility is to use a diffuse prior for o,
with density p (¢,) o< o 1. This prior has a nice scale invariance property and is equivalent
to setting ¥ = A = 0 in the Gamma distribution of o, 2. For the prior distribution of ¢

conditioned on o2, one popular choice is Zellner’s g-prior with 0 mean

~ -1
D (9|ai) ~ N (0,9_1 (Z'Z) ai)

which can be motivated by the fact that the correlation of the OLS estimate 0 is proportional

N |
to (Z’ Z ) o2.

Another choice of prior for Bayes factors when data is an i.i.d. sequence of observa-
tions is the so-called unit information prior, which is the prior used throughout this paper.
Suppose we have a parameter estimate 8 for model M;. The prior is a k; dimensional mul-
tivariate normal distribution with mean § and variance I(6)~!. Here I(6) is the expected
Fisher information matrix at 6 for one observation. It is a k; X k; matrix and its (7, j) entry

is defined as
62p(D1’97 Ml):|

00;00;
We denote one observation from D by D;. Intuitively, this prior provides roughly the same
amount of information that one observation would give on average.

L;(0) = —E, [

SFernandez, Ley and Steel (2001b) investigate a set of “benchmark” prior specifications in a linear regres-
sion context with model uncertainty in order to address the sensitivity of the posterior model probabilities
to the specification of the priors.

SFor a more detailed discussion see Kass and Wasserman (1995).



Finally, several options exist for the specification of the model priors p(M;). For exam-
ple, Ferndndez, Ley and Steel (2001b) assume a Uniform distribution over the model space,
essentially implying that there is no preference for a specific model so p(M;) = p(Ma) =
e = p(Mg) = % Alternatively, the model priors may reflect the view of the researcher
relative to the number of regressors that should be included and may contain a penalty
that increases proportional with the number of regressors included in the model. For exam-
ple, Sala-i-Martin, Doppelhofer and Miller (2004) use a prior model probability structure,
initially proposed by Mitchell and Beauchamp (1988), which reflects the researcher’s prior

about the size of the model. Specifically, the prior probability for model M; is

pony = (5 (1-5) (1)

and hence the prior odds ratio is

-0 (-9

where k is the total number of regressors, k is the researcher’s prior about the size of the

model, k; is the number of included variables in model M;. The ratio % is the prior inclusion
probability for each variable.

3 Limited Information Bayesian Model Averaging

This section provides a discussion of the LIBMA using a dynamic panel data model with
endogenous and exogenous regressors and derives the limited information criterion using
the moment conditions implied by the GMM framework.

3.1 A Dynamic Panel Data Model with Endogenous Regressors

Let us consider the case where a researcher is faced with model uncertainty when trying
to estimate a dynamic model for panel data. We assume that the universe of potential
explanatory variables, indexed by the set U, consists of the lagged dependent variable,
indexed by 1, a set of m exogenous variables, indexed by X, as well as a set of ¢ endogenous
variables, indexed by W, such that {{1}, X, W} is a partition of U. Therefore, for a given
model M; C U, (2) becomes

yir = (i1 @it wi )Cuny (@ Op O ) 4 ug
Uit = 1; + Vit (13)
| <1;i=1,2,..,N; t=1,2,..,T.

Here y;t, x;+ and wj; are observed variables, n; is the unobserved individual effect while
v is the idiosyncratic random error. The exact distributions for v;; and 1, are not specified
here, but assumptions about some of their moments and correlation with the regressors are
made explicit below. It is assumed that F (v;;) = 0 and that v;;’s are not serially correlated.



x4t is a 1 X m vector of exogenous variables while wy; is a 1 X ¢ vector of endogenous variables.
Therefore the total number of possible explanatory variables is k = m+ ¢+ 1. The observed
variables span N individuals and T periods, where T is small relative to N. The unknown
parameters «, 0., and 8, are to be estimated. In this model, « is a scalar, 6, is a 1 x m
vector while 6,, is a 1 X g vector.

Given the assumptions made so far, for any model M;, and any set of exogenous vari-
ables, x;;, we have

E(zbvi) =0, Vi, t,s; o, € ay (14)

Similarly, for any endogenous variable we have

0, s<t
Bwhuy{ 7055 ! g, 1
(w”%s){ = 0, otherwise ’ Wit € Wit (15)
Note that, in principle, the correlations between endogenous variables and the idiosyncratic
error may change over different individuals and/or periods.

3.2 Estimation and Moment Conditions

A common approach for estimating the model (13) is to use the system GMM frame-
work. This implies constructing the instruments set and moment conditions for the “level
equations” (13) and combining them with the moment conditions using the instruments
corresponding to the first differences equations. The first differences (FD) equations corre-
sponding to model (13) are given by

Ay = ( Ayig—1 Azy Awy )Cyy (o 0 Oy )/ + Avjg

16
la| <1;i=1,2,...,N; t=2,3,....T. (16)

One assumption required for the FD equations is that the initial value of y, y;0, is
predetermined, that is, E (yivis) = 0 for s = 2,3,...,T. Since y; ;2 is not correlated with
Av;; we can use it as an instrument. Hence we have E (y;—2Av;) # 0 for t = 2,3,...,T.
Moreover, y;;—3 is also not correlated with Awv;. Therefore, as long as we have enough
observations, that is 7' > 3, v; ;3 can be used as an instrument. Assuming that we have
more than two observations in the time dimension, the following moment conditions could
be used for estimation

E(yit—sAvy) =0, t=2,3,...,T; s =2,3,...,t; for T >2,i=1,2,...,N. (17)

Similarly, the exogenous variable xét, acét € x;; is not correlated with Av;; and therefore we
can use it as an instrument.” That gives us additional moment conditions

E(zbAvy) =0, t=2,3,..,T; l=1,...,m; i=1,2,...,N. (18)

"It is common in the literature to use z';, € x; as an instrument, instead of Aaz!, . Then the moment
condition becomes E(z!;Av;;) =0 .



The endogenous variable wﬁ}tﬂ, wﬁ,td € wst, is not correlated with Av; and therefore
it can be used as an instrument. We have the following possible moment conditions

Ew!, Avy)=0,t=34,...T; s=2,.t—1;

1,t—s
’ 1
forT>3,1=1,2,...,q; i =1,...,N. (19)
Table A summarizes the moment conditions that could be used for the FD equation.
Table A. Moment Conditions for the First Difference Equation
Variable | Instruments Moment conditions
Ayi,tfl yi’t,Q, ceny yi,O E(yi,t—sAUit) = 0, t= 2, 3, ceey T; S = 2, 3, ceey t
Azl aly, ..l E(ztAvy) =0, t=2,3,..,T; 1 =1,2,....,m
Awl, why g, owhy | B(wh, Avy)=0,t=34,..T;5=23,..,t-1;1=12 .4

The FD equation provides T' (7' — 1) /2 moment conditions for the lagged dependent
variable, m (T' — 1) moment conditions for the exogenous variables, and ¢ (T'—2) (T" — 1) /2
moment conditions for the endogenous variables.

Going back to the equation in levels (13), it is easy to see that first differences for
the lagged dependent variable are not correlated with either the individual effects or the
idiosyncratic error term and hence we can use the following moment conditions

E(Ay;tqui) =0, t=2,3,...,T. (20)

Similarly, for the endogenous variables the first difference Awét_l is not correlated with ;.

Therefore, assuming that wé’o is observable, and as long as T" > 3 we have the following
additional moment conditions

BE(Awl, qui) =0, t=3,4,..,T, 1 =1,2,..,q. (21)

Finally, based on the assumptions made so far, the first difference of the exogenous
variables Axﬁt ,xit € x;+ are not correlated with current realizations of u;; and hence one
can use another set of moment conditions

E(Aztuy)=0,t=2,3,...T, 1 =1,2,...,m. (22)

Table B summarizes the moment conditions for the level equation.

Table B. Moment Conditions for the Level Equation

Variable | Instruments | Moment conditions

Yit—1 Ayii—1 E(Ay;i—1uy) =0, t =2,3,..,T

l, Axl, BE(Axtuy) =0,t=2,3,...T; I=1,2,...m
w!, Awt, | E(Aw!, juy)=0,t=3,4,...,T; 1=1,2,...,q

The equation in levels provides (7' — 1) moment conditions for the lagged dependent
variable, m (7" — 1) moment conditions for the exogenous variables, and ¢ (T' — 2) moment
conditions for the endogenous variables.



We group the moment conditions into matrices the following way. Let Y; be the
(T'—1) x T(T — 1) /2 matrix of lagged dependent variable used as instruments for the
FD equation

%0 0 0 0 0 0
0 wio wva 0O 0 O
0 0 0 wio vi1 Y2
Yi=]1 0 0o 0o 0 0 0

o O O O

(23)

0 0 0 0 0 0 -y ¥Yir-—2
Similarly, W; denotes the (T'— 1) x ¢(T' — 2) (T' — 1) /2 matrix of endogenous variables

0 0 0 0 -0 0
wh 01 01 wh -0 0

Wi={o o o0 0 -0 0 (24)
0 0 0 o 0 "'ng—3 ng—2

For the level equation we have the T' x (T'— 1) instruments matrix DY; consisting of
first differences of the dependent variable and the 7" x ¢ (T — 2) instruments matrix DW;
consisting of first differences of the endogenous variables.

0 0 0 0 0 0 0

Aya 0 0 0 0 0-- 0

0 Ayiz 0 0 Aw;y Awl, 0
DYi=1190 0 Ay 0 DWi=1| 0 0-- 0

0 0 0 s Ay 0--- 0--- Ang_l

(25)

Further let X; and DX, denote the following (7'— 1) x m and T X m matrices of
exogenous and first differenced exogenous variables, respectively

1 2 3 m
m m
m m
DX;= | Arjy Az Axy - Arg Xi=| Tia Ty Ty 0 Ty
1 2 3 m 1 2 3 m
Azgp Azip Axyp - Azjp Tip Tir Tttt T
(26)

As shown by Ahn and Schmidt (1995), (7' — 1) additional linear moment conditions
are available if the v;; disturbances are assumed to be homoskedastic through time and
E(Ayi1ui2) = 0. Specifically,



E(yiuis — yig—1uii—1) =0, t =2,3,...,T; i =1,...,N.

Then let Y~ be the T' x T" instrument matrix used for the moment conditions derived
from the homoskedasticity restriction:

0 0 0 0 0 0 0
Uil Yi2 0 0 00 0
- 0 —wi2 wiz 0 00 0
Y, = 0 0 —w3 wa 0 O 0 (27)
0 0 0 0 00 -—wyir1 YT

For the exogenous variables, we aggregate the moment conditions across all periods
from both the first difference equation and the level equation. Thus, we are left with one
moment condition for each of the exogenous variables

T T
> Bl Avi) + Y E(Aahuy) =0, 1=1,.,m; i=1,2,.,N.
t=2 t=2

Let u; and Dwv; denote the T' x 1 and (7' — 1) x 1 matrices of the error term and the
first differenced idiosyncratic random error, respectively, as defined in model (13).

I !

U; = ( Uil W2~ UT ) D’UZ‘ = ( AviQ A’UZ‘3 ce A’UiT ) . (28)

’

We can define a (27— 1) x 1 matrix U; = u; Dv; that contains both the error term

and the first differenced idiosyncratic random error. The moment conditions can now be
written in matrix form

E[GiU;] =0 (29)
where Gy isa (2T — 1) x (T+m -1+ (T+1)((T—2)q+T)/2) matrix defined as

G‘:<DXi o orxrr-nsz O Orxqr-tyr-22 i >
’ Xi  Or-nxr-1 Yi Or-1)xqr—2) Wi Or—1)xT
(30)

Based on the moment conditions (29) we propose a limited information criterion that
can be used in Bayesian model selection and averaging. In the next section we provide
details on how to construct this criterion.

3.3 The Limited Information Criterion

As pointed out in section 2.2, evaluating the Bayes factors needed for hypothesis testing and
Bayesian model selection or model averaging requires calculating the marginal likelihood

10



p(D|M;) = / p (D16, M;) p (0]M;) db. (31)

Given that we choose to use the Generalized Method of Moments (GMM) for estimating
the parameters of the model, the assumptions we have made so far do not give us a fully
specified parametric likelihood p (D|6, M;). Therefore, we have to build the model likelihood
in a fashion consistent with the Bayesian paradigm using the information provided by the
moment conditions.

The construction of non-parametric likelihood functions has received lately a good deal
of attention in the literature. Several approaches have been used to derive or estimate non-
parametric likelihood functions. For example, Back and Brown (1993) provide a method of
estimating a distribution function using only information derived from moment restrictions.
Kim (2002) derives the information projection of the true data generating distribution onto
a family of distributions that satisfy certain moment constraints asymptotically. He then
uses this information projection directly to build up the quasilikelihood function and he
justifies it by showing its large sample properties. Hong and Preston (2008) build a quasi
likelihood which is based on objective functions used for extremum estimation (see also
Chernozhukov and Hong (2003)). They consider both nested and non-nested model selection
and conclude that different penalty functions of model size should be used in each case in
order to achieve consistency. However, their quasi-likelihood may change depending on the
form of objective functions since their method is only motivated by consistency arguments.
In contrast to these approaches, Schennach (2005) builds a likelihood function that is the
nonparametric limit result of a formal Bayesian procedure where the prior for the data favors
distributions with a large entropy. Further the prior is conditioned on the moment equations.
In this fashion it becomes feasible to compute a likelihood function that is closely related
to empirical likelihood. Finally, Ragusa (2008) projects a reference distribution onto the
space of distributions that are consistent with a set of moment restrictions and obtains the
likelihood by integrating out the nuisance parameters. In this section we propose a method
of constructing the model likelihoods and posteriors based only on the information elicited
from the moment conditions (27). While our approach is related to Schennach (2005) and
Ragusa (2008) in spirit, we are able to obtain the likelihood using a much simpler Bayesian
procedure by taking advantage of the linear structure of the model, as follows.

Suppose we have a strictly stationary and ergodic random process {;}:-,, which takes
value in the space Z, and a parameter space © C R*. Then there exists a function g :
Z x © — R! which satisfies the following conditions

1. It is continuous on ©;

2. Eg(&;,0)] exists and is finite for every 6 € ©; and
3. Elg(&;,0)] is continuous on 6.
We further assume that the moment conditions, E [g (¢;,0)] = 0, hold for a unique unknown

0o € 0. Let gy () = N1 le\il g (&;,0) denote the sample mean of the moment conditions,
and assume that F [g (€:,00) 9 (&, 90)}and S (0p) = limy_.00 Var [N1/2§N (60)] exist and

11



are finite positive definite matrices. Then the following standard result holds (for a proof
see Hall (2005) Lemma 3.2).

Lemma 1 Under the above assumptions, NY/?gy (0o) 4N (0,5 (Ao)).-

That is, the random vector N%/2gy (6y) convergences in distribution to a multivariate Nor-
mal distribution.

For model (13), the moment conditions for individual 7 discussed in the previous section
can be written in the following form

9(&.0) = G; (7 — %:9) (32)

where &; = {yi,zi}, Zi = ( Yi—1 Ti W; ), 0 = ( a 0 0, )/, while G; is the matrix
defined in (30). The vectors y; and y;, 1 for the dependent variable and the lagged dependent
variable, respectively, are defined as follows

U = (ya vie - vir Ayie Ayiz - Ayir )

Yi—1 = (yiO yir 0 Yir—1 Ay Ayie - Ay ) (33)

The matrix z; for the exogenous variables is given by

1 2 3 m
Ti1 Ti1 Ti1 Ty
1 2 3 m
T = fCiTl xiT2 xiTg Iy (34)
m
Azjy Az Axy - Azrj
1 2 3 m
Azyp Awip Azyp -+ Azjp
while the matrix w;for the endogenous variables is defined as follows
1 2 3 q
Wiy Wi Wi Wi
1 2 3 q
@ = Wip  Wyp  Wip o Wip (35)
Awly, Aw?, Awd - Awd,
Awlp Aw?, Awd, - Awly

Therefore gy (6p) = N1 Zfil G;ﬂl — N1 Zf\il G'Z;0p. By Lemma 1, one may write the
likelihood for 6 as

N
0, N~ ZG;Z> X exp <—;N§’N (0) S~ H(0)gn (9)> . (36)

=1

p <N1 i G

=1

12



Hence, the model likelihood can be expressed as

/ N*ZN:G’.W@ (9)d¢90</ex (—1N” (0) S~1(0)3. (9)> (0) db
ep £ iYi p o p B gn gN p .

Assuming that the prior p () is second order differentiable around 0o and using the Laplace
approximation, we obtain that the model likelihood is proportional to

_%Nﬁ’N (50) St <§0>§N (@0) +logp (50) + glog 2

N
/@p (N‘l ; Gﬁ@.}g) p(0) df o exp Llog det 59722 (%quj\, (@0> St (90)@\7 (@o))

where ) = arg ming NG (8) S(8) Gy (8) is the GMM estimate of 6y with weighting matrix
S(0)"!. Noting the fact that 92 (GvS 'gn) /862|9:§0 is a k x k matrix of order O, (1) due
to the ergodicity assumption, the model likelihood can be approximated by

/@ p (N—l il G;@-w) p(8) df o exp <—§Ng”N (%) 57 (B0 ) (80) - glog N) (37)

where k is the dimension of vector 6. Alternatively, the above approximation has the
order of O, (N -1/ 2) if the unit information prior for 6 is used with 92 (fq\EVS _1§N) /062 0=,
as its variance-covariance matrix, that is, the prior distribution for 6, p(0), is given by
N (0,07 (G S~1n) /06%] 3, )

For a given model M; for which 6 has k; elements different from zero, with the estimate
denoted by go,j, the model likelihood (37) becomes

N
, 1 . N o k.
-1 ~ ~ -1 ~ J
/@p (N ;1 G,y |0, Mj> p(0)df < exp <—2NgN (907]') S (Hgyj)gN (907]-) —% log N> .
(38)
Then the moment conditions (29) associated with model M; can be written as £ [G; @1 —zC M; 00)] =

0 where C)y; is a diagonal choice matrix such that its diagonal will have 1’s if the corre-
sponding variable is included in the model and 0’s otherwise. Recognizing that the estimate
0 differs from model to model, the sample mean of the moment conditions for model M; can
be written as gy (50) =N"1 Zf\il G; (371 — ZiCM].b\O’j). It is easy to see that G;, Vi, and Z;
are the same across all models. In other words, the moment conditions and the observable
data are the same across the universe of models,® allowing us to make valid comparisons of
posterior probabilities, in accordance to the principle of Bayesian factor analysis. Therefore,
by using (38), one can compute the posterior odds ratio of two models M; and My by

8This approach is in line with the model selection procedure proposed by Andrews and Lu (2001).
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p(M2) — (@log N)

which has the same form of BIC as fully specified models. We use iterative GMM estimation
with moment conditions F [G; (ﬂz — 2O, 007j)} = 0 to approximate the Bayesian factors

above. A consistent estimate of the weighting matrix is used to replace S—! <§0> in (39).

In our simulations, we assume a unit information prior for the parameters (as discussed in
Section 2) and a Uniform distribution over the model space, essentially implying that there

is no preference for a specific model so p(Mi) = p(Ma) = ... = p(Mg) = +.

4 Monte Carlo Simulation and Results

In this section we describe the Monte Carlo simulations intended to assess the performance of
LIBMA. We compute posterior model probabilities, inclusion probabilities for each variable
in the universe considered, and parameter statistics. These statistics provide a description
of how well our procedure helps the inference process both in a Bayesian model selection
and a Bayesian model averaging framework.

4.1 The Data Generating Process

We consider the case where the universe of potential explanatory variables contains 9 vari-
ables, namely, 6 exogenous variables, 2 endogenous variables and the lagged dependent
variable. Throughout our simulations we maintain the number of periods constant, that is,
T = 4 and we vary the number of individuals, V.

For every individual ¢ and period ¢, the first four exogenous variables are generated as
follows

(zl, 22 2 2}, )=(03 04 08 0.5)+r

withry ~ N (0,14) fort =0,1,....,T; i =1,..., N, (40)

where Iy is the four dimensional identity matrix. We allow for some correlation between
5 b ) are correlated with

the first two and the last two exogenous variables. That is, ( x; w;
( xll J:? ) such that for every individual ¢ and period t, the data generating process is given

by
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(2 2% )=((=, =% )-(03 0.4)) 1-(1 2) (1 1)+(15 1.8)+mn
with 7, ~ N (0 I)fort—Ol ST5i=1,...,N,
(41)

where I is the two dimensional identity matrix.

Similarly, for the endogenous variables, ( wi1 w? ), we have the following data gener-
ating process

(wzlt u)—071( Loy ow? )+ 670 (1 1) 4rfort=1,2,..,T
( Z0 wlo ) f67vzo( 1 1 )+r0 (42)
with vy ~ N (O,J,U) and ry ~ N (0,1) fort =0,1,...,T.

As the data generating process for the endogenous variables indicates, the overall error term
vt is assumed to be distributed normally here. We relax the normality assumption later.

For t = 0, the dependent variable is generated by

Yio = =ay a) (zi00z + wiobw + 1; + vio) (43)
with v, ~ N (0, av) andn;, ~ N (0,077)
where 6, = (0.05 0 0 —0.05 0 0.05),0,=(0 013), wpo = (wl, w? ), and
zo= (i =i 2 Tip T T )

For t =1,2,...,T the data generating process is given by

Yit = a¥Yip—1 + O0pxip + 0wy +n; + v
with v ~ N (O, 0%) andn;, ~ N (O, 0727) .

The theoretical R? of the generated model varies between 0.50 and 0.60.

We test the robustness of our procedure with respect to the underlying distributions
of the error term by relaxing the normality assumption and using discrete distributions
instead. Concretely, the distribution of the random variable v;;, is obtained in the following
way. We first generate its support, .S, by taking N, points from a uniform sampling over
the interval [—1,1]. Then we draw N, i.i.d. random variables wy ~ Exponential (1). The
probability mass assigned to each point s; € S, is obtained by setting px = 2‘:“2 ke - Finally,

we adjust each point in S, so that v;; has zero mean and variance a%. It is well known that
the probability distribution obtained in this fashion is equivalent to a uniform sampling
from a simplex in N, dimensional space. The construction of the simulated model follows
exactly the case of the Normal distribution, with the only difference being the use of the
discrete distribution described above in every place where the Normal distribution is used
for vys.
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4.2 Simulation Results

This section reports Monte Carlo simulations of our LIBMA methodology in order to as-
sess its performance. We generate 1000 instances of the data generating process with the

exogenous variables x;;, endogenous variables w;;, and parameter values ( a 0, 0, )Ias
discussed in the previous section, and we present results in the form of medians, means,
variances and quartiles. We consider several sample sizes, N = 200, 500, and 2000, and two
values for the coefficient of the lagged dependent variable, a = 0.95 and 0.50. In the first set
of simulations we assume that both the random error term v;; and the individual effect n;
are drawn from a Normal distribution, vy ~ N (O, O’%) and n; ~ N (O, 0727), respectively. We
consider the cases where o2 = 0.05, 0.10, and 0.20 while 0727 = 0.10. Since our methodology
should not depend on the normality of the random error term, we check for robustness by
creating a second set of simulations where the assumption of normality for v;; is dropped,
as discussed earlier.

4.2.1 Model selection

In the Bayesian framework, the posterior model probability is a key indicator of performance.
Table 1 presents means, variances, and three quartiles (Q1, median, and Q3) for the posterior
probability of the true model across the 1000 instances. As expected, the mean posterior
probabilities of the true model increase with the sample size. For sample size N = 200 the
mean of the posterior probability of the true model ranges from 0.031 to 0.218, depending
on the values of the other parameters. As the sample size increases to N = 2000, the mean
of the posterior probability of the true model increases, while at the same time, showing less
variation across different combinations of parameters, with the values ranging from 0.633
to 0.655. As the sample size increases the median posterior model probabilities become
slightly higher than the means, ranging from 0.690 to 0.705 for N = 2000. In addition,
as the sample increases, the distribution of the posterior probabilities of the true model
becomes skewed toward 1, as shown by the quartiles in Table 1 and the density plots in
Figure 1, Appendix A.?

It is easy to see from equation (3) that the posterior model probability depends on the
prior model probability. Under the assumption that all models have equal prior probabil-
ity, the more variables are under consideration the smaller the prior probability for each
model. Obviously that has an effect on the absolute value of the posterior model probability.
Therefore, we choose to compute a relative measure that helps one understand how well the
methodology performs, independent of the size of the universe. Table 2 presents the ratio
of the posterior model probability of the true model to the highest posterior probability of
all the other models (excluding the true model). This ratio would be above 1 if the true
model has the highest posterior probability and below 1 if there exists another model with
a higher posterior probability than the true model. For sample sizes N = 500 and above,
this ratio is above unity for all the cases considered, suggesting that the correct model is
on average favored over all the other models. For the smaller sample, N = 200 , the ratio
decreases from to 1.591 and 1.039 to 0.422 and 0.249, respectively, as the variance of the
random error term increases from 0.05 to 0.20. As expected, the average ratios increase

9Figures 1, 2, 4, and 5 in Appendix A show density plots for the posteriors in Tables 1, 2, 6, and 7.
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with the sample size, reaching values above 6.5 for N = 2000.

In Table 3 we examine how often our methodology recovers the true model by reporting
how many times, out of 100 instances, the true model has the highest posterior probability.
For the smallest sample size, N = 200, the recovery rate varies from 7 percent to 59 percent
and it decreases as the variance of the random error term increases from 0.05 to 0.20. For
N = 500 we see an improvement in the selection of the true model with the success rate
ranging from 51 percent to 83 percent. The variation becomes much smaller for N = 2000
with the recovery rate ranging from 91 to 94 percent.

4.2.2 Model averaging

While model selection properties are desired, the strength of our methodology is given by its
performance in the context of Bayesian Model Averaging. Sometimes researchers may not
be interested in recovering the exact data generating process, but rather understand which
of the variables under consideration are more likely to belong to the true model. That is
the area where the BMA may help us. One measure that we report for our experiments
is the inclusion probability for each variable considered. The inclusion probability for a
given variable is defined as the sum of all the posterior probabilities for each model that
contains that particular variable. Table 4 presents the posterior inclusion probabilities for
all the variables considered along with the true model (column 2 of the table).!’ Given the
assumptions made relative to the model priors, the prior probability of inclusion for each
variable is the same and equal to 0.5. From Table 4 we see that, for samples N > 500,
the median value of the inclusion probability for all the relevant explanatory variables is
greater than 0.95 in all cases considered. As the sample size increases the posterior inclusion
probabilities approach 1 for all the relevant variables. For the variables not contained in
the true model the median posterior probability of inclusion decreases with the sample size
with the upper bound being less than 0.07 for all the cases considered when N = 2000. It
is interesting to see that even in cases where the recovery rate of the true model is poor (12
percent for the case in which N = 200, = 0.95, 02 = 0.20), the probability of inclusion is
able to differentiate among the relevant and non-relevant variables.

We turn now to the parameter estimates, and examine how the estimated values com-
pare with the true parameter values. Table 5 presents the median values of the estimated pa-
rameters, averaged over 1000 replications, compared to the parameters of the true model.!!
As in the case of inclusion probabilities, our methodology is performing well in estimating
the parameters, with the performance improving as the sample gets larger. In Figure 3 of
Appendix A, we present the box plots for the parameter estimates of Table 5, for the case
of « = 0.95 and o, = 0.1. It becomes clear that as the sample increases the variance of
the distribution decreases and the median converges to the true value. Aside from the fact
that the estimates are very close to the true parameter values, the variance over the 1000
replications is also very small across the board with values less than 10~% in many cases.

10A value of 1(0) in column 2 indicates that the true model contains (excludes) that variable.
' Parameter values are discussed in section 4. Essentially these are constant for x1, xa, 23, T4, 25, Ts, W1
and w2, and vary for y;—1, based on the values of @ = 0.95,0.50 and 0.30.
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4.2.3 Robustness checks using non-Gaussian errors

As discussed above we perform robustness analysis by relaxing the normality assumption
for the error term wv;. Overall, as shown in Tables 6-10, the results are very similar to
those presented in Tables 1-5. Tables 6 and 7 (which are analogous to Tables 1 and 2),
present posterior model probabilities for the true model, and the ratio of the posterior
model probability of the true model to the highest posterior probability of all other models,
respectively. In Table 6, we see again that the mean posterior probabilities of the true model
increase with the sample size, while at the same time, showing less variation across different
combinations of parameters. Moreover, the sample size increases, the median posterior
model probabilities become slightly higher than the means, ranging from 0.684 to 0.708 for
N = 2000. In addition, the distribution of the posterior probabilities of the true model
becomes skewed toward 1, as shown by the quartiles in Table 6 and the density plots in
Figure 4. For Table 7, conclusions are similar to Table 2. For sample sizes N = 500 and
above, the ratio of the posterior model probability of the true model to the highest posterior
probability of all the other models is above unity for all the cases considered, suggesting that
the correct model is on average favored over all the other models. For the smaller sample,
N = 200, the ratio decreases from to 1.587 and 1.205 to 0.350 and 0.254, respectively, as
the variance of the random error term increases from 0.05 to 0.20. As expected, the average
ratios increase with the sample size, reaching values above 6.4 for N = 2000.

Model recovery under non-Gaussian errors is still good. As shown in Table 8, results
are very similar to those of Table 3. For the smallest sample size, N = 200, the recovery
rate varies from 7 percent to 59 percent and it decreases as the variance of the random error
term increases from 0.05 to 0.20. For N = 500 we see an improvement in the selection of
the true model with the success rate ranging from 51 percent to 85 percent. The variation
becomes much smaller for N = 2000 with the recovery rate ranging from 92 to 93 percent.

Tables 9 and 10 present the posterior inclusion probabilities and parameter estimates
using LIBMA and compares them the true model. From Table 9, we see that, for samples
N > 500, the median value of the inclusion probability for all the relevant explanatory
variables is greater than 0.90 in all cases considered. As the sample size increases the
posterior inclusion probabilities approach 1 for all the relevant variables. For the variables
not contained in the true model the median posterior probability of inclusion decreases with
the sample size with the upper bound being less than 0.073 for all the cases considered when
N = 2000. It is interesting to see that even in cases where the recovery rate of the true
model is poor (8 percent for the case in which N = 200, a = 0.95, 02 = 0.20), the probability
of inclusion is able to differentiate among the relevant and non-relevant variables. In Table
10, estimated parameter medians and variances are very close to those reported in Table 5.
As in the Gaussian case, our methodology is performing well in estimating the parameters,
with the performance improving as the sample gets larger. In Figure 6 of Appendix A we
present the box plots for the parameter estimates of Table 10 (for the case of & = 0.95 and
oy = 0.1). Again, the variance of the distribution decreases as the sample size increases and
the median moves toward the true value.
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5 Conclusion

This paper proposes a limited information methodology in the context of Bayesian Model
Averaging, which we label LIBMA, for panel data models where the lagged dependent
variable appears as a regressor and endogenous variables are present. The LIBMA method-
ology incorporates a GMM estimator for dynamic panel data models in a Bayesian Model
Averaging framework to explicitly account for model uncertainty. Our methodology adds
value to the existing literature in three important ways. First, while standard BMA is a
full information technique where a complete stochastic specification is assumed, LIBMA
is a limited information technique based on moment restrictions rather than a complete
stochastic specification. Second, LIBMA explicitly controls for endogeneity. The likelihood
and exact expressions of the marginal likelihood used in the fully Bayesian analyses are re-
placed by the limited information construct modeled on the GMM estimation, and a limited
information criterion as an approximation to the actual marginal likelihoods, respectively.
Third, we use this methodology in a panel setting thus expanding its usability to a wide
range of applications. Based on simulation results, we conclude that asymptotically LIBMA
performs very well and it can be used to address the issue of model uncertainty in dynamic
panel data models with endogenous regressors.

Future research could explore the possibility of using the LIBMA methodology for appli-
cations where the sample size is constrained by data availability, such as those investigating
robust patterns of cross-country growth behavior.
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Tables
Table 1. Posterior probability of the true model
Summary statistics using LIBMA estimation for various N, a, and o,

a 0.95 0.50
o, 0.05 0.10 0.20 0.05 0.10 0.20
Sample
N=200
Mean 0.218 0.112 0.052 0.140 0.094 0.031
Variance 0.021 0.011 0.005 0.023 0.016 0.004
Q1 0.091 0.028 0.010 0.008 0.003 0.000
Median 0.213 0.078 0.027 0.077 0.033 0.004
Q3 0.340 0.169 0.066 0.257 0.141 0.030
N=500
Mean 0.448 0.419 0.275 0.429 0.403 0.257
Variance 0.025 0.025 0.027 0.030 0.033 0.035
Q1 0.363 0.310 0.132 0.319 0.264 0.085
Median 0.485 0.455 0.266 0.466 0.440 0.234
Q3 0.574 0.547 0.412 0.568 0.562 0.420
N=2000
Mean 0.633 0.652 0.655 0.646 0.646 0.644
Variance 0.027 0.023 0.020 0.023 0.027 0.025
Q1 0.585 0.603 0.609 0.584 0.601 0.588
Median 0.690 0.705 0.702 0.699 0.702 0.694
Q3 0.747 0.757 0.753 0.754 0.757 0.753
Notes:

1. For the idiosyncratic error term, #; ~ N(0,0, 2) where o, 2 =0.10.
2. The error term is normally distributed v;, ~ N(O,avz ).
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Table 2. Posterior probability ratio of true model/best among the other models

Summary statistics using LIBMA estimation for various N, a, and o,

o 0.95 0.50
o, 0.05 0.10 0.20 0.05 0.10 0.20
Sample
N=200
Mean 1.591 0.856 0.422 1.039 0.761 0.249
Variance 1.757 0.922 0.438 1.661 1.348 0.312
Q1 0.443 0.189 0.074 0.039 0.017 0.001
Median 1.259 0.503 0.189 0.425 0.220 0.024
Q3 2.480 1.195 0.436 1.726 1.012 0.210
N=500
Mean 3.254 3.113 1.975 3.034 2.965 1.812
Variance 4.709 4.618 3.286 4.735 5.073 3.647
Q1 1.407 1.313 0.541 1.146 1.024 0.328
Median 2.977 2.788 1.402 2.687 2.526 1.054
Q3 4.910 4.632 2.953 4.670 4.571 2.832
N=2000
Mean 6.534 7.164 7.030 6.930 6.990 6.770
Variance 17.875 19.696 18.042 19.164 19.708 18.381
Q1 3.066 3.348 3.440 3.096 3.316 3.185
Median 6.040 6.854 6.728 6.538 6.414 6.128
Q3 9.424 10.634 10.298 10.380 10.308 10.054
Notes:

1. For the idiosyncratic error term, #; ~N(0,0, ? ) where o, ?=0.10.

2. The error term is normally distributed v;, ~ N(O,avz ).
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Table 3. Probability of retrieving the true model

Summary statistics using LIBMA estimation for various N, a, and o,

a 0.95 0.50
o, 0.05 0.10 0.20 0.05 0.10 0.20
Sample
N=200
% Correct 59 29 12 35 25 7
N=500
% Correct 83 80 59 78 76 51
N=2000
% Correct 91 93 94 93 93 93
Notes:

1. For the idiosyncratic error term, #; ~N(0,0, ? ) where o, 7 =0.10.
2. The error term is normally distributed v;, ~ N(O,avz ).
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Table 4. Model recovery: medians and variances of posterior inclusion probability for each variable

True model vs BMA posterior inclusion probability for various N, a, and G,

o 0.95 0.50
o, True 0.05 0.10 0.20 0.05 0.10 0.20
Sample  Model Median Variance Median Variance Median Variance Median Variance Median Variance Median Variance
N=200
Vel 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00213 1.00000 0.00001 1.00000 0.00000
X 1 098188 0.03253 0.82971 0.06918 0.57772 0.08462  0.91774 0.06038 0.75181 0.08323 0.45270 0.08127
X5 0 0.18687 0.01733 0.18811 0.02209 0.18926 0.02062  0.19268 0.02115 0.18616 0.01964 0.19081 0.02260
X3 0 0.18515 0.01881 0.18749 0.02091 0.18702 0.01854  0.18788 0.01856 0.18887 0.02124 0.18820 0.02283
X4 1 097537 0.03739 0.81329 0.07214 0.53740 0.08149  0.90190 0.06915 0.65897 0.08478  0.45905 0.08000
Xs 0 0.18911 0.01907 0.18589 0.02087 0.18596 0.01972  0.18754 0.01960 0.18482 0.01892 0.19068 0.01738
X 1 097151 0.04275 0.76711 0.07494 0.56244 0.08735  0.91728 0.06382 0.64502 0.08496 0.41319 0.07949
Wi 0 0.19034 0.04216 0.21460 0.05148 0.26059 0.05947  0.12571 0.04075 0.10747 0.03675 0.07218 0.04837
W) 1 098348 0.07007 0.97228 0.07305 0.94732 0.07147  0.53306 0.15868 0.35818 0.14767 0.09843 0.12655
N=500
Yei 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
X, 1 1.00000 0.00001 0.99976 0.00516 0.96843 0.04591 1.00000 0.00006 0.99987 0.00852 0.98045 0.05822
X, 0 0.12874 0.01732 0.12770 0.01525 0.12823 0.01838  0.13179 0.02375 0.13112 0.02293 0.13124 0.02793
X3 0 0.12776 0.01952 0.12561 0.01471 0.12810 0.01802  0.12923 0.02274 0.12662 0.02196 0.12764 0.02379
X4 1 1.00000 0.00013 0.99971 0.00510 0.96040 0.04735 1.00000 0.00060 0.99983 0.00766 0.97808 0.05766
Xs 0 0.12404 0.01551 0.12323 0.01693 0.12605 0.02026  0.12934 0.02120 0.12611 0.02471  0.12596 0.02376
X¢ 1 1.00000 0.00054 0.99920 0.00990 0.95687 0.04778  1.00000 0.00037 0.99958 0.01071 0.95938 0.06335
W 0 0.12121 0.02613 0.12725 0.02709 0.12507 0.02530  0.10749 0.02368 0.10812 0.02581 0.10405 0.03400
W, 1 1.00000 0.00003 1.00000 0.00054 0.99995 0.00640  0.99994 0.01551 0.99976 0.02369 0.98946 0.09191
N=2000
Vet 1 1.00000 0.00000 1.00000 0.00100 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
X 1 1.00000 0.00000 1.00000 0.00100 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
X5 0 0.06983 0.01262 0.06461 0.01118 0.06679 0.00756  0.06561 0.01151 0.06467 0.01161 0.06677 0.01262
X3 0 0.06471 0.00800 0.06498 0.00915 0.06619 0.00924  0.06797 0.00949 0.06743 0.01418 0.06703 0.01095
X4 1 1.00000 0.00000 1.00000 0.00100 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
Xs 0 0.06782 0.01047 0.06488 0.00900 0.06533 0.01144  0.06708 0.01234 0.06496 0.01137 0.06666 0.01200
X 1 1.00000 0.00000 1.00000 0.00100 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00002
Wi 0 0.06897 0.02023 0.06684 0.01238 0.06546 0.00899  0.06235 0.01077 0.06223 0.01272 0.06308 0.01090
W, 1 1.00000 0.00000 1.00000 0.00100 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
Notes:

1. For the idiosyncratic error term, 7; ~N(0,0,, 2) where o, 2 =0.10.

2. The error term is normally distributed v;, ~ N(O,o\,2 ).
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Table 5. Model recovery: medians and variances of estimated parameter values

True model vs BMA coefficients' estimated values for various N, a, and o,

o 0.95 0.50
o, True 0.05 0.10 0.20 True 0.05 0.10 0.20
Sample  Value  Median Variance  Median Variance  Median  Variance  Value  Median Variance  Median  Variance  Median  Variance
N=200
Yt 0.95 0.95174 0.00003  0.95077 0.00001  0.94994 0.00001 0.50  0.57711 0.02219  0.58787 0.01905  0.64631  0.01903
X 0.05 0.04854 0.00027  0.04246 0.00056  0.03164 0.00085 0.05 0.04401 0.00047  0.03949 0.00078  0.02613 0.00114
Xy 0.00  0.00048 0.00004  0.00047 0.00009  0.00038 0.00016 0.00 -0.00002 0.00007 -0.00016 0.00012  0.00102 0.00031
X3 0.00  0.00007 0.00004 -0.00017 0.00008 -0.00013 0.00014 0.00  0.00031 0.00007  0.00025 0.00012 -0.00027 0.00036
X4 -0.05 -0.04656 0.00029 -0.04049 0.00056 -0.02747 0.00078 -0.05 -0.04312 0.00049 -0.03461 0.00066 -0.02707 0.00108
X5 0.00  0.00016 0.00004 -0.00010 0.00009  0.00022 0.00015 0.00  0.00006 0.00006 -0.00007 0.00015  0.00041 0.00026
X6 0.05  0.04800 0.00034  0.03840 0.00061  0.03123  0.00096 0.05 0.04673 0.00056  0.03463  0.00075  0.02460 0.00117
w) 0.00  0.00264 0.00058  0.00349 0.00105  0.00537 0.00171 0.00 0.00246 0.00047  0.00231  0.00059  0.00200 0.00103
W, 0.13  0.14005 0.00194  0.13819 0.00205  0.13350 0.00217 0.13  0.07728 0.00477  0.06154 0.00482  0.01653 0.00424
N=500
Vit 095 095115 0.00001  0.95064 0.00000  0.94995 0.00000 0.50  0.47413 0.00244  0.45469 0.00307  0.46474 0.00807
X 0.05  0.04975 0.00006  0.05085 0.00014  0.04968 0.00039 0.05  0.04920 0.00006  0.04981 0.00013  0.04807 0.00042
Xy 0.00  0.00015 0.00001  0.00015 0.00002  0.00012 0.00004 0.00 -0.00012 0.00001 -0.00006 0.00002  0.00014 0.00007
X3 0.00 -0.00001 0.00001 -0.00004 0.00002 -0.00005 0.00004 0.00 0.00011 0.00001  0.00009 0.00002 -0.00010 0.00005
X4 -0.05 -0.04895 0.00006 -0.05049 0.00012 -0.04799  0.00037 -0.05 -0.04858 0.00006 -0.04915 0.00012 -0.04727  0.00040
X5 0.00  0.00012 0.00001  0.00001 0.00002  0.00015 0.00005 0.00 -0.00002 0.00001  0.00003 0.00002  0.00010 0.00005
X6 0.05  0.05021 0.00007  0.05045 0.00017  0.04958 0.00041 0.05  0.04977 0.00006  0.04900 0.00015  0.04701 0.00044
w) 0.00  0.00073 0.00006  0.00065 0.00010  0.00025 0.00024 0.00  0.00087 0.00005  0.00078 0.00011  0.00122  0.00039
W, 0.13  0.13953 0.00012  0.13727 0.00015  0.13647 0.00031 0.13  0.14568 0.00057  0.15412 0.00082  0.14617 0.00251
N=2000
Vit 0.95 0.95018 0.00000  0.95017 0.00090  0.94997  0.00000 0.50  0.49532  0.00025  0.47973  0.00022  0.48687  0.00027
X 0.05  0.05050 0.00001  0.05140 0.00003  0.05169 0.00005 0.05  0.04966 0.00001  0.05096 0.00002  0.05046 0.00005
Xy 0.00  0.00008 0.00000  0.00005 0.00000  0.00000 0.00000 0.00 -0.00006 0.00000 -0.00004 0.00000  0.00000 0.00001
X3 0.00  0.00000 0.00000 -0.00004 0.00000 -0.00002 0.00000 0.00  0.00007 0.00000  0.00010 0.00000 -0.00004 0.00001
X4 -0.05 -0.04874 0.00001 -0.05020 0.00003  -0.04985 0.00005 -0.05 -0.04862 0.00001 -0.05010 0.00002 -0.05174 0.00005
X5 0.00  0.00003 0.00000 -0.00001 0.00000  0.00007 0.00001 0.00 -0.00002 0.00000  0.00003  0.00000  0.00003 0.00001
X6 0.05  0.05010 0.00002  0.05070 0.00003  0.05126 0.00006 0.05  0.05029 0.00002  0.04905 0.00003  0.04933  0.00005
w) 0.00  0.00030 0.00001  0.00024 0.00001  0.00000 0.00001 0.00  0.00020 0.00001  0.00009 0.00001  0.00033 0.00001
W, 0.13  0.13280 0.00003  0.13114 0.00004  0.13202  0.00002 0.13  0.13285 0.00006  0.14081 0.00006  0.13539  0.00007
Notes:

1. For the idiosyncratic error term, 7; ~ N(O,o',,z) where (7,,2 =0.10.

2. The error term is normally distributed v;, ~ N(0,0 Vz ).
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Table 6. Posterior probability of the true model
Summary statistics using LIBMA estimation for various N, a, and o,

o 0.95 0.50
o, 0.05 0.10 0.20 0.05 0.10 0.20
Sample
N=200
Mean 0.224 0.109 0.044 0.162 0.084 0.031
Variance 0.021 0.012 0.004 0.025 0.015 0.005
Q1 0.094 0.025 0.008 0.019 0.002 0.000
Median 0.222 0.071 0.023 0.115 0.023 0.003
Q3 0.342 0.161 0.053 0.283 0.118 0.023
N=500
Mean 0.459 0.415 0.253 0.437 0.376 0.243
Variance 0.023 0.025 0.028 0.032 0.036 0.035
Q1 0.371 0.315 0.110 0.322 0.233 0.069
Median 0.497 0.447 0.231 0.487 0.412 0.211
Q3 0.580 0.543 0.386 0.582 0.534 0.397
N=2000
Mean 0.653 0.632 0.643 0.640 0.643 0.651
Variance 0.021 0.025 0.025 0.026 0.025 0.024
Q1 0.607 0.573 0.585 0.592 0.595 0.598
Median 0.703 0.684 0.703 0.700 0.699 0.708
Q3 0.754 0.747 0.751 0.753 0.754 0.757
Notes:

1. The error terms are constructed using discrete distributions (see Section 4.1.).
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Table 7. Posterior probability ratio: true model/best among the other models
Summary statistics using LIBMA estimation for various N, a, and o,

o 0.95 0.50
o, 0.05 0.10 0.20 0.05 0.10 0.20
Sample
N=200
Mean 1.587 0.828 0.350 1.205 0.662 0.254
Variance 1.767 1.043 0.348 1.813 1.168 0.420
Q1 0.463 0.168 0.053 0.099 0.011 0.001
Median 1.235 0.423 0.173 0.639 0.141 0.016
Q3 2.499 1.081 0.357 1.975 0.812 0.162
N=500
Mean 3.384 3.050 1.783 3.258 2.721 1.715
Variance 4.835 4.355 3.257 5.489 4.810 3.590
Q1 1.532 1.318 0.437 1.205 0.867 0.258
Median 3.065 2.705 1.118 2.862 2.216 1.044
Q3 5.035 4.584 2.630 5.069 4.278 2.487
N=2000
Mean 6.980 6.410 6.992 6.828 6.824 7.081
Variance 18.234 17.732 19.169 19.496 18.475 19.192
Q1 3.360 2.956 3.035 3.138 3.257 3.221
Median 6.676 5.738 6.824 6.335 6.464 6.762
Q3 10.195 9.520 10.229 9.999 10.021 10.578
Notes:

1. The error terms are constructed using discrete distributions (see Section 4.1.).
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Table 8. Probability of retrieving the true model

Summary statistics using LIBMA estimation for various n, a, and o,

a 0.95 0.50
o, 0.05 0.10 0.20 0.05 0.10 0.20
Sample
N=200
% Correct 56 27 8 42 22 7
N=500
% Correct 85 80 53 79 72 51
N=2000
% Correct 93 92 93 92 92 93
Notes:

1. The error terms are constructed using discrete distributions (see Section 4.1.).
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Table 9. Model recovery: medians and variances of posterior inclusion probability for each variable

True model vs BMA posterior inclusion probability for various N, a, and G,

o 0.95 0.50
o, True 0.05 0.10 0.20 0.05 0.10 0.20
Sample  Model Median Variance Median Variance Median Variance Median Variance Median Variance Median Variance
N=200
Vil 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00103 1.00000 0.00000 1.00000 0.00001
X 1 0.98533 0.03332 0.84439 0.07089 0.54259 0.08866  0.94050 0.05592 0.69674 0.08352 0.46005 0.08605
X5 0 0.18906 0.01873 0.19277 0.02222 0.18649 0.02084  0.18470 0.01901 0.19136 0.02213  0.18425 0.02000
X3 0 0.18712 0.01748 0.18462 0.02122 0.17957 0.01710  0.18935 0.02013 0.18396 0.01668 0.18991 0.02314
X4 1 098708 0.02926 0.83962 0.07696 0.49877 0.08407  0.94699 0.05413 0.63426 0.08962 0.37623 0.07540
Xs 0 0.18621 0.01949 0.18930 0.02272 0.18612 0.02089  0.18920 0.01543 0.19009 0.01948 0.18938 0.02186
X 1 096697 0.04240 0.78891 0.08121 0.47078 0.08273  0.91206 0.05738 0.64015 0.08609 0.33444 0.07223
Wi 0 0.19013 0.04195 0.21127 0.05684 0.26817 0.05852  0.13175 0.03713  0.10253 0.04647 0.06670 0.04599
W, 1 098807 0.05995 0.96496 0.07656 0.95082 0.06951  0.64884 0.15207 0.27934 0.15240 0.09806 0.12459
N=500
Yei 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
X, 1 1.00000 0.00000 0.99975 0.00718 0.96429 0.04964  1.00000 0.00017 0.99984 0.01012 0.98394 0.04787
X, 0 0.12575 0.02023 0.12433 0.01388 0.12599 0.01826  0.12894 0.02064 0.12785 0.02530 0.12986 0.02306
X3 0 0.12148 0.01611 0.12167 0.01720 0.12262 0.01699  0.12757 0.02872 0.13145 0.02755 0.12779 0.02544
X4 1 1.00000 0.00003 0.99964 0.00677 0.95426 0.05240  1.00000 0.00041 0.99959 0.01251 0.96482 0.06551
Xs 0 0.12695 0.01818 0.12891 0.01844 0.12531 0.01848  0.12775 0.02117 0.13564 0.02351 0.12837 0.02320
X¢ 1 1.00000 0.00025 0.99865 0.01006 0.93790 0.06465 1.00000 0.00151 0.99912 0.01641 0.90998 0.08230
W 0 0.11931 0.01722 0.12270 0.02526 0.12990 0.02686  0.10587 0.02217 0.10632 0.02910 0.10812 0.03094
W, 1 1.00000 0.00000 1.00000 0.00059 0.99995 0.00698  0.99997 0.01091 0.99912 0.04088 0.98931 0.08415
N=2000
Vet 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
X 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
X5 0 0.06637 0.00923 0.06548 0.00837 0.06676 0.01228  0.06620 0.01005 0.06804 0.01255 0.06577 0.01074
X3 0 0.06416 0.01034 0.06834 0.01250 0.06516 0.00777  0.06966 0.01613 0.06630 0.00990 0.06572 0.00927
X4 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00002
Xs 0 0.06750 0.00914 0.07325 0.01962 0.06616 0.01124  0.06694 0.01088 0.06875 0.01403 0.06504 0.01124
X 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00001 1.00000 0.00000  1.00000 0.00000 1.00000 0.00005
Wi 0 0.06465 0.01128 0.06403 0.00890 0.06718 0.01530  0.06199 0.01127 0.06351 0.01194 0.06393 0.01324
W, 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000  1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
Notes:

1. The error terms are constructed using discrete distributions (see Section 4.1.).
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Table 10. Model recovery: medians and variances of estimated parameter values
True model vs BMA coefficients' estimated values for various n, o, and &,

o 0.95 0.50
o, True 0.05 0.10 0.20 True 0.05 0.10 0.20
Sample  Value  Median _ Variance  Median  Variance  Median  Variance  Value  Median Variance  Median Variance  Median _ Variance
N=200
Vet 095 0.95265 0.00003  0.95088 0.00001  0.95004 0.00001 0.50  0.54517 0.02128  0.58207 0.01934  0.64121 0.01742
X 0.05  0.04877 0.00029  0.04260 0.00059  0.02708  0.00092 0.05  0.04642 0.00044  0.03736 0.00076  0.02658 0.00135
Xy 0.00  0.00000 0.00004  0.00019 0.00009 -0.00012 0.00016 0.00  0.00034 0.00006  0.00031 0.00017  0.00056 0.00029
X3 0.00  0.00003 0.00004  0.00024 0.00008 -0.00006 0.00012 0.00 -0.00038 0.00007 -0.00021 0.00011  0.00031 0.00038
X4 -0.05 -0.05008 0.00028 -0.04235 0.00060 -0.02513  0.00083 -0.05 -0.04809 0.00045 -0.03288 0.00076 -0.02041  0.00094
Xs 0.00 -0.00019 0.00004  0.00065 0.00009  0.00011 0.00017 0.00  0.00004 0.00005  0.00051 0.00014 -0.00025 0.00039
X6 0.05  0.04781 0.00035  0.04159 0.00066  0.02405 0.00089 0.05  0.04483 0.00048  0.03542 0.00087  0.01822 0.00102
W 0.00  0.00241 0.00053  0.00393 0.00124  0.00591 0.00173 0.00  0.00245 0.00034  0.00232 0.00082  0.00164 0.00104
W) 0.13  0.14234 0.00168  0.13564 0.00206  0.13346  0.00206 0.13  0.10195 0.00457  0.04429 0.00481  0.01747  0.00432
N=500
Vet 095 095153 0.00001  0.95077 0.00000  0.95017  0.00000 0.50  0.47206 0.00211  0.46203 0.00390  0.46398  0.00707
X 0.05  0.05043 0.00006  0.05011 0.00014  0.04933  0.00042 0.05  0.04855 0.00005  0.04995 0.00015  0.05036 0.00039
Xy 0.00  -0.00007 0.00001  0.00006 0.00002 -0.00016 0.00005 0.00  0.00001 0.00001  0.00001 0.00003  0.00024  0.00005
X3 0.00  0.00003 0.00001  0.00024 0.00002 -0.00005 0.00004 0.00 -0.00020  0.00001 -0.00007 0.00003 -0.00018 0.00006
X4 -0.05 -0.05098  0.00006 -0.04964 0.00015 -0.04733  0.00043 -0.05 -0.05015 0.00006 -0.04761 0.00014 -0.04602  0.00042
Xs 0.00  -0.00004 0.00001  0.00037 0.00002 -0.00009 0.00005 0.00  0.00001 0.00001  0.00015 0.00003 -0.00005 0.00005
X6 0.05  0.05027 0.00007  0.04868 0.00017  0.04719  0.00048 0.05  0.04829 0.00007  0.04852 0.00016  0.04171  0.00047
W 0.00  0.00051 0.00003  0.00045 0.00010  0.00050 0.00026 0.00  0.00092 0.00005  0.00109 0.00016  0.00093 0.00028
W) 0.13  0.13947 0.00010  0.13760 0.00016  0.13619  0.00033 0.13  0.14756  0.00048  0.14869 0.00126  0.14721 0.00234
N=2000
Vet 095 0.95070 0.00000  0.95034 0.00000  0.95015 0.00000 0.50  0.49044 0.00025  0.48638 0.00026  0.48469 0.00023
X 0.05  0.05046 0.00001  0.05039 0.00003  0.05011 0.00005 0.05  0.04907 0.00001  0.05096 0.00002  0.05250  0.00005
Xy 0.00  -0.00003  0.00000 -0.00005 0.00000 -0.00013  0.00001 0.00  0.00000  0.00000 -0.00003 0.00000  0.00001 0.00001
X3 0.00  0.00003 0.00000  0.00014 0.00000  0.00003 0.00000 0.00 -0.00011  0.00000 -0.00003 0.00000 -0.00004 0.00000
X4 -0.05 -0.05108 0.00001 -0.04958 0.00003  -0.04965 0.00005 -0.05 -0.05115 0.00001 -0.04866 0.00002 -0.04908  0.00005
Xs 0.00  -0.00007  0.00000  0.00025 0.00001 -0.00007 0.00001 0.00  0.00001  0.00000  0.00009 0.00000 -0.00001 0.00000
X6 0.05  0.05037 0.00002  0.04906 0.00003  0.04932  0.00005 0.05  0.04907 0.00002  0.04903  0.00003  0.04560  0.00005
W 0.00  0.00011 0.00001  0.00005 0.00001  0.00023 0.00002 0.00  0.00020  0.00001  0.00026 0.00001  0.00019  0.00002
W) 0.13  0.13350 0.00003  0.13164 0.00003  0.13103  0.00003 0.13  0.13613  0.00006  0.13498 0.00007  0.13677  0.00007
Notes:

1. The error terms are constructed using discrete distributions (see Section 4.1.).
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Appendix A

Figure 1. True model vs BMA posterior estimates for various N, , and 6,
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Notes:

1. For the idiosyncratic error term, 7 ; ~N(0,0,, 2) where ¢, =0.10.

2. The error term is normally distributed v;, ~ N(O,avz).
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Figure 2: Posterior densities for the probabilities in Table 2
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Notes:

1. For the idiosyncratic error term, 77; ~N(0,7,, 2) where ¢, =0.10.

2. The error term is normally distributed v,, ~ N(O,a\,'7 ).
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Figure 3: Box plots for parameters in Table 5

True model vs BMA posterior estimates for various N, a, and G,
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Notes:

1. For the idiosyncratic error term, 77; ~ N(O,anz) where 0,12 =0.10.

2. The error term is normally distributed v;, ~ N(O,avz ).
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Figure 4: Posterior densities for the probabilities in Table 6
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Notes:

1. The error terms are constructed using discrete distributions (see section IV.A.).
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Figure 5: Posterior densities for the probabilities in Table 7
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Notes:

1. The error terms are constructed using discrete distributions (see section IV.A.).
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Figure 6: Box plots for parameters in Table 10

True model vs BMA posterior estimates for various N, a, and o,
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Notes:

1. The error terms are constructed using discrete distributions (see Section 4.1.).
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